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AUTHOR'S  PREFACE. 


All  machines — even  those  most  diverse  in  arrangement 
and  mode  of  action — when  grouped  according  to  their  object 
will  easily  come  under  the  three  large  divisions  of 

a.  Prime  Movers. 

b.  Operators. 

c.  Transmitters. 

Prime  Mm^ers  are  so  arranged  that,  under  the  influence  of 
certain  natural  forces,  for  instance,  the  weight  of  water,  elas- 
ticity of  steam,  etc.,  they  are  set  into  suitable  motion,  which 
motion  they  are  designed  to  communicate  to  the  machines  of 
the  other  two  groups.  The  object  of  Prime  Movers  is  there- 
fore to  drive  machinery.  The  special  discussion  of  this  first 
group,  whose  most  important  representatives  are  the  water- 
wheels  and  steam-engines,  is  already  contained  in  the  second 
volume  of  this  work. 

The  object  of  Operators  is  to  effect  certain  useful  opera- 
tions or  processes,  which  otherwise  could  only  be  performed 
by  animal  labor,  particularly  the  manual  labor  of  human  be- 
ings. From  the  variety  of  these  requirements  the  diversity 
of  Operators  is  extraordinarily  great,  and  their  number  is 
continually  increasing  in  proportion  as  the  inventive  spirit  of 
a  developing  industry  devises  new  means  of  substituting  ma- 
chinery for  the  work  of  the  human  hand.  In  spite  of  this 
extraordinary  diversity  of  Operators,  their  final  object  can 
only  be  of  two  kinds :  it  either  consists  in  a  change  of  position 
of  certain  bodies  which  are  subjected  to  the  action  of  the 
machine,  or  in  a  change  of  form  of  these  bodies,  though  a 
machine  may  simultaneously  accomplish  both  objects.     To 
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place-changing  machines  belong,  for  example,  hoisting  and 
pumping  apparatus;  to  form-changing  machines,  mills, 
stamping  presses,  metal-  and  wood-working  machines,  in  fact, 
most  of  the  machines  used  in  the  arts  for  the  manufacture  of 
special  objects.  In  forging  apparatus,  the  raising  of  a  weight, 
causing  a  change  of  position,  is  followed  by  a  change  in  the 
form  of  the  forging  produced  by  the  weight  of  the  falling  ham- 
mer; while  in  a  dredging  machine,  the  change  of  form,  oc- 
curring when  the  bucket  seizes  its  load,  precedes  the  raising 
of  the  load.  In  a  spinning  machine  the  change  of  form  suf- 
fered by  the  thread  in  the  drawing  frame  takes  place  simulta- 
neously with  the  change  of  position  occurring  during  winding 
and  spooling.  These  examples  must  suffice  to  show  that 
the  action  of  all  Operators^  no  matter  how  complicated  the 
manufacture  to  which  they  belong,  can  be  reduced  to  changes 
of  position  and  form. 

Transmitters  serve  to  unite  Prime  Movers  with  Operators, 
by  receiving  motion  from  the  former  and  transmitting  it  to 
the  latter.  It  is  in  rare  cases  that  Prime  Mover  and  Opera- 
tor are  so  near  together,  and  the  motion  of  one  so  conforms 
to  that  of  the  other,  that  direct  union  becomes  practica- 
ble, as  is  the  case,  for  example,  with  a  steam  hammer. 
Here,  a  direct  union  of  hammer  and  steam  piston  is  possi- 
ble by  means  of  the  piston  rod,  all  transmitting  mechanism 
disappearing,  unless  the  piston  rod  and  its  keys  be  regarded 
as  such.  In  most  cases  the  ^Operator  is  set  up  at  a  certain 
distance  from  the  Prime  Mover,  so  that  the  motion  of  the 
latter  must  be  transmitted  to  the  former  by  intermediate 
parts.  To  these  parts,  or  transmitters,  belong,  for  example, 
rods,  shafting,  belts,  wheels,  etc.,  which  are  also  known  as 
simple  machine  parts.  It  is  often  desirable  not  only  to  trans- 
mit motion,  but  to  vary  it,  either  in  direction  or  in  velocity, 
or  in  both  these  ways  at  once.  The  Transmitters  must 
then  be  arranged  to  meet  these  conditions,  and  the  individual 
parts  then  form  mechanisms.  Now,  a  knowledge  of  the 
simple  machine  parts,  and  of  the  mechanisms  composed  of 
them,  is  not  only  of  importance  as  regards  the  Transmitters 
themselves,  but  is  also  necessary  for  the  understanding  of 
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the  other  groups  of  machinery,  particularly  that  containing 
the  Operators ;  for  these  latter  are  composed  almost  entirely 
of  mechanisms,  which,  while  having  for  their  object  only 
suitable  changes  of  motion,  are  nevertheless  not  to  be  re- 
garded as  Transmitters  proper,  but  rather  as  integral  parts  of 
the  Operator. 

.  For  this  last  reason,  and  in  accordance  with  the  practical 
r^le  that  in  explanations  the  simpler  shall  precede  the  com-  ^ 
plex,  an  arrangement  has  been  chosen  whereby  the  material 
before  us  is  discussed  in  three  divisions,  of  which  the  first 
treats  of  Transmitters,  the  second  of  Operators  for  changing 
the  position  of  objects,  and  the  third  of  Operators  for  chang- 
ing the  form  of  objects. 


TRANSLATOR'S    PREFACE. 


The  volume  now  offered  to  the  engineering  public  is  the 
first  installment  of  the  second  edition  of  what  was  formerly 
known  as  Vol.  III.  of  "  Weisbach's  Mechanics  of  Engineer- 
ing.'* In  the  hands  of  the  editor,  Prof.  Gustav  Herrmann, 
the  material  of  the  first  edition  has  been  so  thoroughly  re- 
classified and  revised,  the  methods  of  discussion  so  much 
improved,  and  so  much  new  material  added  as  to  practically 
constitute  this  second  edition  a  new  work,  of  three  volumes, 
each  as  large  as  the  original  Vol.  III. 

As  revised  by  Prof.  Herrmann,  the  work  divides  itself 
into  three  parts : 

Part  I.  The  Mechanics  of  Machinery  of  Transmission. 

Part  II.  The  Mechanics  of  Machinery,  for  lifting  and 
transporting  (solid  and  fluid)  materials. 

Part  III.  The  Mechanics  of  Machinery  for  changing  the 
form  and  size  of  materials. 

The  references  to  Vol.  I.  and  Vol.  II.  in  the  text  refer  to 
the  English  translations,  unless  special  mention  is  made  to 
the  contrary.  Quantities  and  formulas  inclosed  in  brackets 
refer  to  the  English  units  of  measurement. 
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PRINCIPLES  OF  KINEMATICS. 


g  I.  Kinematics* — In  the  first  part  of  this  work,  which  treats  of  theoretical 
mechanics,  the  laws  of  the  motions  of  bodies  were  developed  under  the  supposi- 
tion that  these  bodies,  regarded  as  material  points,  were  free  to  move  in  obedi- 
ence to  the  forces  acting  upon  them  ;  from  which  follows,  that  the  paths  described 
by  these  points  were  the  result  of  the  action  of  the  forces.  For  example,  the 
path  of  a  ball  from  a  cannon  is  determined  by  gravity  and  the  resistance  of  the  air. 
In  machines,  however,  the  individual  parts  can  htwe  no  such  freedom  of  motion, 
but  are  compelled  by  outside  forces,  fixed  guides  foe  example,  to  have  determinate 
motions.  In  Part  I.,  §  299,  Fifth  Ger.  Ed.,  the  effect  of  such  fixed  guides  has 
already  been  explained  and  prominence  given  to  the  proposition,  that  a  guide 
which  controls  the  course  of  a  body  exerts  upon  it  at  every  moment  exactly  the 
same  forces  as  would  cause  the  body  to  describe  the  same  course  were  the  body 
free  to  move  under  the  influence  of  the  forces  only.  In  this  case,  therefore,  as 
in  that  of  free  motion,  the  described  path  is  the  result  of  forces,  but  with  this 
difference,  that  while  a  body  moving  freely  changes  its  motion,  both  as  regards 
form  and  velocity,  with  every  change  of  force,  the  path  of  a  body  with  constrained 
motion  is  a  determinate  one  and  independent  of  forces  external  to  the  mechanism. 
These  external  forces  can  indeed  increase  or  diminish  the  intensity  of  the  motion 
of  all  the  parts  of  the  mechanism  in  question,  but  the  velocity  ratio  of  the 
individual  parts  to  one  another,  and  the  nature  of  their  paths,  remain  in  every 
case  unchanged.  This  velocity  ratio  and  these  paths  depend  only  upon  the 
geometrical  connection  of  the  guided  parts  with  on^  another,  and  with  their 
guides. 

An  investigation  of  this  dependence  will  therefore  necessarily  be  of  a  geo- 
metrical character,  and  need  not  take  into  account  either  the  driving  forces,  time, 
or  absolute  velocity.  It  can  only  be  a  question  of  ascertaining  the  reciprocal  paths 
of  the  moved  elements  and  the  ratio  of  their  relative  velocities.  The  science 
which  relates  to  this  investigation — whose  importance  corresponds  to  that  of 
machine  theory  itself — is  called  Kinematics*  or  the  science  of  Pure  Mechanism. 

*  Frequently  Kinematics  or  Phoronomy  is  understood  to  mean  the  study  of  motion, 
when  its  nature  only  is  considered,  and  no  regard  is  paid  to  its  causes  or  to  forces.  Kine- 
matics is  thus  understood  in  Part  I.,  $  47  (see  also  Schell,  Thcoric  der  Bewe^ng,  p.  5).  In 
the  following  wc  understand  by  Kinematics,  "  The  study  of  those  arrangements  of  the 
machine  by  which  the  mutual  motions  of  its  parts,  considered  as  changes  of  position,  are 
determined."    See  Reuleaux's  Kinematics  of  Machinery,  p.  40. 
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For  a  better  understanding  of  the  theory  of  Transmitters  given  in  this  volume,  the 
fundamental  laws  of  the  science  will  now  be  given. 

§  2.  Motion  of  Bodies  In  General — In  the  following  we  always  assume 
rigid  bodies,  that  is,  such  as  have  and  keep  their  individual  points  at  invariable 
distances  from  one  another.  Though  there  are  in  reality  no  absolutely  rigid 
bodies,  since  all  known  materials  assume  under  the  influence  of  external  forces 
certain  elastic  changes  of  form,  nevertheless,  for  substances  used  in  the  construc- 
tion of  machines,  these  changes  are  so  insignificant,  that  for  the  purposes  of  the 
following  discussions  they  may  be  neglected. 

When  a  free  rigid  body  has  made  any  movement  whatever,  its  new  position 
will  in  general  be  completely  determined,  when  the  positions  of  three  points  not 
in  the  same  straight  line  are  known.  This  immediately  follows  from  the  fact 
that  the  motion  of  a  body  is  completely  prevented  when  any  three  of  its  points 
not  in  the  same  straight  line  are  held  fast.  If  in  the  above-mentioned  movement, 
one  point  of  the  body  had  retained  its  position,  for  instance,  by  being  firmly  held, 
it  is  evident  that  for  determining  the  new  location  of  the  body,  a  knowledge  of 
the  position  of  only  two  other  points  would  be  needed,  provided  of  course  that 
these  two  and  the  fixed  one  were  not  in  the  same  straight  line.  Likewise,  were 
the  body  held  at  two  points,  ^  knowledge  of  the  position  of  any  other,  not  in  line 
with  the  two  fixed  ones,  wouM  be  sufficient  to  establish  indubitably  the  new  loca- 
tion of  the  body.  As  already  stated  in  Part  I.,  g  129,  every  element  of  a  body 
rigidly  held  at  a  single  point,  can  only  move  in  a  spherical  surface,  whose  centre 
is  the  rigidly  held  point,  and  whose  radius  is  the  distance  of  this  point  from  the 
element  in  question  ;  it  was  also  stated  that  any  element  of  a  body  held  at  two 
points  could  only  move  in  a  circle  perpendicular  to  the  line  connecting  them,  and 
having  a  radius  equal  to  the  distance  of  the  element  from  the  connecting  line. 
This  latter  case  is  represent(!d  in  practice  by  an  axle  held  in  two  bearings,  while 
the  former  case  corresponds  to  a  compass  turning  about  a  ball-and-socket  joint. 

When  the  motion  of  a  body  is  such  that  the  paths  described  by  its  particles  lie 
in  parallel  planes,  it  is  evident  that  a  knowledge  of  the  positions  of  two  points 
will  suffice  for  determining  the  corresponding  location  of  the  body.  If  in  this 
case  one  point  of  the  body  were  fixed,  the  motion  of  the  body  would  be  confined 
to  rotation  about  an  axis  passing  through  the  fixed  point  and  perpendicular  to  the 
parallel  planes  in  which  motion  occurs  ;  here,  therefore,  the  location  of  the  body 
will  be  known  from  the  position  of  one  point. 

If  in  the  case  in  which  all  the  elements  move  in  parallel  planes  we  observe  the 
path  of  a  point  in  its  plane,  it  will  be  readily  seen  that  this  path,  whatever  its  nature, 
will  agree  in  every  respect  with  those  described  by  the  elements  lying  on  the  same 
perpendicular  to  the  parallel  planes  as  the  point  observed.  If,  therefore,  for  this 
case  we  know  the  motions  of  the  points  of  a  single  one  of  the  parallel  planes,  the 
motions  of  the  entire  system  of  points  will  be  determined.  In  what  follows  this 
special  case — of  particular  importance  to  practice — will  first  be  discussed,  while 
the  more  general  case  of  entirely  arbitrary  motion,  will  be  discussed  subsequently. 

§  3.  Simple  Motions. — All  motions  of  bodies  can  be  reduced  to  two  simple 
or  elementary  motions.  These  consist  in  a  translation  or  shifting  in  a  definite 
direction,  and  in  a  turning  about  a  certain  axis  of  rotation.     In  shifting,  the  dif- 
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ferent  points  of  a  body  describe  equal,  similar,  and  parallel  paths,  so  that'  for 
determining  the  shifting,  the  motion  of  a  single  point  will  aufBce.  By  direction 
of  shifting,  is  here  meant  the  direction,  at  every  moment,  of  an  element  of  the  path 
of  any  point.  This  path  may  be  straight,  of  simple  or  double  curvature,  accord- 
ing as  the  successive  directions  lie  in  a  straight  line,  in  a  plane,  or  in  space. 
Since  the  distances  passed  over  by  all  the  points  in  a  given  time  are  always  equal, 
it  follows  that  the  velocities  and  accelerations  of  the  points  are  also  equal  both  in 
magnitude  and  direction.  By  means  therefore  of  a  distance  of  deBnite  length  and 
direction^  and  by  means  of  an  arrow,  we  can  clearly  represent  the  motion  of  trans- 
lation of  a  body,  as  well  as  its  velocity  and  acceleration  at  a  particular  instant. 

At  any  instant  during  the  rotation  of  a  body  about  an  axis,  all  its  points  move 
with  the  same  angular  velocity  and  describe  circular  arcs,  which  are  concentric 
with  the  axis,  and  whose  lengths  are  proportional  to  their  radii,  that  is  to  the 
perpendicular  distances  of  the  points  from  the  axis.  The  velocities  and  accel- 
erations of  the  individual  points,  as  well  as  their  paths,  are  therefore  proportional 
to  the  perpendicular  distances  from  the  axis.  The  rotation  of  a  body  is  repre- 
sented graphically  by  a  distance  laid  off  in  the  direction  of  the  axis,  with  a  length 
proportional  to  the  angle  of  rotation,  and  with  an  arrow-head  at  the  end  for  indi- 
cating the  direction  of  the  rotation.  The  arrow-head  is  so  placed,  that,  to  an 
observer  looking  at  its  point,  the  rotation  appears  to  be  right-handed,  like  the 
hands  of  a  watch. 

Shifting  along  a  straight  line,  can  also  be  regarded  as  a  rotation  about  an 
axis  at  an  infinite  distance,  so  that  shifting  may  be  regarded  as  really  only  a 
particular  case  of  rotation. 

These  two  simple  motions  form  manifold  combinations,  of  which  those  most 
important  for  the  purposes  of  this  book  will  all  be  given. 

g  4.  Combliuitlon  of  Simple  Alotlons.— In  the  following  all  shifting  or  mo- 
tion of  translation  is  assumed  to  be  rectilinear.  The  general  character  of  the  deduc- 
tions will  suffer  no  detriment  thereby,  since  each  infinitely  small  element  of  a  curvi- 
linear path  can  always  be  regarded  as  rectilinear.  How  two  or  more  rectilinear 
motions  can  be  combined  has  been  sufficiently  explained  in  the  propositions  con- 
cerning the  parallelogram  of  motions,  velocities  and  acoelerations.  It  is  imma- 
terial, so  far  as  the  result — change  of  position — is  concerned,  whether  the  indi- 
vidual motions  follow  one  another,  or  take  place  simultaneously.  The  latter  case 
occurs,  for  instance,  when  a  body  shifts  upon  or  within  another  that  is  itself  under- 
going translation,  for  example,  the  hoisting  gear  of  a  traveling  crane. 

In  combining  two  rotations  of  a  body  about  the  same  axis,  it  is  likewise  im- 
material whether  the  two  rotations  take  place  in  succession  or  simultaneously, 
as  would  be  the  case,  for  example,  with  a  man,  who  while  on  a  moving  carousel 
had  an  independent  motion  of  his  own  concentric  with  the  axis.  The  absolute 
motion  of  the  body  is  in  every  case  a  rotation  about  the  common  axis,  equal  in 
amount  to  the  algebraic  sum  of  the  two  individual  rotations. 

When  a  body  is  subjected  to  both  shifting  and  turning,  it  is,  so  far  as 
the  changes  of  position  of  its  points  are  concerned,  immaterial  in  what  order  the 
two  motions  take  place  ;  they  may,  consequently,  be  assumed  as  simultaneous. 
If  AB^  Fig.  I,  is  the  horizontal  projection  of  the  jib  of  a  crane,  whose  post 
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A  'is  carried  by  a  truck,  the  end  B  will  reach  C  by  a  rotation  equal  in  amount 
to  the  angle  a,  and  a  subsequent  shifting  of  the  traveling  crane  equal  to  the  length 
J.  But  B  could  also  reach  C  by  the  path  BB'  C ^  first  shifting  the  crane  by  an 
amount  equal  to  s^  and  then  turning  it  out  of  its  position  A B'  by  an  amount  equal 
to  the  angle  a.  If  both  motions  are  undertaken  simultaneously,  the  end  B  moves 
directly  to  C,  nearly  in  the  direction  of  the  diagonal  BC ^ 


Fig.  2. 
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When  a  body  is  subjected  to  a  rotation  about  an  axis,  and  to  a  translation  at 
right  angles  to  this  axis^  the  two  motions  can  always  be  combined  into  a  single  rota- 
tion^  lohose  cutgular  motion  equals  that  of  the  given  rotation.  In  Fig.  2,  let  A 
be  the  intersection  of  the  plane  of  the  paper  with  an  axis  perpendicular  to  it,  and 
let  a  rotation  be  given  to  a  body  about  this  axis  equal  to  the  angle  a,  also  a  trans- 
lation A  A'  =  J,  then  make  AD  perpendicular  to  AA\  and  lay  off  on  each  side  of 

AD  the  angle  — .  that  is,  make  DAC  =  DAC  =  — .     By  turning  the  body  about 

A,  the  line  AC  evidently  reaches  the  dotted  intermediate  position  AC,  from 
which,  in  consequence  of  shifting,  it  passes  to  the  final  position  A'B^  which  is 
found  by  drawing  the  line  A'B^  parallel  to  AC.  If  now  BB'  is  drawn  parallel  to 
AA\  we  get  in  B'  a  point  of  the  line  AC\  which  after  shifting  will  be  at  B. 
Since,  from  the  construction,  it  is  evident  that  AB'  =  AB^it  follows,  that  before 
rotation,  this  same  point  B'  was  situated  at  B^  that  is,  the  shifting  subsequent  to 
rotation  returned  the  p«int  B'  to  its  original  position  B,  This  point  B^  there- 
fore, and  the  line  through  it  perpendicular  to  the  figure,  have  not  altered  their 
original  position,  from  which  at  once  follows  that  the  motion  of  the  body  can 
only  be  that  of  a  rotation  about  the  normal  axis  at  B.  The  figure  also  shows 
that  the  rotation  about  B  is  in  the  same  direction  and  of  the  same  amount  as  that 
first  undertaken  about  A.  Had  the  turning  about  A^  or  the  shifting,  taken  place 
in  directions  opposite  to  the  ones  here  assumed,  the  axis  of  the  resulting  rotation, 
it  is  easy  to  see,  would  have  been  at  B"  and  B'"  respectively  instead  of  at  B. 

Conversely,  it  is  evident  that  the  rotation  of  a  body  about  an  axis  {B)  can  be 
resolved  into  a  rotation  and  a  translation.  This  rotation  is  alike  in  amount  and 
direction  to  the  one  from  which  it  was  derived,  but  will  take  place  around  any 
axis  (A)  parallel  to  the  first.     The  corresponding  motion  of  translation  may  be 

found  from  A  A'  =  B'B  =  2  d  sin,  — ,  when  d  signifies  the  distance  AB  of  the  two 

2 

axes. 
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§  5.  Two  Rotations.—  When  a  body  is  subjected  in  succession  to  two  rota" 
tions  about  parallel  axes^  they  can  always  be  replaced  by  a  single  rotation  parallel  to 
the  former^  and  having  an  angular  motion  equal  to  the  algebraic  sum  of  the 
angles  described  by  the  individual  rotations.  Let,  for  example,  A  and  B,  Fig. 
3,  be  the  points  of  a  body  through  which  pass  the  axes  perpendicular  to  the  plane 
of  the  figure,  and  let  a  and  p  represent  the  angles  of  rotation  belonging  to  them 
respectively.  If  the  body  is  first  turned  about  the  axis  A^  the  point  B  will,  in 
consequence,  move  to  the  new  position  B'y  which  is  to  be  regarded  as  its  final 
position,  since  it  is  not  altered  by  the  rotation  equal  to  /9,  which  now  takes 


place.  That  for  these  rotations  a 
single  one  can  be  substituted,  is 
shown  in  the  following  manner  : 
Bisect  BAS  =   a  by  AD,   then 


Fig.  3. 


DAB*  = 


a 


DAB  =  -.     By  the  ro- 

tation    about  A,  the  bisecting  line 
AD  will  reach    the  position  AD\ 

if  D'Aff  be  made  equal  to  — .  Now 

on  each  side  of  AB'  lay  off  the  angle 

^,  so  that  ABE'  =  AB'E"  =  ^, 
2  2 

By  the  rotation  about  B',  the  straight 
line  B'E'  evidently  reaches  the  posi- 
tion B E'\  and  it  is  easy  to  see  that  C,  the  intersection  of  AD^  and  RE ^  must 
fall  at  Cy  for  the  construction  gives  us  B'C  ■=■  B'C.  But  the  construction  also 
gives  AC  =  AC,  which  shows  that  the  point  brought  by  the  rotation  about  B', 
from  C  ioC,  originally  occupied  the  position  C,  from  which  it  was  carried  to  C"  by 
the  rotation  about  A.  This  point  C,  therefore,  has  not  altered  its  position  in  con- 
sequence of  the  two  rotations,  and  we  can  therefore  assume  that  for  the  resultant 
motion  of  the  body,  we  may  substitute  a  rotation  about  the  axis  C  Since  in  this 
rotation  the  point  B  must  come  into  its  final  position  B',  the  amount  of  its 
angular  motion  must  be  BCB'  =  y.  From  the  figure  we  readily  get  for  this 
angle  y  =  BCB'  =  2  DCB'  =--  a  +  /3, 

That  the  manner  in  which  the  individual  rotations  succeed  one  another  is  not 
a  matter  of  indifference,  will  be  seen  from  the  following  considerations.  Each 
of  the  two  axes  of  rotation,  A  and  B,  owes  its  change  of  position  solely  to  rotation 
about  the  other  axis,  since  rotation  about  its  own  axis  could  not  cause  alteration 
in  its  position.  Thus,  for  example,  B  reaches  its  definite  position  B\  by  the  rota- 
tion a  about  //,  provided,  as  was  assumed  before,  that  this  rotation  takes  place  first. 
But  if  we  were  now  to  allow  the  rotation  ft  about  B  to  take  place  first,  A  would 
in  consequence  be  brought  to  the  new  final  position  A",  and  the  rotation  a  taking 
place  about  A"  would  not  conduct  the  axis  B  as  before  to  B\  but  to  B".  While 
the  line  -^^  was  led  to  A'B\  when  the  rotations  followed  the  order  a,  fl,  now  that 
this  order  is  reversed,  AB  will  be  led  to  the  final  position  A"B",  It  is  more- 
over quite  evident  that  the  final  positions  A'B*  and  A"B'  are  parallel  to  each 
other,  for  both  can  be  obtained  by  rotation  in  the  same  direction  through  an  angle 
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equal  to  a  +  ^,  with  the  difference,  however,  that  the  first  must  turn  about  C, 
and  the  second    about    C  as  an   axis.     C"  can  be  easily  found  by  making 


ABC  =  ^  and  BA'C  =  -. 

2  2 


It  is  also  evident  from  the  figure  that  C  and  C 


are  symmetrically  situated  with  reference  to  AB,  the  original  position  of  the  line 
joining  the  axes. 

If  we  imagine  the  angles  of  rotation  a  and  ^  growing  smaller  and  smaller, 
the  two  positions  C  and  C,  for  the  axes  of  resultant  rotations  will  continually 
approach  the  line  AB,  Near  the  limit  where  a  and  fl  are  infinitely  small,  the 
distances  of  these  axes  Cand  C  from  AB  will  also  be  infinitely  small  ;  in  other 
words,  at  the  limit,  the  two  axes  coincide  with  a  point  Co  of  the  straight  line 
AB.  As  regards  the  position  of  this  point  Co,  we  can  say  that  for  the  positions 
Cand  C",  the  following  equations  are  always  true  : 


CA  :  CB=  C'A  :  C'B  -  sin. 


2 


Sin.  — . 

2 


For  the  case  in  which  or  and  fi  are  infinitely  small,  C  and  C"  coinciding  with 
Co,    this  equation  becomes 

CuA  :  CoB  z=  /S  :  a: 


that  is,  the  axis  of  the  resultant  of  two  infinitely  small  rotations  about  parallel 
axes  lies  in  the  plane  of  these  two  axes,  at  distances  from  them  inversely  propor- 
tional to  the  angles  of  rotation. 

We  have  hitherto  assumed  that  the  two  rotations  about  the  axes  A  and  B  take 
place  in  the  same  direction  (right-handed,  like  the  hands  of  a  watch).  But  the 
proposition  just  demonstrated  will  also  apply  when  the  rotations  take  place  in 

opposite  directions,  provided  we  understand  the  sum 
a  +  ^  to  mean  the  algebraic  sum,  one  of  the  angles 
of  rotation  having  a  positive  sign  and  the  other  a  nega- 
tive one.  The  direction  of  the  resultant  rotation  will 
agree  with  that  corresponding  to  the  essential  sign  of 
the  algebraic  sum  of  a  and  ^,  ;.^.,  with  the  direc- 
tion of  the  absolutely  greater  rotation. 
Jx  In  Fig.  4,  let  the  body  be  subjected  to  a  right- 
handed  rotation  a  about  A,  and  to  a  left-handed 
rotation  fi  about  the   axis  B  after  it  has  been   re- 

moved  to  B'.    Bisect  the  angle  of  rotation  BAB'  =  a 

/J 

by  AD,  and  construct  the  angle  ABE'——.    At  the 

intersection  C  we  get  a  point  which  is  first  taken  to 
C  by  the  rotation  cc  about  -/4,  and  then  brought  back 
to  Cby  the  opposite  rotation  P  about  B' .  This  point 
represents  a  normal  to  the  plane  of  motion,  which  is 
also  the  axis  of  the  resultant  rotation,  whose  amount 
equals  2  DCE'  =  ^  =  a  —  /^,  From  this  we  have 
the  rule  given  above. 
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As  regards  the  order  in  which  the  two  rotations  shall  take  place,  the  remarks 
made  when  the  directions  of  the  rotations  were  alike,  will  now  apply  also ; 
we  accordingly  find  in  the  point  C\  which  with  C  is  symmetrical  to  A  By  the  axis 
of  the  resultant  rotation  equivalent  to  the  inverted  order  of  rotations  /9,  a.  Like- 
wise the  axial  point  Co,  which  corresponds  to  the  infinitely  small  rotations  a 
and  )9,  b  so  situated  on  the  prolongation  of  the  line  AB  joining  the  axes,  that  as 
before  we  have  Ci^A  :  C^B  =.  fi  \  a, 

§  6.  Rotatloii-Palr. — ^When  the  two  opposite  rotations  around  the  parallel 
axes  A  and  B,  Fig.  5,   have  the  same  magnitude  a,  the 
axis  of  the  resultant  rotation  is  at  an  infinite  distance,  be- 
cause in  this   case  the  bisecting  lines  employed  in  deter>    ^ 
mining  a  point  of  the  axis  become  parallel.     Rotation 
about  a  point  infinitely  distant,  is,  however,  equivalent  to 
a  rectilinear  shifting  of  the  body.     Now,  the  fact  is,  that 
the  final  position  A'B'  due  to  the  two  rotations,  is  parallel   A 
to  the  original  AB,  and  consequently  a  shifting  has  taken 
place  which   is  expressed  by  the  distance  A  A'   or  BB'.    -^ 
The  amount  of  this  shifting  or  motion  of  translation  is  : 


Here  d  again  represents  the 


AA'  =BB'  =  2dsi'H.  -. 

2 

distance  apart  of  the  axes.     The  angle  ep  which  the  direc- 
tion of  shifting  makes  with  Ihe  line  AB  is 


JT 
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That  a  pair  of  opposite  and  equal  rotations  should  really  only  produce  a 
simple  motion  of  translation  is  evident  from  the  following  :  Let  us  assume 
a  rotation-pair,  and,  acccording  to  §  4,  substitute  for  the  rotation  a  about  the 
axis  A  its  equivalent,  namely  an  equally  large  rotation  about  the  axis  B  and  a 

a 

motion  of  translation  equal  to  2  ^  sin.  —  ;  we  shall  then  have  as  the  result  of  the 

rotation-pair  only  the  shifting  2  d  sin.  — ,  since  the  rotation  a  about  B  neutralizes 

the  rotation  —  a  about  the  same  axis. 

Such  a  pair  of  equal  and  opposite  rotations  about  parallel  axes  is  called  a 
Rotation-fair  ;  it  may  always  be  replaced  by  a  corresponding  motion  of  translation. 
The  comfcrsf  of  this  proposition  is  also  true. 

That  the  order  in  which  turning  takes  place  is  not  immaterial,  even  in 
the  rotation-pair,  an  examination  of  the  figure  shows.  When  the  rotation  takes 
place  first  about  A  and  then  about  B\  the  line  AB  connecting  the  axes  passes 
to  the  position  A' B ^  but  this  line  takes  the  position  A" B",  when  the  rota- 
tions occur  in  the  opposite  order.  The  shifting  is  therefore  in  the  one  case  repre- 
sented by  BB  and  in  the  other  case  hy  BB"  ;  each  of  these  two  distances  is  equal 

to  2  d  sin,  — ,  and  has  the  same  inclination  (p  =  90* to  the  plane  AB  of  the 

axes,  but  the  angle  <p  must  be  laid  off  in  different  directions  in  these  two  cases. 

2 


xviii  INTRODUCTION,  [§  8. 

The  two  positions  A^ B'  and  A"B"  fall  therefore  into  one  and  the  same  straight 
line.  The  difference  due  to  the  order  of  rotations  about  A  and  B  evidently 
ceases  when  BB'  coincides  with  BB'\  i.e.  when  <p  =  90".  For  this  it  is  neces- 
sary that  a  be  infinitely  small  ;  for  the  case  of  differential  motions,  therefore,  the 
remarks    concerning     unequal    rotations    also    hold    good.       The    expression 

(X. 
2  dsin.  —  for  amount  of  translation  becomes  ocd  for  the  case  when  a  is  infini- 

2 

tesimal. 

The  propositions  advanced  in  §  4  to  §  6  concerning  the  composition  and  resolu- 
tion of  motions  of  translation  and  rotation,  apply  also  to  the  spaces  described  in 
a  unit  of  timet  i.  e. ,  to  velocities  of  rotation  and  translation. 

g  7.  Infltantaneoits  Centre. — When  all  the  points  of  a  system  move  in 
parallel  planes,  it  easily  follows  from  what  has  preceded  that  the  motion  of 
the  system  at  every  instant  may  be  regarded  as  an  infinitely  small  rotation  about 
a  certain  axis  perpendicular  to  the  parallel  planes.  For  whatever  the  character 
of  the  motions  may  be,  they  can  always  be  resolved  into  shif tings  in  the 
parallel  planes,  and  into  rotations  about  axes  perpendicular  to  the  planes.  By 
means  of  the  parallelogram  of  motions  all  shiftings  can  be  united  into  a  resultant 
shifting  or  translation,  whi^e  all  the  rotations  can  be  combined  according  to  §  5 
and  §  6  into  a  single  resultant  rotation.  This  last  can  then  be  combined,  according 
to  §  4,  with  the  resultant  translation  at  right  angles  to  the  axis,  so  as  to  form 
a  single  rotation  about  an  axis  normal  to  the  parallel  planes.  If  instead  of  a 
resultant  rotation,  a  rotation-pair  should  put  in  its  appearance,  we  must  remem- 
ber that  the  latter  is  equivalent  to  a  simple  motion  of  translation,  which  can  like- 
wise be  regarded  as  a  rotation  about  an  axis  infinitely  distant  and  perpendicular  to 
the  direction  of  the  translation. 

The  axis  of  this  resultant  rotation  will  in  general  have  no  fixed  position  in 
space,  but  will  change  its  place  at  every  instant.  In  order  to  determine  its  posi- 
tion at  any  particular  instant,  we  have  only  to  reniember  that  the  various  points 
of  a  body  rotating  about  an  axis  describe  paths  at  right  angles  to  the  radii  drawn 
from  the  points  in  question  perpendicular  to  the  path.  If,  therefore,  in  the  plane 
of  a  path  described  by  an  element  of  the  body,  we  erect  a  normal  at  any  point  of 
the  path,  this  normal  will  cut  the  particular  axis  about  which  the  body  is  turning 
at  the  instant  when  the  element  in  question  reaches  that  point  of  its  path  from 
which  the  normal  was  drawn.  From  this  follows,  that  the  position  of  the  axis 
of  rotation  can  be  exactly  determined  at  any  moment  when  the  directions  of  the 
motions  of  any  two  points  of  the  body  are  known.  This  is  done  by  erecting  at  each 
of  the  two  points  a  normal  to  the  direction  of  motion,  and  the  intersection  of  these 
normals  will  then  give  a  point  through  which  the  required  axis  of  rotation  can  be 
drawn  perpendicular  to  the  parallel  planes.  For  a  system  of  points  moving  in 
parallel  planes  this  axis  is  called  the  instantaneous  axis,  and  the  intersection  of 
the  normals,  the  instantaneous  centre. 

§  8.  Cetttrolds. — The  important  part  played  by  the  instantaneous  centre  dur- 
ing the  motion  of  a  system  in  a  plane  is  most  easily  explained  by  an  example. 
For  this  purpose  let  the  motion  of  a  rod  or  rigid  straight  line,  AB,  Fig.  6,  be 
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Fig.  6. 


chosen,  whose  ends  A  and  B  are  compelled  to  remain  on  the  two  straight  lines 
CD  and  CE  at  right  angles  to  one  another.  This  kind  of  motion  occurs  in  a 
known  elliptograph,  and  will  be  discussed  more  fully  hereafter.  We  can  get 
the  instantaneous  centre  for  any  position  whatever  of  the  straight  line  AB  hy 
finding  the  intersection  of  the  two  normals  //i/i  and  Bypi  erected  to  the  paths  CD 
and  CE  of  the  points  Ai  and  B^  respectively.  In  exactly  the  same  way,  the 
instantaneous  centres/i,/s.  .  .  for  any  other  posi- 
tions AtBt,  A9B2,  ...  of  the  moving  body.  If 
this  construction  is  made  for  every  possible  posi- 
tion  of  the  rod  AB,  there  will  be  obtained  a  series 
of  points  which  constitute  a  curve  p-ip]/t.  .  .  . 
depending  on  the  nature  of  the  motion.  This 
curve  can  be  regarded  as  the  path  traversed  by 
the  instantaneous  centre  during  the  motion  of  the 
body,  by  im^^ining  the  curve  as  a  fixed  guide  in 
the  plane  of  motion  along  which  the  instantaneous 
centre  is  led.  This  curve  has  therefore  received 
the  name  of  ^ent/oid,  and  because  of  its  fixed 
position  in  the  plane  of  motion  it  may  well  be 
called  the  fixvd  centroid. 

If  to  the  movable  rod  AB  we  imagine  a  plane  rigidly  attached  in  such  a  man- 
ner that  while  moving,  it  will  always  coincide  with  the  plane  of  motion  DCE^ 
we  can  readily  get  the  following  result.  At  every  instant  all  the  points  of  the 
rod  AB  and  all  points  but  one  of  the  moving  plane  turn  about  the  instantaneous 
centre.  The  point  constituting  the  exception  has  for  that  instant  no  motion  of 
its  own,  since  it  coincides  with  or  covers  the  instantaneous  centre.  It  must 
therefore  be  regarded  as  the  centre  of  rotation  for  the  instant  in  question.  Let 
qx  represent  that  point  of  the  movable  plane  when  the  instantaneous  centre 
is  at/i,  and  the  rod  in  the  position  AyBi.  At  the  very  next  instant,  this  centre 
will  have  changed  its  position  from  /i  to  pi,  by  moving  along  the  fixed  cen- 
troid, the  distance  /i/a  being  regarded  as  infinitely  small.  The  rod  AB  has 
now  moved  from  AiBi  to  A^B^  and  that  point  of  the  movable  plane  which 
coincides  with  the  instantaneous  centre  of  the  moment  is  no  longer  ^1  but  ^i.  To 
determine  the  position  of  the  point  ^a  when  the  system  is  at  AiBi  we  have  only 
to  construct  upon  the  line  AiBi  as  a  base  the  triangle  AiBi^t  similar  to  A^B^q^, 
the  vertex  q^  will  be  the  required  point.  In  the  same  manner  by  making  the 
triangle  A^Bxq^  similar  to  A^B^^q,,  we  shall  get  at  q^  that  point  of  the  movable 
plane  which  coincides  with  the  instantaneous  centre  pi  when  the  rod  is  at  A^Bt* 
If  we  imagine  the  points  ^  to  be  thus  found  for  all  possible  positions  of  the  sys- 
tem, /.  ^.,  corresponding  to  all  points  of  the  curve  p  we  shall  get  a  certain  curve 
q-iqxq^,  ...  in  the  movable  plane.  This  curve  also  possesses  the  property  of 
always  containing  the  instantaneous  centre  and  being  traversed  by  it  during  the 
motion  of  the  system.  This  line  is  consequently  also  called  a  centroid,  the  term 
moving  centroid  h€\n^  used  to  distinguish  it  from  the  fixed  centroid /9/1/ 


§  9.  According  to  what  has  preceded,  for  every  motion  of  a  system  in  a  plane 
there  arc  two  definite  curves  or  centroids,  one  fixed  in  the  plane  of  motion  and 
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the  other  in  the  moving  plane,  both  of  which  contain  the  instantaneous  centre. 
These  two  curves  must  therefore  always  have  one  point  in  common,  namely,  the 
instantaneous  centre  of  the  moment,  and  indeed  they  must  be  tangent  to  one  an- 
other at  this  point,  for  an  intersection  of  centroids  is  inconceivable,  because  else 
we  should  have  the  case  of  two  or  more  instantaneous  centres  existing  simultane- 
ously, which  is  of  course  impossible.  During  the  motion  of  the  system  these  two 
curves  or  centroids  are  always  in  contact,  the  point  of  tangency  changing 
constantly,  and  this  motion  can  be  regarded  as  a  rolling  of  the  moving  centroid 

qiqiqz.  .  .  .  on  the  fixed  centroid /j/i/ It  is  therefore  evident  from  what 

has  been  said  that  we  may  put  the  two  centroids  in  place  of  the  external  means 
of  constraint  which  determine  the  character  of  the  intended  motion.  If  in  the 
example  chosen,  the  two  fixed  guides  CD  and  CE^  Fig.  6,  were  omitted  and  in 
their  place  were  substituted  two  material  forms,  the  one  outlined  like  the  curve 
p%p\P%'  .  .  .  rolling  on  that  rigidly  connected  with  the  rod  AB  and  outlined  like 
the  curve  q^qiq^.  ...  we  should  get  by  the  rolling  of  the  curves  on  one  another 
the  same  motion  of  the  system  as  would  be  caused  by  the  guides  CD  and  CE, 
Accordingly  the  motion  is  alike  in  both  cases,  and  not  only  for  the  points  A  and 
B,  but  the  agreement  holds  for  any  point  F  whatever,  since  the  motions  of  two 
points  completely  determine  that  of  a  system  whose  points  all  move  in  parallel 
planes.  When  therefore  the  centroids  are  known  for  a  moving  system,  we  can 
easily  determine  for  any  instant  the  motion  of  any  point  whatever  of  the  system. 
For  example,  if  at  the  required  instant  we  draw  from  the  point  of  contact  (pi)  of 
the  two  centroids  to  the  point  {F)  whose  motion  is  to  be  determined,  an  instan- 
taneous radius,  it  will  be  normal  to  the  motion  of  the  point,  and  the  velocity  of 
its  motion  will  be  proportional  to  the  length  of  the  instantaneous  radius.  The 
correctness  of  this  assertion  follows  immediately  from  the  remark  that  the  point 
of  contact  of  the  centroids  is  the  instantaneous  centre  of  the  movement.  If 
therefore  from  the  centre /i  with  the  radius  ^i^  we  describe  an  arc,  it  must  touch 
the  path  of  the  point  F,  But  the  same  is  true  of  the  arc  described  about  p^  with 
the  radius  q^Fy  and  about  the  point /«  with  the  radius  q^F,  from  which  follows 
that  if  arcs  be  described  about  the  various  points  of  the  centroid  p,  with  corresponding' 
radii  drawn  from  the  points  q  to  the  point  F  of  the  system,  these  arcs  will  etivehp 
the  path  of  the  assumed  point  F,  We  can  easily  see  from  the  figure  that  in  our 
example  the  arcs  described  from  the  points/  with  instantaneous  radii  obtained  by 
joining  the  points  q  with  A  and  B,  will  touch  respectively  the  straight  lines  CD 
and  CEy  in  other  words  the  paths  of  A  and  B, 

§  ZO.  Retftproeal  Cltaracter  of  Centroida.^We  have  hitherto  assumed  that 
the  curve  q^  in  the  capacity  of  moving  centroid,  moves  on  the  fixed  centroid  /, 
and  we  saw  how  the  path  or  curve  described  in  the  fixed  plane  by  any  point 
AyByOxFoi  the  system  could  be  drawn.  It  is  now  ca-sy  to  so  reverse  the  conditions 
that  the  fixed  centroid/  will  become  the  moving  one  and  the  moving  centroid  q 
become  fixed,  the  curve/  rolling  on  q.  First  of  all  it  is  clear  that  nothing  about  the 
motion  of  the  body  AB  in  the  plane  DCE  will  be  changed  if  an  additional  motion 
be  imparted  to  AB^  provided  that  exactly  the  same  motion  be  simultaneously 
imparted  to  the  plane  in  which  the  body  moves.  The  relative  motion  of  the 
latter  in  the  plane  of  motion  will  evidently  not  be  altered,  and  the  paths  of  the 
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various  points  will  retain  their  geometrical  character  unchanged.  Let  us  now 
imagine  ihat  the  additional  motion  thus  imparted  to  both  the  body  and  the  plane 
of  motion  be  at  every  moment  equal  and  opposite  to  that  motion  which  the  body 
possessed  originally.  The  latter  will  then  come  to  rest,  and  the  plane  of  motion 
originally  considered  fixed  will  assume  a  motion  at  every  moment  equal  and 
exactly  opposite  to  the  original  motion  of  the  system.  But  as  the  relative 
paths  of  the  different  points,  as  already  explained,  do  not  suffer  any  change  on 
this  account,  we  can  deduce  the  proposition  that  the  nature  of  the  motion  remains 
the  same  whichever  of  the  two  centroids  is  assumed  as  the  moving  one.  In 
our  example,  these  two  cases  of  motion  could  be  represented  something  after  this 
manner :  when  the  curve  q  is  the  moving  centroid,  the  motion  of  the  system  is 
such  that  two  of  its  points  are  guided  along  two  fixed  straight  lines  at  right  angles 
to  one  another,  while  in  the  case  when  p  is  the  moving  centroid,  the  motion  is 
such  that  the  two  straight  lines  CD  and  CE^  at  right  angles  to  one  another  and 
fixed  in  the  moved  system,  constantly  pass  through  the  two  fixed  points  A  and  B, 
There  lies  in  this  a  certain  principle  of  reciprocity  which  has  received  the  name 
of  Dualism  from  Chasles^  who  first  called  attention  to  this  peculiarity  of  motion. 
A  clear  example,  frequently  adduced  in  illustration  of  this  property,  is  the 
ordinary  lathe.  If  a  plane  disk  be  fastened  at  right  angles  to  the  mandrel,  a  tool 
point  fixed  at  a  distance  a  from  the  axis  will  mark  on  the  disk  a  circle  with  radius 
a  and  concentric  with  the  axis  of  rotation.  But  this  circle  can  also  be  obtained 
by  holding  fast  the  disk  and  allowing  the  tool  to  rotate  with  the  mandrel  at  a  con- 
stant distance  a  from  the  axis,  as  often  happens,  for  example,  in  milling  and 
drilling. 

§  zz.  It  is  evident  from  the  preceding  of  what  importance  centroids  are  in 
determining  the  motion  of  any  system  in  a  plane  ;  for  with  their  help  the  path  of 
any  point  whatever  of  the  system  can  be  determined.  In  every  case  the  centroids 
can  be  constructed  point  by  point,  as  shown  above,  when  the  paths  of  two  points 
are  known.  This  procedure  always  attains  its  object,  but  in  many  cases  the 
centroids  can  more  conveniently  be  drawn  directly,  when  their  geometrical  char- 
acter is  readily  ascertained.  For  instance,  in  our  assumed  example  of  the  motion 
of  a  straight  line  whose  ends  are  guided  along  two  fixed  straight  lines  at  right 
angles,  it  is  easy  to  see  that  both  centroids  must  be  circles.  We  see  immediately 
from  Fig.  6  that  the  moved  line  AB  in  each  of  its  positions  is  the  diagonal  of 
a  rectangle  ApBC^  whose  two  other  vertices  are  respectively  the  instantaneous 
centre/  and  the  point  of  intersection  C  of  the  straight  CD  and  CE,  Now  since 
the  diagonals  of  a  rectangle  are  equal,  it  follows  that  the  distance  Cp  of  the  in- 
stantaneous centre  /  from  the  point  of  intersection  C  is  constant  and  equal  to 
the  moved  line  AB^  consequently  Q^a  =  Cp\  =  Cp^.  .  .  .  ,  hence  the  centroid 
P^ip%'  ...  is  a    circle  described  about  C  with  a  radius  equal  to  ^^. 

Likewise  the  points  ^s,  ^i,  fs'  •  •  •  lie  in  the  circumference  of  a  circle 
whose  diameter  is  the  straight  line  A^B^^  for  when  the  points  ^t,  qi^*q%.  .  .  . 
are  determined  as  shown  above  by  constructing  right-angled  triangles  AjBiq^, 

AiBiqi,  ...    on    AtBi  equal  respectively  to  A^B^^^  A%B%p then  the 

locus  of  these  points  q  will  be  a  circle  with  diameter  A\Bu  because  the  angles  at 
ft,  ^t.  .  .  .  are  right  angles.    This  circle  of  course  passes  through  C  whatever  the 
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position  of  AxBx  may  be.     For  this  motion  therefore  of  a  straight  line  AB  with  its 

ends  guided  by  the  sides  of  a  right  angle,  we 
can  get  identical  motions  by  allowing  a  circle 
with  diameter  equal  to  AB  to  roll  inside  of 
another  circle  with  diameter  equal  to  twice 
AB  and  with  centre  at  the  vertex  of  the  right 
angle.  This  may  easily  be  realized  practi- 
cally by  means  of  two  toothed  wheels  of  the 
given  dimensions.  In  this  motion  every  point 
of  a  circle  described  on  AB^  that  is,  every 
point  of  the  moving  centroid,  generates  a 
diameter  of  the  fixed  centroid.  Let  E^  Fig. 
7,  be  any  point  whatever,  and  let  the  two 
guiding  lines  CA  and   CB  be  taken  as  the 

axis  of  X  and  of  ^,  then  the  co-ordinates  of  the  point  E  will  be  obtained  from 

the  equations : 

X  =  CEx  =  CE'cos  (a -\-  fi)  =:  2a  cos  fi  ,  cos  (a  +  fl), 

y  —  CE%  =  CE  sin  {a -\-  fl)  =  2a  cos  ft  .  sin  (a  +  /S), 

The  diameter  of  the  rolling  circle  Cp  =  AB  =  2a,  the  angle  BCp  =  a,  and 
ECp  =  p. 

From  the  above  equations  we  have  : 


y  _ 


=  tan  {a  -\-  fl). 


Since  a  -}-  fi  is  constant  for  every  position  of  the  rolling  circle,  being  equal 
to  half  the  central  angle  BDE  which  measures  the  arc  joining  the  points  E  and 
B,  the  above  equations  become 

^  =  tan  i  BDE  =  tan  — , 
X  *  2* 


which  represents  a  straight  line  EC  whose  inclination  to  the  axis  of  x  is  equal 
to  half  the  central  angle. 

The  figure  shows  moreover  that  the  point  E  of  the  rolling  circle  will  touch 
the  fixed  circle  at  E,  for  the  arc  Ep  is  equal  to  Ep  because  the  central  angle  of 
the  latter  is  one-half  and  its  radius  twice  as  large  as  the  corresponding  functions 
of  the  arc  Ep.  When  the  moving  circle  has  rolled  on  the  entire  circumfer- 
ence of  the  fixed  circle,  the  first  will  have  made  two  revolutions,  and  every  one 
of  its  points  will  have  twice  traversed  a  diameter  of  the  fixed  circle.  The  centre 
D  of  the  moving  circle,  on  account  of  its  constant  distance  from  C,  will  of  course 
describe  a  circle. 

In  order  to  determine  the  path  of  any  point  E,  Fig.  8,  at  a  distance  DE  from 
the  centre  D  of  the  moving  circle,  draw  through  Z>and  E  a  diameter,  and  assume 
as  the  axis  of  X  that  position  of  this  diameter  which  passes  through  the  centre  C 
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of  the  fixed  circle,  so  that  C,  D  and  E  lie 
in  the  same  straight  line.  From  what 
has  preceded  we  see  that  for  any  second 
position  assumed  by  the  rolling  circle 
after  rolling  over  the  arc  FG\  and  through 
the  angle  FCG\,  the  points  /"and  (7  will 
have  moved  in  a  radial  direction  to  Fi 
and  Gx  respectively.  The  present  posi- 
tion of  E  is  found  at  Ex  by  laying  off  on 
the  diameter  DxFu  the  distance  DiEx  = 
DE  z^e.  If  2a  again  represents  the  di- 
ameter CF  of  the  rolling  circle,  we  have 
for  the  co-ordinates  of  E  : 

X  =  CE'  =  a  cos  a -^  e  cos  a 

=  (fl  +  0  ^^^  ^' 
y  =  CE!*  =  a  sin  a  -^  e  sin  a  =  (a 


Fig.  8. 


r-^ 


—  e)  sin  a. 


Consequently 


(^)"H^-)'- 


This  is  the  equation  of  an  ellipse  whose  semi-axes  are  a  ^-  /  and  a  —  e.  This 
equation  also  applies  to  the  case  when  E  lies  without  'the  rolling  circle.  The 
various  points  of  the  rolling  circle  therefore  describe  ellipses,  which  become 
straight  lines  for  points  on  the  circumference,  and  pass  into  a  circle  for  the  centre. 

We  can  now  easily  show  what  takes  place  when  the  moving  and  fixed  cen- 
troids  are  interchanged.  For  this  purpose  imagine  the  moving  system  or  the 
rod  AB  Fig.  7,  fixed  in  its  plane,  and  the  originally  fixed  plane  with  the  two 
right  lines  CA  and  CB  (at  right  angles  to  one  another)  so  moved  that  these  two 
right  lines  continually  pass  through  the  two  points  A  and  B,  now  assumed  as 
fixed.  That  part  of  the  moving  system  represented  by  a  circle  described  from 
C  as  a  centre  and  radius  CD  ■=  a  will  pass  through  the  fixed  centre  D  of  the 
straight  line  AB,  and  in  the  now  fixed  system  every  point  like  E  which  is  at  a 
distance  a  from  the  centre  D  of  the  rod  possesses  the  property  of  being  traversed 
by  a  straight  line  of  the  movable  system,  the  straight  line  passing  through  the 
vertex  C  of  the  right  angle.  Finally,  every  other  point  of  the  fixed  system,  as  E 
Fig.  8,  remains  during  the  motion  of  the  plane  of  the  right  angle  in  an  ellipse 
lying  within  the  latter,  and  having  its  centre  at  the  intersection  of  CA  and  CB. 

Moreover,  since  every  point  of  the  circumference  of  the  rolling  circle,  as  E 
Fig.  7,  moves  on  a  straight  line  passing  through  C,  it  is  evident  that  we  can 
obtain  the  same  motion  when  the  two  straight  lines  inclose  any  oblique  angle 
whatever,  for  in  place  of  the  system  in  which  the  points  A  and  B  traverse  CA 
and  CB  we  can  evidently  put  a  system  in  which  the  points  E  and  B  are  guided 
along  CE  and  CB,  The  correctness  of  this  assertion  is  immediately  seen  when 
we  remember  that  the  paths  of  two  points  of  a  plane  system  completely  determine 
its  motion. 
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§  Z3.  Telocity-  of  Clianfl^e  of  the  Inatantaneous  Axis — For  determining 
the  instantaneous  axis  or  centre  of  a  system  moving  in  a  plane  at  a  given  moment, 
it  is  only  necessary,  according  to  the  foregoing,  to  know  the  direction  of  motion  of 
two  points.  But  for  determining  the  centroids,  i.e.^  all  the  |>ositions  of  the  in- 
stantaneous centres,  a  knowledge  of  the  paths  of  the  two  points  is  necessary. 
From  this,  as  has  been  shown,  ihc  pat/i  of  any  point  of  the  system  can  be  deter- 
mined. The  motion  of  any  point  of  the  system  is,  however,  only  known  when 
not  only  its  position  and  the  direction  of  its  path  are  known,  but  also  the  mag- 
nitude of  its  velocity.  For  determining  this  latter  element  for  any  point  7o/iat- 
ever  of  the  body,  it  suffices  to  know  the  velocity  of  a  single  point  of  the  body.  If 
A^  for  example,  is  such  a  point,  and  its  distance /.4  from  the  instantaneous  centre 
at  a  particular  instant  is  expressed  by  r,  which  distance  is  to  be  regarded  as  the 
radius  for  the  rotation  of  A  about  /,  we  have  for  the  velocity  v  of  the  point  A  : 

V  =  roo. 


00  here  represents  the  angular  velocity  of  the  whole  system  at  the  moment 
in  question.  If  we  know  the  velocity  7/  of  the  point  A  for  every  moment, 
and  from  the  centroids  can  obtain  r  for  every  instant,   the  angular  velocity 

03  =  —  will  likewise  be  known  for  every  instant.      From  this  we  can  get  the 

velocity  v  =  (»ri,  of  any  other  point  Ax  which  is  at  the  distance  r,  from  the  instan- 
taneous centre. 

If  the  instantaneous^  axis  of  a  system  moving  in  a  plane  had  an  invariable 
position  while  the  motion  lasted,  it  would  only  be  necessary  to  know  the  ang^ular 
velocity  about  the  instantaneous  axis  at  every  instant  in  order  to  completely 
determine  the  motion  of  the  body.  But  since  the  instantaneous  axis  is  continually 
changing  its  position  on  the  fixed  centroid,  in  order  to  determine  the  motion  of 
the  body  we  must  know  the  velocity  with  which  the  instantaneous  centre  changes 
its  position.  This  velocity  u  is  called  the  velocity  of  change  of  the  instanr 
iancous  centie  or  axis.    At    a  given    instant    let  pq^    Fig.  9,   I.   and  II.   be 

the  point  of  contact  of 
Fig.  9.  t]ie  two  centroids.     Let 

1  m  ppx  and  ^^1  be  infinitely 

small    elements   of   the 

C 

Q  fixed  and   moving  cen- 

£  troids  respectively.  If 
at  /,  /i,  q<,  and  ^1,  we 
erect  normals,  their  re- 
spective intersections, 
A  and  B^  will  give  cen- 
tres of  curvature  ;  and 
therefore  /4f/=  Ap\  =  p\ 
will  be  the  radius  of 
curvature  of  the  fixed, 
and  Bq  ■=.  Bqx  =  pa  that 
of  the  moving  centroid 
for  the  moment  when  the  instantaneous  axis  is  at  pq.     The  infinitely  small 
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angle  a,  inclosed  by  the  normals  is  evidently  equal  to  the  angle  CpD  formed  at 
the  instantaneous  centre  by  the  infinitely  small  element//} — regarded  as  a  straight 
line — ^with  Cp  the  common  tangent  of  the  centroids  ;  likewise 


«2  =  qBqx  =  CqE^ 

where  qE  represents  the  directions  of  the  element  qq\.  If  we  now  assume  that 
the  moving  centroid  qq\  rolls  on  the  element  ^/s  of  the  fixed  centroid/^i,  q\ 
will  fall  on/i  and  qqx  will  coincide  with  //i.  In  order  that  this  may  occur  the 
moving  system  and  the  centroid  qqx  must  turn  about  q  an  amount  equal  to 
EqD  =  £j  —  £2.  In  Fig.  I.  this  amount  is  positive,  but  in  Fig.  IL,  when  t%>  Ex 
it  is  negative. 

The  difference  in  bigns  serves  to  indicate  that  the  directions  of  rotation  of  the 
body  about  the  instantaneous  centre/  is  opposite  in  the  two  cases,  being  toward 
the  right  in  I.,  and  toward  the  left  in  II.  ;  the  amount  of  the  rotation  is, 
however,  equal  to  the  absolute  value  of  Ci  —  ff  If  ^  again  represents  the 
angular  velocity,  we  have 

*i  —  ^9 


and  if  the  length  pp\  =  qqx  oi  the  element  of  the  centroids  coming  into  con- 
tact with  one  another  during  the  element  of  time  dt  be  designated  by  6s,  we 
can,  in  like  manner,  obtain  the  velocity  of  change  u  of  the  instantaneous  centre 
from 

ds 
u  = 


Dividing  one  equati9n  by  the  other,  we  get 

00  __  Ex  —  '• 
u  8s 

Since  p  1  and  p,  are  radii  of  curvature, 
we  have 

8s  =  pxSi  =p,  c, ; 


therefore 


-3s-  "  —  and  -5-  t=  —  ; 
OS       Pi  OS       p% 


hence  the  above  equation  may  be  written 


00  _     1  T 

u  ~    Pi        Pa 
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When  the  two  centroids,  Fig.  10,  have  their  centres  of  curvature  on  opposite 
sides  of  the  common  tangent,  we  have  evidently  from  the  figure 


Fig.  xo. 


CO  = 


«i  +  c. 


6t 


and  therefore 


C 


«>  __    I         I 


D       but  we  can  retain  for  this  case  the  equation 


i»_^    I         I 
«  ~  Pi        P» 


by  giving  to  the  radii  of  curvature  contrary  signs, 

whenever  they  lie  on  opposite  sides  of  the  common 
tangent  of  the  centroids. 

I  B 

If  the  reciprocal  of  the  radius  of  a  curvature  of  a  curve  —  =  -^-  be  called  the 

^  O  OS 


curvature,  we  can  designate  the  value— '—j = as  **  relative  curvature 


tf 


ds  Pi       P2 


of  the  two  centroids.    This,  according  to  the  preceding,  is  equal  to  the  ratio  of  the 
angular  velocity  OJ  to  the  velocity  of  change  u. 


§  13.  Kxample. — If  we  choose  for  illustration  the  motion  of  a  body  which 
has  two  points,  A  and  B,  at  a  distance  from  one  another  equal  to  2a,  and  guided 
along  the  fixed  sides  of  a  right  angle,  A  CB  (Fig.  7),  the  centroids  in  this  case  will 
be  two  circles  whose  radii  are  2a  and  a.    We  have,  therefore. 


to 
u 


I 

p7 


I 


I 

2a 


I 
a 


I 
2a 


If  we  now  suppose  the  small  circle  to  roll  in  a  particular  direction  and  with 
constant  velocity  on  the  larger  one,  the  angular  velocity  00  about  the  instanta- 
neous centre  on  the  fixed  centroid  corresponds  to  a  right  handed  rotation  about 
the  centre  of  curvature. 


fi 


If  we  know  the  angular  velocity  ou  = of  the  rotation  about  the  instanta- 

2/J 

neous  centre,  we  also  know  the  velocity  of  any  point  whose  distance  from  the 

instantaneous  centre  is  r,  namely  v  =  oor  =  —  r  —  .     Of  all  points  of  the  moved 

body  only  the  centre  of  the  rolling  circle  D,  Fig.  11,  remains  at  an  invariable 
distance  from  the  instantaneous  centre,  whence  follows  that  this  point  alone 
traverses  its  path  with  a  uniform  velocity  when  the  velocity  of  change  u  fs 
constant.     The  velocity  v  =  rgo  of  the  point  D  is  therefore 


u        u 

V  =  aoo  =  tf  —  =  — , 
2a         2 
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i,€,  half  as  great  as  the  velocity  of  change  of  the  instantaneous  centre,  which 

also  follows  from  this,   that  the  point  D 

traverses  its  circular  path  with  radius  a,  and 

with  constant  velocity  in  the  same  time 

that  the  instantaneous  centre  traverses  the 

fixed  centroid  with  radius  za. 

In  order  to  determine  the  velocity  of 
any  point  of  the  body  moved,  let  E  be 
any  point  of  the  moved  system  at  the  dis- 
tance e  from  the  centre  D  of  the  rolling 
circle.  If  the  latter  "has  moved  from  the 
position  D  (£,  C,  and  D  lying  in  the  same 
straight  line  CX)  to  the  position  Di  by 
rolling  through  an  angle  FCG'=-  a,  the 
points  E  and  G  having  moved  to  E\  and 
G\t  we  get  for  this  position  from  the  trian- 
gle (7iZ?i£'i  whose  angle  Z?,  =  2ar,  the  dis- 
tance GxEx  of  the  point  E  from  the  in- 
stantaneous centre : 

6^1  -£"1  =  r  =  ^/a^  4-  ^*  —  zae  cos  2a 

hence  the  velocity  of  the  point  in  the  position  E^  is  found  to  be 


v=-aa  Va^  +  t^  —  2nc .  cos  2a 


u 


=  —  Va^  -+-  ^  —  2ae .  cos  2a 
2a 


Fio.  Z2.  A  clear  picture  of  the 

velocities  of  different 
points  can  easily  be  ob- 
tained by  means  of  a 
graphical  representation. 
Let  C,  Fig.  12,  be  the 
centre  of  the  fixed  and 
D  that  of  the  centroid 
which  moves  in  the  cir- 
cle £>I?i  with  radius  a 
and  centre  C,  To  find 
at  any  moment  the  posi- 
tion of  E,  which  is 
at  a  distance  from  D 
equal  to  DE  =  e^  the 
instantaneous  centre 
having  moved  from  F  to 
G\j  we  have  only  to  project   G-^  on  to  CF  and  CJ^  then  join  the  projected 
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points  Fx  and  A 1  by  the  diagonal  A^F^,  and  finally  lay  off  from  the  middle  of 
AyF^  the  distance  V^E^  —e. 

In  this  way  we  find  the  locus  of  the  point  £  to  be  an  ellipse  CEE\y  whose 
centre  is  C,  and  whose  semi-axes  are 

CE  =  tf  +  ^  and  CH  ■=.  a^  e. 

The  line  G\E\  is  evidently  the  radius  of  rotation  of  the  point  E  at  the  moment 
when  Gi  is  the  instantaneous  centre,  and  as  above,  we  have : 


G\Ei  •=   V  a'  -\-  e'  —  20^  cos,  2a, 

The  velocity  v  is  proportional  to  this  radius.  The  line  G\E\,  being  normal  to  the 
path  of  the  point  E^  i.e.,  to  the  ellipse  at  the  point  Ei,  we  can  say  that  the  veloc- 
ity at  any  moment  of  any  point  E  is  proportional  to  the  normal  drawn  from  the 
corresponding  point  of  the  fixed  centroid  to  the  path  of  the  point  E,  The  construc- 
tion of  normals  to  the  ellipse  is  easily  accomplished  by  means  of  the  rectangle 
CA I  G\  Fi  and  its  diagonal  A-^F^  in  the  manner  described  above. 

Let  us  take  for  example  the  angle  a  =  o ;  for  this  value  E  lies  in  CF,  and  we 
have  cos,  2a  =  i,  hence  : 


V-  —    V  a"  J^-e^  ^2ac=—A^-f\ 


and  therefore  v  is  proportional  to  FE,     Likewise  when  a  =  90°,  i.e.  when  the 
instantaneous  centre  is  at  y,  cos.  2a  =  —  i,  and 

and  V  is  proportional  to  the  distance  y/T. 

The  normals  to  the  ellipse  drawn  in  dotted  lines  within  the  quadrant  NKJH 
represent  therefore  the  different  velocities  of  the  point  E  while  it  traverses 
the  elliptical  quadrant  NH,  If  in  the  formula  for  v  we  put  ^  =  a,  ue. ,  take  the 
given  point  on  the  circumference  of  the  rolling  circle,  for  instance  at  /%  then  from 
what  has  preceded  we  know  that  the  path  of  this  point  will  be  the  diameter  FK^ 
and  the  normals  in  this  path  drawn  from  the  various  positions  of  the  instanta- 
neous centres  will  be  ordinates  of  the  circle  perpendicular  to  FK.  The  dotted 
normals  in  the  quadrant  CKL  represent  therefore  the  velocities  of  the  point  F, 
These  velocities  are  always  proportion  alto  the  sine  of  the  angle  of  rolling  a,  as 
can  also  be  seen  from  the  expression  for  v  when  we  put  e  •=.  a\ 


**  —  "^  V  tf'  +  fl*  —  2<w  cos,  2a, 


u u , 

—  "^  1^  2<j'  (I  —  COS.  2a)  =  ^  V  2a*  x  2stM,^  a  =  u  sin,  a. 
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These  velocities  are  therefore  the  same  as  those  corresponding  to  the  simple  law 
of  oscillation  ;  when  a  =  o,  v  =o ;  when  a  =  90",  v  =  «,  i.e. ,  equal  to  the  velocity 
of  change  of  the  instantaneous  centre. 

Finally  let  us  make  ^  =  o  ;  we  shall  then  get,  for  the  velocity  with  which  the 
centre  D  of  the  moving  centroid  traverses  the  circle  DDx^  the  constant  value  : 


2a  2 

already  found.  When  €  >  a  the  given  point  lies  at  £'  outside  of  the  moving 
circle,  and  describes  while  the  latter  is  rolling  in  the  circular  quadrant  /'6^  jj,  the 
elliptical  quadrant  E' E' \ir ^  whose  semi-axes  are  also  CE'  =  a -{- e  and  CIT 
=  <!  —  /=  —  (e  —  a).  We  easily  see  that  here  also  the  normals,  drawn  from 
the  quadrant  FG\J  to  the  path  E'E' ilT,  as  FE\  G\E'  a,nd  JJ/'  represent  the 
velocities  of  the  moved  point  E\ 

§  14.  Aceeleratlonof  nPotnt  of  aSystem. — When  a  body  has  a  simple 
motion  of  translation,  the  paths  of  all  the  points,  in  any  element  of  time,  are 
always  equal  and  have  the  same  direction,  and  from  this  follows  the  equality  of 
the  velocities  of  all  the  points  for  the  same  instant.  If  in  the  course  of  time  these 
velocities  change  in  magnitude  or  direction,  this  change  must  be  the  same  for  all 
points,  from  which  simply  follows  that  the  acceleration  /  must  at  every  moment 
be  the  same  in  amount  for  all  the  points  of  the  moved  body.  This  holds  good 
not  only  for  the  tangential  acceleration  pt  which  changes  the  magnitude  of  the 
velocity,  but  also  for  the  normal  acceleration  pn  which  affects  a  change  of  direc- 
tion. The  accelerations  of  all  the  points  of  the  system  are  therefore  known  when 
we  know  that  of  a  single  point. 

If,  on  the  other  hand,  a  body  be  subjected  for  a  finite  interval  of  time  to  a 
simple  rotation  about  an  invariable  axis,  the  velocities  of  the  different  points  will 
be  proportional  to  their  distances  from  the  axis  of  rotation,  and  therefore  expressed 
by  V  =  ft»,  when  a?  represents  the  angular  velocity.  If  we  decompose  the  accel- 
eration/ of  each  point  into  the  tangential  acceleration  //  and  the  normal  accel- 
eration pn,  we  shall  then  have  according  to  Vol.  I.)  §  44>  for  every  point  the  gen- 
eral values : 


^'  =  5/  =''  6/' 

Pn=  —  =  rw*, 

and  therefore, 

;»=^.+v=^'/(-,"y+«.v 


In  a  simple  motion  of  rotation  therefore  the  total  acceleration  as  well  as  its 
tangential  and  normal  components  are  proportional  to  the  distance  of  the  point 
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Fig.  13. 


Qfi) 


from  the  axis  of  rotation.  As  already  stated,  the  whole  acceleration  is  re- 
duced to  the  normal  component  rod^  when  the  rotation  takes  place  with  uniform 
velocity. 

We  can  now  regard  the  general  motion  at  every  instant,  of  a  system  whose 
points  move  in  parallel  planes  as  a  rotation  about  an  instantaneous  centre.  But 
in  addition  to  this  rotation  about  the  instantaneous  centre  of  the  moment, 
the  centre  itself  changes  its  position  on  the  fixed  centroid  with  a  certain  veloc- 
ity of  change  u.  There  results;  therefore,  for  every 
point  of  the  moved  body,  not  only  the  acceleration 
corresponding  to  the  rotation  about  the  instantaneous 
centre,  but  also  another  acceleration  due  to  the  chang- 
ing motion  of  the  instantaneous  centre.  In  order  to 
find  this  acceleration,  let  PP\  =  5j,  Fig.  13,  be  an 
element  of  the  rigid  centroid  of  a  system  whose  points 
move  in  parallel  planes,  and  let  A  be  any  one  of 
these  points.  If  at  a  particular  instant  the  instantane- 
ous centre  be  at  P^ ,  in  the  following  element  of  time 
^t  thfc  point  A  will  describe  about  the  centre  P  the  arc 
A  A 1 ,  with  the  radius  AP  =  r  and  the  angle  w  5/.  The 
length  of  this  arc  will  therefore  be 


A  Ax  =  roodt. 

After  the  lapse  of  an  element  of  time  8t,  the  instantaneous  centre  has  passed 
from  P  to  Pi,  by  traversing  the  space  8s  =  od  8(,  with  its  velocity  of  change  «. 
The  system  now  turns  about  the  new  instantaneous  centre  P\  with  an  angular 
velocity  which  has  changed  from  00  to  00  -\-  800  \  the  rotation  during  the  new  in- 
terval of  time  5/  therefore  amounts  to  (gj  +  6c«j)  6/.  According  to  §  4  we  can 
put  in  place  of  a  rotation  about  an  axis,  another  equally  great  rotation  about  a 
parallel  axis  and  a  corresponding  shifting  of  definite  magnitude  which  is  perpen- 
dicular to  the  plane  of  the  axes.  We  can,  consequently,  substitute  for  the  rota- 
tion (go  -{-  8oi})  8t  about  the  instantaneous  centre  P^,  an  equally  great  rotation 
about  Pi  and  in  addition  a  normal  shifting  whose  amount  is 

PPxifiO  +  800)  =  GO  8s, 


since  the  infinitesimal  magnitude  800  disappears  in  comparison  with  00,  If  we 
substitute  for  8s  its  value  u  8t,  we  obtain  for  the  shifting  the  value  uoo  8t.  We  thus 
find,  that  the  space  described  by  the  point  A  during  the  first  interval  of  time  8t 
has  the  value  roo  8t,  on  the  other  hand  that  the  space  described  during  the  second 
interval  is  represented  by  r  (a?  +  8 go)  8t  +  uoo  8t  If  we  divide  these  amounts  by 
8t,  we  get  the  velocity  of  the  point  A  during  the  first  interval  equal  to  roo,  and  dur- 
ing the  second  interval  equal  to  r  (a?  +  8go)  perpendicular  to  PA  and  uoo  normal 
to  PP\,  The  total  acceleration  imparted  to  the  point  A  during  the  element  of 
time  consists  tkerefore  of  two  parts,  of  which  the  first  is  that  acceleration  /,  which 
is  necessary  in  order  that  the  point  A^  rotating  about  /'with  the  angular  velocity 
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09,  may  rotate  about  the  same  instantaneous  centre  P  with  the  velocity  of  rotation 

01  -|-  do?,  and  the  second  is  the  acceleration  ugh  due  to  the  velocity  of  change  i/. 

The  first  acceleration/,  which  would  alone  act  on  A  if  the  instantaneous  centre 

did  not  change,  can,  as  we  already  know,  be  resolved  into  a  tangential  acceleration 

do? 
//  =  ^-TT  and  a  normal  acceleration  pn  =  roD^,     For  every  point  of  the  moved 

body,  therefore,  these  two  components, /«  and/ti  are  proportional  to  the  distance 
of  the  point  from  the  instantaneous  centre  of  the  moment,  while  the  acceleration 
u<30  due  to  the  velocity  of  change  is  the  same  for  all  the  moved  points. 

§  15*  Ceuire  of  Aeeeleratlon*' — After  finding,  according  to  the  preceding 
articles,  the  acceleration  of  any  point  of  a  system  whose  points  move  in  parallel 
planes,  several  interesting  relations  between  the  accelerations  of  different  points 
of  such  a  system  can  be  developed. 

For  this  purpose  we  choose  the  centre  Py  Fig,  14,  of  a  system,  at  a  particular 
moment,  as  the  origin  of  co-ordinates  of  the  rectangular  axes  PX  and  P  K,  of 
which  -P-V  coincides  with  the  tangent,  and  P  Y  with  the  normal  to  the  fixed  cen- 
Iroid  PP\  at  the  point  P.  From  what  has  already  been  said,  we  see  that  at  any 
points  at  the  distance  PA  =  r  from  the  instantaneous  centre,  of  the  three  compo- 
nents of  acceleration  the  first,  rco^,  acts  in  the  direction  of  the  instantaneous  centre, 

the  second,  r-r-.  perpendicular  to  the  radius  of  rotation  PA^  and  the  third,  «(», 

parallel  to  P  K,  the  normal  to  the  centroid. 

If  we  resolve  these  accelerations  into  components  parallel  to  the  co-ordinate 
axes,  and  designate  the  sums  of  these  components  respectively  by  X  and  K,  we 
will  get,  it  is  easy  to  see,  when  we  put  XPA  =  a 


1,  ^Oi> 

X  =  r-^  sin,  a  —  r<a*  cos.  a 

Y  =  uoa  —  r  -.  -  COS.  a—  roor  stn,  a ; 
0/ 


or  smce 

r  sin,  a  -=  y    and     r  cos,  a  =  jr, 

K  =  ««a  —  —  j:  —  ^yy. 
If  we  now  make  A"  =  o,  we  get. 


Fig.  14. 


^^y  -_  o,«jf  =:  o, 


a  condition  fulfilled  by  the  co-ordinates  of  these  points  which  have  n^  acceleration 
in  the  direction  of  the  tangent  to  the  centroid,  in  other  words,  whose  accelerations 
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are  in  the  direction  PY  oi  the  normal  to  the  centroid  at  the  instantaneous  centre. 
But  the  equation 

is  evidently  that  of  a  straight  line  PB^  passing  through  the  origin  P^  and  making 
an  angle  y  with  the  axis  of  X  ;  the  inclination  of  y  is  determined  from 

tan,  y  =  -5 — . 

In  the  same  manner  we  obtain  the  locus  of  all  those  points  which  have  no  accele- 
ration in  the  direction  of  P  K,  the  normal  to  the  centroid,  but  are  accelerated 
only  in  a  direction  parallel  to  the  tangent  PX : 

Y  =  fio0 ^--  X  —  Goy  =  o. 

This  equation,  likewise,,  corresponds  to  a  straight  line  JV£,  which  cuts  the  axis 
of  X  at  the  distance 

^^       ^<^ 

PE  =  i   - 

o&> 

"57 


u 
and  the  axis  of  Y  at  the  disti^nce  PtV  =      from  the  origin.     For  the  angle  of 

inclination  y^  of  this  straight  line  to  the  axis  of  x,  we  have 

8(0 
tan.  yi  =z  —  —^  =  —  cos.  y ; 


from  which  follows  that  the  two  straight  lines  PP  and  fVE  are  normal  to  one 
another. 

The  intersection  G  of  these  two  lines  evidently  has  no  acceleration,  for,  as  a 
point  of  the  right  line  PB  its  acceleration  parallel  to  the  axis  of  X  is  equal  to  zero, 
and  as  a  point  of  the  right  line  PYE^  it  has  no  acceleration  parallel  to  the  axis 
of  Y.  This  point,  as  the  discussion  will  show,  is.  of  especial  importance  for  the 
motion  of  the  system,  and,  for  reasons  to  be  hereafter  given,  is  called  the  c^nirg  oj 
acceleration.  Moreover,  since  at  any  given  instant  of  the  motion  there  can  be 
only  one  point  whose  acceleration  is  zero,  it  follows  that  the  two  straight  lines 
jP^and  WEf  though  continually  changing  their  positions  during  the  motion,  can 
only  have  one  point  of  intersection. 

Furthermore,  let  the  acceleration  of  the  point  A  be  resolved  into  components 
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in  still  another  way,  in  the  direction  of  the  tangent  and  normal  to  the  path  of  the 
point  A  itself.  From  what  has  been  said,  we  know  that  the  normal  to  the  path 
coincides  with  the  instantaneous  radius  AP^  and  the  components  produced  by 
this  resolution  are  the  same  as  the  so-called  tangential  and  normal  accelerations 
//  and  Pn  of  the  curvilinear  motion. 
By  this  resolution  we  evidently  get 

45  a? 


and 


If  we  again  make 


//  =  r-^ ufso  COS.  tt, 

o/ 


pM  =1  u(m>  sin,  a  —  rca*. 


X  y 

COS.  a  =  —  sin.  a  =  —  f^  =i  x"^  +  y* 

r  r  "^ 


we  have 


and 


^  r      ot  r 

y     *«4-y   , 


r  r 


If,  again,  we  make  //  =  o^  the  equation  gives 

the  locus  of  all  those  points  which  have  normal  accelerations  but  no  tangential 
accelerations.  This  equation  represents  a  circle  which  passes  through  the  origin  P^ 

and  cuts  the  axis  of  JT  at  a  distance  from  the  origin  equal  to  P£  =  -^ —  ,  because 

W 

for  V  =  o  this  equation  gives  X=o  and  Ar=  -;r-.     If,  in  like  manner,  pn  be 

000 

di 

made  equal  to  zero,  the  equation 

gives  for  the  locus  of  all  the  points  without  normal  acceleration  a  circle  which 
also  passes  through  the  origin  P,  and  which  cuts  the  axis  of  Y  or  the  normal  to 
the  centroid  at  the  instantaneous  centre  at  a  distance  from  the  origin  equal  to 

P1V=  —  .    These  two  circles,  or  the  loci  of  the  points  without  tangential  and 

without  normal  accelerations,  cut  the  axes  at  the  same  points,   IV,  P,  and  E^ 

3 
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through  which  pass  the  two  straight  lines  that  were  found  to  be  the  loci  of  all 
the  points  which  have  no  acceleration  in  the  direction  of  the  tangent  and  normal 
to  the  centroid.  The  point  of  intersection  (7  of  these  straight  lines  has  no  accel- 
eration either  in  the  direction  of  the  axis  of  X  or  in  that  of  the  axis  of  Y\  in 
other  words,  is  without  any  acceleration,  it  consequently  does  not  possess  either 
tangential  or  normal  acceleration,  and  must  lie  at  the  intersection  of  the  two 
circles  just  determined.  These  latter  must,  therefore,  cut  one  another  in  the 
same  point  G  in  which  the  straight  lines  PB  and  WE  meet,  and  to  which  the 
designation,  centre  of  acceleration,  was  given.  This  follows,  moreover,  from  the 
fact  that  the  straight  line  PB  is  perpendicular  to  WE^  and  therefore  the  vertex 
G  of  the  right  angle  must  lie  on  the  circles  described  on  PE  and  P  W, 

The  co-ordinates  x^  and  yo  of  the  centre  of  acceleration  (7,  are  easily  obtained 
from  the  figure,  and  equal 


GF^  Xo^PW  ,  sin,  y  cos,  y  =  —  sin,  y  cos,  y  \ 


PF-yo  =  PW.  sin}  y  =  ^sinjy. 

In  order  to  express  the  acceleration  of  any  point  A  by  means  of  its  distance 
G/t  r=  p  from  the  centre  of  acceleration  G,  we  subtract  from  the  accelerations  X 
and  y  of  the  point  //,  the  expressions  Xo  and  Vo  for  these  accelerations  when 
referred  to  the  point  G,  i.e.^  when  Xo  and  Yq  equal  zero.     We  have  namely. 


consequently,  by  subtraction, 


8t 
and  likewise 


-^=  jr:(^— Jo)-<»«(^-jro); 


K  =  ttttJ  —  -^-  Jf  —  Qoy, 


8a) 
o  =  "uoa  — -J-  Xo  —  c»% 


consequently 

but  Jf  —  j:  =  4  and>  —  j'o  =  V*  which  are  the  co-ordinates  of  the  point  A  corte- 


y=-  -^A^-^^)-<^Hy-yo)\ 
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spending  to  a  system  of  co-ordinates  whose  origin  is  at  the  centre  of  acceleration 
G,  and  whose  axes  are  parallel  to  the  original  ones  PX  and  P  V,  With  reference 
to  this  system  of  coordinates  we  have,  therefore,  the  accelerations  for^  parallel 
to  the  axes : 

Uniting  these  components  of  acceleration  by  pairs  according  to  the  parallelogram 
of  accelerations,  we  get  first  an  acceleration 

/,,=  -<»«  Ve  +  J?'  =  -  OD'p 

directed  toward  the  origin  G,  and  secondly  an  acceleration 

doo     , da? 

/' =  T/  *^«' +  >?•  =  57  "'        . 

which  is  normal  to  the  first pn.  We  see,  therefore,  from  the  formulas  that  the  ac- 
celeration of  the  point  A  is  the  same  as  that  which  it  would  assume  were  the 
whole  system  rotating  about  the  point  Gy  the  point  G  having  no  velocity  of 
change,  but  acting  for  two  consecutive  intervals  of  time  as  centre  of  rotation. 
For  in  this  case  we  would  have,  according  to  a  previous  article,  the  normal  and 
tangential  accelerations  of  a  point  A  at  the  distance  p   from  C7,   respectively 

boo 
equal  to/«  =  /9co*  and/^  =  p  ^  ,  which  expressions  are  equal  to  those  just  cal- 
culated. 

The  total  acceleration  of  any  point  at  the  distance  p  from  the  centre  of  accelera- 
tion ij/  =  p  i/  <»^  +  /  ^-  -  j  ,  that  is,  p  is  proportional  to  the  distance  p.     The 

angle  a,  made  by  the  acceleration  /  with  the  direction  of  the  line  joining  the 
point  with  the  centre  of  acceleration,  is  given  by  the  equation  : 

Jt 


consequently  this  angle  is  constant  for  all  points  of  the  system. 

It  immediately  follows  from  this  that  all  those  points  must  have  equal  accel- 
erations whose  distance  from  G  is  equal  to  p. 

Such  points  may  of  course  be  found  on  the  circumference  of  a  circle  concentric 
with  the  centre  of  acceleration,  or  on  the  surface  of  a  cylinder  whose  axis  passes 
through  this  centre  and  is  normal  to  the  plane  of  motion.     It  is  this  relation 
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which  justifies  giving  the  name  of  centre  of  acceleration  to  the  intersection  G  of 
the  two  circles. 


Alios 


§  l6.  Inflexion  Clrele. — The  points  of  the  circle  PGE,  Fig.  15,  for  which 
the  tangential  acceleration  at  the  given  instant  eqaals  zero,  move  with  their  max- 
imum or  minimum  velocity  at  this 
Fig.  15.  instant,  because  the  tangential  ac- 

celeration or  differential  coefficient 
of  the  velocity  then  equals  zero  and 
changes  its  sign. 

The  points  of  the  other  circle 
PGIV^  for  which  the  normal  accel- 
eration equals  zero,  describe  at  the 
given  instant  the  points  of  inflexion 
of  their  paths.  The  radii  of  curva- 
ture are  then  infinitely  great,  for  it 
is  only  when  p  =  00  that,  the  ex- 

pression^'fornonnalacceleration 

equals  zero,  v  having  a  definite. 

finite  value.    The  circle  PG  JVmay 

therefore    be  called   the   inflexion 

circle,  and  its  intersection  with  the  normal  to  the  centroid  at  jP,  the  inflexion 

centre. 

Moreover,  it  may  also  be  directly  Y\Q%  XO. 

shown  from  the  following  discussion 
that  all  points  of  the  system  which 
simultaneously  occupy  the  points  of 
inflexion  of  their  paths,  lie  on  the 
circumference  of  a  circle  which 
touches  the  fixed  centroid  at  the  in- 
stantaneous centre  P. 

Let  PP\^  Fig.  16,  be  the  fixed  cen- 
troid of  a  system  whose  points  move 
in  parallel  planes,  and  let  P  be  the 
instantaneous  centre  at  a  given  mo- 
ment, around  which  the  moved  body 
turns  with  the  angular  velocity  tt>, 
during  the  element  of  time  ^t.  Any 
straight  line  EPB  drawn  through  P  ' 
will  be  brought  by  this  rotation  into 
the  position  E^PB\,  the  points 
A^BiDx  and  i?  describing  respect- 
ively the  paths  AA-^^  BB^,  DD^^  and 
EE^,'  If,  during  the  same  interval, 

6t  the  instantaneous  centre  moves  along  the  fixed  centroid  with  the  velocity  of 
change  u,  it  will  reach  P-[  if  PP\  =  u  dt.     If  we  now  connect  the  instantaneous 
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centre  /*i  with  the  present  position  Ai,Bi,  D\,  and  Ex  of  the  moved  points, 
the  lines  /*i-4,,  P\Bx,  Pi2?i,  and  P\E^  will  evidently  be  normal  to  the  paths  of 
these  points  at  Ai,  Bit  Di,  SL.nd  £i.  In  like  manner  the  line  £PB  is  normal  to 
the  paths  of  these  same  points  sitAfB,!)  and  £.  Now  since  the  intersection  of 
the  normals  to  a  curve  at  two  consecutive  points  gives  the  centre  of  curvature  of 
the  element  to  which  they  belong,  we  get  at  Bo,  Do,  and  £o  the  centre  of  curva- 
ture respectively  of  the  paths  BB^,  D£>\,  and  ££i.  But  the  centre  of  curvature 
of  the  path  AA  i  is  at  an  infinite  distance  so  soon  as  the  two  normals  BA  and 
BA I  become  parallel,  and  this  is  a  sign  that  at  this  moment,  the  point  A  traverses 
a  point  of  inflexion  of  its  path.  Now,  in  order  that  the  two  normals  PA  and  P^A  i 
may  be  parallel,  the  angle  APAi  or  gd  8t  must  equal  the  angle  PA  j/^i  =  PAP^. 
But  if  we  imagine  this  angle  co  8t  to  be  constructed  in  all  possible  positions  on  the 
element  PP\,  we  shall  evidently  get  for  the  locus  of  its  vertex  A  a  circle  PA  W^ 
which  will  have  an  infinitely  small  element  PPx  in  common  with  the  centroid  at 
P,  in  other  words  which  touches  the  centroid  at  /*,  and  whose  centre  is  therefore 
situated  on  the  normal  PIV  to  the  centroid.  For  the  diameter  PIV  oi  this  circle 
we  have  the  relation  PW ,  oo  8t  =  PPx  and  since  PP^  =  u  8i  vre  have  for  the 
diameter  PIV  oi  the  inflexion  circle  : 


PW--, 

GO 


the  same  result  as  was  obtained  above.  From  the  figure  we  also  immediately  see 
that  a  point  within  this  circle,  as  Z>,  has  its  centre  of  curvature  at  Do,  i.e*,  upon 
the  same  side  of  the  centroid  as  the  inflexion  circle,  while  a  point  outside  of  the 
inflexion  circle,  as  B  or  £,  has  its  centre  of  curvature  at  Bo  or  £o,  i.e.,  upon  that 
side  of  the  centroid  opposite  to  the  inflexion  circle.  The  paths  of  all  the  points 
within  the  inflexion  circle  are  therefore  convex  to  the  instantaneous  centre,  while 
those  outside  of  the  inflexion  circle  are  concave  to  this  centre  ;  the  points  on  the 
circumference  of  the  inflexion  circle  describe  paths  whose  radii  of  curvature  at 
the  given  instant  are  infinitely  great  because  of  the  change  of  sign  of  the 
curvature. 

§  17.  Curvature  of  the  Pafbs  of  Polnta. — Since  a  knowledge  of  the  radius 
of  curvature  of  the  path  of  a  point  is  of  importance  because  both  the  tangential 
and  normal  acceleration  of  a  point  depend  upon  it,  we  will  now  discuss  the 
principal  relations  with  respect  to  curvature  which  exist  among  the  paths  of  a 
system  whose  points  move  in  parallel  planes. 

Let  /*,  Fig.  17,  be  the  instantaneous  centre  at  a  given  moment,  7*/^  the 
normal  to  the  centroid,  W  the  inflexion  centre,  and  therefore  PWq  W  the  inflex- 
ion circle  ;  moreover,  let  A  be  any  point  of  the  moved  body  whose  distance 
AP  =  a  from  the  instantaneous  centre  makes  an  angle  y  with  the  normal  WP, 
and  which  during  the  rotation  about  P  describes  the  small  arc  AA^.  According 
to  the  preceding,  the  centre  of  curvature  of  the  element  AA  x  oi  the  path  lies  at 
the  intersection  A^  oi  the  two  instantaneous  radii  AP  and  A^Px,  provided  the 
instantaneous  centre  passes  from  P  to  Px  during  the  given  interval.     If  for  the 
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Fig.  17. 


sake  of  brevity  we  designate  the  infinitely  small  angle  of  rotation  APA\  or  (O  ^t 

by  a,  the  contiguous  angle  PA  \P\\iyv^  and 
the  small  angle  PAyP^  by  p,  we  shall 
^  have,  since  oc  is  an  exterior  angle,  a  = 
^/  V  -\-  p.  In  order  to  express  these  angles 
by  linear  measure,  we  make  use  of  the  in- 
flexion circle,  because  it  contains  the  in- 
scribed angle  a  subtended  by  the  element 
PP^  (see  §  16),  and  get 


PP^  =  IVP ,  a    or    a  = 


Let  jPo  be  the  projection  of  P  on  A9A1, 
then  will  PPo  =  PPi  cos.  y,  and  we  see 
from  the  figures  that 

AoP .  y  =  PPi  .  COS.  y  =  AP  .  /?. 
By  substituting  the  following  values  of       ^ 


PP,  PPx 

y  =  —-5  cos,  y  =  -  —  cQs,  y. 


^  PPy  PPx 


in  the  equation  a  =  y  4-  /tf  we  get 


PP, 


PPx  ,  PPx 

cos,  y  -\ COS.  y 


00 


or 


\VP  .  COS.  y 


00         a 


Now  if  ll^Q  is  the  projection  of  the  inflexion  centre  ly  on  the  instantaneous 
radius  AP,  Pf^P  .  cos.  y  =  ff^o/*  =  f,  so  that  the  above  equation  can  also  be 
written 

---  +  - 

c       00        a' 
or 


000  z^  ac  -^  0o^» 
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Hence  aoo  —  a^c  =  ac ;  adding  this  to  the  last  equation,  we  get 


tf  o(2fl  —  c)  =  c  (2a  4-  ^^o), 


or 


Co  :  c  ::  2a  -{-  ao  :  2a  —  c. 


This  proportion  means  that  A'  is  the  fourth  point  of  the  harmonic  system  to 
which  the  three  points  Ao,  P^  and  W^  belong,  and  that  it  is  conjugate  to  P  ;  this 
point  A'  is  at  a  distance  from  A  equal  to  A  A'  =  a,  which  equals  the  distance^/' 
of  the  instantaneous  centre.  If  we  make  A  A'  =z  a,  AoA'  will  equal  2a  -|-  ao,  and 
ly^A'  =  2<i  —  r,  we  may  write  the  above  proportion  : 

AoP  :  yV^P  =  AoA'  :  WU. 

The  centre  of  curvature  Ao  of  the  element  of  the  path  ofapdnt  A  and  the  pro- 
jection  Pf^o  of  the  inflexion  centre  on  the  instantaneous  radius  AP,  divide  in 
harmonic  ratio  the  distance  PA\  the  instantaneous  centre  P  being  at  one  end  of  this 
distance  and  the  point  A  at  its  middle.  This  important  relation  can  in  many  cases 
be  employed  to  determine  the  centre  of  curvature  Aq  and  consequently  the 
radius  of  curvature  of  the  path  of  a  point  of  the  system. 


Fig.  z8. 


g  z8.  Carvatnre  of  Bnirelopes. — Before  we  make  any  deductions  from  the 
proposition  just  demonstrated,  let  us  consider  the  case  in  which  any  curve  what- 
ever is  attached  to  the  moved  system  so  as  to  take  part  in  its  motion.  The  posi- 
tion of  this  cur\'e  at  any  instant  is  of  course  known  when  not  only  the  position 
of  any  two  points  of  the  system  for  this  instant  are  known  but  the  position  of  the 
curve  with  reference  to  these  two  points  is  also  known,  for  it  has  been  previously 
shown  that  this  is  sufficient  to  determine  completely  the  motion  of  the  system. 
If  we  imagine  all  the  positions  occupied  by  this  curve  in 
succession,  we  can  easily  conceive  of  a  line  which  will 
be  touched  by  the  curve  in  its  various  positions.  This 
line  is  called  the  envelope  of  the  moved  curve,  and  we 
can  get  an  idea  of  its  appearance  by  supposing  the 
moved  curve  constructed  in  the  form  of  a  wire  and  at- 
tached to  the  moved  system  ;  it  will,  while  moving,  trace 
out  its  envelope  on  a  sand-covered  surface  parallel  to 
the  plane  of  motion.  In  practice,  it  is  often  of  interest 
to  be  well  informed  of  the  nature  of  these  envelopes. 

At  a  given  time  /,  let  P^  Fig.  1 8,  be  the  instanta- 
neous centre  of  a  system  whose  points  move  in  parallel 
planes,  and  let  K  be  a  given  curve  attached  to  this 
system.  During  the  element  of  time  d/,  let  the  instan- 
taneous centre  move  along  the  centroid  to/'i.  A' will 
then  be  in  the  position  K\,  This  curve  K  continually 
touches  a  certain  line  E  which  was  called  above  an  envelope.     If  we  join  the 
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instantaneous  centre  P  with  the  point  of  contact  A  of  this  envelope  and  the 
curve  K,  this  instantaneous  radius  will  be  normal  to  the  common  tangent  of  K 
and  E,  This  follows  because  the  instantaneous  radius  is  perpendicular  to  the 
paths  of  all  its  points,  and  consequently  also  to  the  path  of  the  point  of  con- 
tact A,  and  because  the  point  of  contact  of  the  curves  K  zxA  E  evidently  has  a 
motion  in  the  direction  of  the  tangent  to  the  envelope.  The  radius  PA  there- 
fore coincides  with  the  normal  common  both  to  the  curve  K  and  to  the  envelope, 
and  consequently  passes  through  the  centre  of  curvature  of  both.  The  same  is 
true  of  the  instantaneous  radius  jPj^i  which  is  drawn  from  the  instantaneous 
centre  /*i,  a  position  consecutive  to  -P,  to  the  corresponding  point  of  contact  A^ 
of  the  curve  K\  with  the  envelope.  It  follows  from  this  that  a  point  M^  the  point 
of  intersection  of  these  two  instantaneous  radii,  is  the  centre  of  curvature  of  the 
envelope  for  the  element  A  Ay.  During  the  slight  motion  of  the  system  the  ele- 
ment QQx  of  the  moving  centroid  has  rolled  on  the  fixed  centroid  till  the  point 
Qx  reached  the  position  P,.  The  normal  drawn  from  Q\^  through  A\  to  the 
curve  A',  likewise  passes  through  the  centre  of  curvature  of  the  latter.  This 
centre  maybe  found  at  O,  the  intersection  of  QA  and  Q\A\  After  the  rotation 
by  which  Q^  reached  P^^  the  normal  Q\A*  must  coincide  with  the  normal  P\A\^ 
and  the  centre  of  curvature  passes  from  0  to  0\.  Now,  since  the  instantaneous 
radii  which  are  normal  to  the  envelope  are  also  normal  to  the  path  of  each  of 
its  points,  and  therefore  normal  to  00 ^^  it  follows  that  their  intersection  Mis  not 
only  the  centre  of  cun'ature  of  the  element  A  A 1  of  the  envelope  E  but  also  the  centre 
of  curvature  of  the  element  00  x  of  the  path  described  by  the  centre  of  curvature  of 
the  moved  curve.  The  centre  of  curvature  of  the  envelope  of  any  curve  whatever 
is  therefore  known  as  soon  as  we  can  determine  the  centre  of  curvature  of  that 
path  which  is  described  by  the  centre  of  curvature  of  the  moved  curve.  The 
determination  of  the  latter  is,  however,  easily  accomplished  by  means  of  the 
proposition  developed  in  §  17. 

Since  the  moving  centroid,  in  every  one  of  its  positions,  touches  the  fixed 
centroid,  the  latter  can  be  regarded  as  the  envelope  of  the  moving  centroid,  and 
it  follows  from  the  proposition  just  proved,  that  the  centre  of  curvature  of  the 
fixed  centroid  at  every  instant  coincides  with  the  centre  of  curvature  of  that  ele- 
ment of  the  path  described  by  the  particular  centre  of  curvature  of  the  moving 
centroid  belonging  to  the  point  of  contact. 

§  19.  Determlnfitlon  of  the  Centre  of  CurrAtnre.— If  in  a  system 
(whose  points  move  in  parallel  planes)  we  know  the  instantaneous  centre  and  in- 
flexion centre  at  a  given  instant,  we  can  easily  determine,  from  what  has  pre- 
ceded, the  path  of  any  point  whatever  for  the  given  instant. 

Let  /*,  Fig.  19,  be  the  instantaneous  centre  and  W^the  inflexion  centre  of  the 
system  at  a  given  instant.  Furthermore,  let  A  be  any  point  of  the  moved  body 
for  which  we  wish  to  determine  the  centre  of  curvature  of  an  element  of  its  path. 
Draw  the  instantaneous  radius  PA  and  make  A  A'  =  PAy  then  the  desired  centre 
of  curvature  will  be  found  when  we  find  a  point  A^  which  with  the  three  points 
P^  A'  and  W^  will  constitute  an  harmonic  system  and  be  conjugate  to  W^.  This 
construction  can  always  be  made  by  well-known  methods,  but  it  can  be  greatly 
simplified  if  we  join  the  point  A  with  the  inflexion  centre   W  and  draw  A' W* 
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parallel  to  A  W,  prolonging  it  till  it  intersects  the  line  of  projection  W^  W  in  B, 
The  three  points  P,  »^and  W\ 
of  which  W  lies  midway  between 
P  and  W\  and  a  fourth  which  is 
at  an  infinite  distance  because  it 
is  the  centre  of  curvature  of  the 
path  of  W^  constitute  an  harmonic 
system.  Therefore  the  fourth  ray 
BA^  belonging  to  the  harmonic 
system  of  BW,  BP,  and  BW 
becomes  parallel  to  the  normal 
IVP  of  the  centroid.  Now  these 
four  rays  divide  the  straight  line 
AP  in  harmonic  ratio  at  the 
points  A\  P,  IFo,  and  ^o,  con- 
sequently An  is  the  centre  of 
curvature  of  that  element  of  the 
path  described  at  the  instant  when 
the  instantaneous  centre  is  at  P, 
The  rule  for  finding  A  9  when 
Pf  fV,  and  A  are  given  is  now 
easily  obtained.  At  the  points 
Aif  Af  and  A'  imagine  the  per- 
pendiculars AoDq^AD,  and  A'l}' 
erected  ;  it  will  then  be  evident 
that  the  four  points  Do,  W,  P, 
and  D'  form  an  harmonic  series, 
since  all  the  segments  on  D«iy 

are  greater  in  the  ratio  of  , 

^  cos  y* 

than  the  segments  on  A  tA ',  Con- 
sequently since  D  lies  midway 
between  P  and  D\  Z?o  is  the  cen- 
tre of  curvature  of  the  element 
of  the  path  described  by  /?.     If  a 

circle  be  now  drawn  through  Py  A,  and  /?,  and  another  through  P,  A 9,  and  /?o,  their 
centres  will  lie  on  the  normal  DoD'  to  the  centroid,  because  the  angles  at  A  and  A9 
are  right  angles  ;  moreover  it  will  readily  be  seen  that  the  remarks  just  made  con- 
cerning A  apply  to  every  point  of  the  circle  PAD,  If,  therefore  E  is  any 
point  of  this  circle,  the  instantaneous  radius  EPE9  will  intersect  the  circle 
PA9D0  at  a  point  Eq  which  will  be  the  centre  of  curvature  of  the  element  of 
the  path  described  by  E. 

From  this  follows  the  relation  that  fA^  pnnis  of  a  circle  tangent  to  the  centroid 
cU  the  instantaneous  centre^  describe  elements  of  paths  whose  centres  of  curvature 
lie  on  a  second  circle  likewise  tangent  to  the  centroid  at  the  instantaneous  centre. 

In  order  that  we  may  determine  the  relative  position  and  magnitude  of  these 
circles,  let  us  assume  first  that  the  circle  through  A  gradually  approaches  the  in- 


xlii  lyTRODUCTION.  [§  20. 

flexion  circle  till  it  coincides  with  it.  The  circle  A^  will  at  the  same  time  gradu- 
ally increase  and  finally  become  infinite  when  A  reaches  the  inflexion  circle. 
This  happens  because  the  projection  W^  of  the  inflexion  centre  lies  midway 
between  P  and  A\  and  therefore  the  fourth  point  of  the  harmonic  series  is  at  an 
inBnite  distance.  This  corresponds  also  with  the  property  of  the  inflexion  circle 
already  developed,  according  to  which  all  points  of  this  circle  describe  elements 
of  paths  having  infinite  radii. 

Suppose  the  reverse  to  take  place,  the  point  A  gradually  receding  from  the 
instantaneous  centre  /*,  then  the  circle  A^  for  centres  of  curvature  will  gradually 
decrease,  and  finally  at  the  limit — when  A  is  at  an  infinite  distance — will  become 
equal  in  magnitude  to  the  inflexion  circle,  and  will  lie  on  that  side  of  the  tangent 
to  the  centroid  opposite  this  circle  ;  moreover,  the  two  circles  are  symmetrical 
with  reference  to  the  tangent  to  the  centroid.  This  follows  because  A  and  there- 
fore A'  are  at  an  infinite  distance,  wherefore  the  instantaneous  centre  P  conju- 
gate to  A  must  bisect  the  distance  AofVo. 

When  the  describing  point  A  moves  toward  the  instantaneous  centre  P,  the 
centre  of  curvature,  according  to  §  i6,  lies  on  the  same  side  of  the  tangent  to  the 
centroid  as  the  inflexion  circle,  and  the  circle  on  which  it  lies  gradually  approaches 
the  inflexion  circle  as  A  gets  nearer  to  the  instantaneous  centre.  If  the  point  A 
gets  on  to  a  circle  which  is  tangent  to  the  centroid,  and  with  a  diameter  half  that 
of  the  inflexion  circle,  the  corresponding  centre  of  curvature  will  lie  on  the  inflex- 
ion circle,  for  since  two  of  the  points  A'  and  IVo  of  the  harmonic  series  /*,  A\ 
IVo  and  Aq  coincide  on  the  inflexion  circle,  Ao  will  also  fall  on  this  double  point. 
If  A  approaches  still  nearer  to  the  instantaneous  centre,  Ao  will  do  likewise,  till 
finally  A  and  Aq  simultaneously  reach  the  instantaneous  centre  P. 

Let  us  assume  that  the  moving  point  A  passes  through  the  instantaneous 
centre,  to  that  side  of  the  tangent  to  the  centroid  opposite  to  the  inflexion  circle ; 
the  centre  of  curvature  of  the  path  of  the  point  will  then  lie  on  a  circle  which 
touches  the  centroid  on  A*s  side  of  the  tangent.  This  circle  is  smaller  than 
the  circle  touching  the  centroid  and  passing  through  A  and  the  instantaneous 
centre.  The  greater  the  circle  on  which  A  lies  the  greater  the  circle  contain- 
ing the  centre  of  curvature  Ao,  and  the  latter  will  have  a  magnitude  equal  to  the 
inflexion  circle,  and  will  lie  on  the  opposite  side  of  the  tangent  to  the  centroid  as 
soon  as  the  describing  point  A  is  infinitely  distant. 

§  20.  Determination  of  the  Inflexion  Centre. — The  previous  investigation 

supposed  the  inflexion  centre  of  the  moved  system  given.     Generally  this  point 

can  be  obtained  from  the  conditions  characterizing  the  motion  in  question.     If, 

for  example,  the  two  centroids  be  given,  the  radii  of  curvature  pi  and  pt  for  any 

point  will  be  known,  and  we  can  get  the  inflexion  centre  by  laying  off  from  the 

a> 
instantaneous  centre,  on  the  normal  common  to  the  centroids,  a  distance  —  equal 

u 

to  the  diameter  of  the  inflexion  circle.     This  value,  according  to  §  12,  is  obtained 

(m)  I  I 

from  the  equation  —  = .     If  the  motion  of  the  body  is  given  by  the 

paths  of  two  points  A  and  B,  we  can,  according  to  a  former  article  (§  7),  deter- 
mine, at  any  moment,   the  instantaneous  centre  by  finding  the   intersection  of 


§  20.]  KINEMA  TICS.  xlili 

normals  to  these  curves  at  A  and  B  respectively.  If,  now,  we  lay  oflf  on  these 
instantaneous  radii  PA  and  PB  (upon  which  lie  also  the  centres  of  curvature  A^^ 
and  B^  of  the  known  paths  of  A  and  B)  the  distances  A  A'  and  BB\  respectively 
equal  to  PA  and  PB^  we  shall  have  three  points  in  each  of  the  two  harmonic 
series,  namely,  P,A\A^  and  P,  B\B^;  the  fourth  points  will  be  conjugate  to  the 
centres  of  curvature  and  will  be  found  at  the  two  projections  PV^  of  the  inflexion 
centre  on  the  two  instantaneous  radii  PA  and  PB.  The  inflexion  centre  itself  is 
therefore  found  at  the  intersection  of  the  normals  erected  to  PA  and  PB  at  the 
two  points  py^. 

In  particular  cases  often  occurring  in  practice,  definite  rules  can  be  given  for 
determining  the  inflexion  centre.  The  principal  rules  only  will  be  given  here. 
If  a  point  A  of  the  moving  body  describes  a  rectilinear  path,  its  centre  of 
curvature  A^  is  at  an  infinite  distance,  and  consequently  its  conjugate  IV^^  the 
projection  of  the  inflexion  centre  IV  must  lie  midway  between  the  instantaneous 
centre  and  the  point  A\  t.^'.,  must  coincide  with  thjC  point  A  at  the  middle 
of  PA'.  Since  the  inflexion  centre  lies  on  the  normal  to  the  instantaneous  radius 
PA  at  At  i.f.,  in  the  direction  of  the  path  of  the  point  A /it  follows  /Aat  if  a 
point  moves  in  a  straight  iine,  this  line  must  pass  through  the  inflexion  centre. 

In  mechanisms  the  case  often  occurs  that  the  moving  body  and  the  curve  JC 
attached  to  it  move  along  a  fixed  curve  E^  Fig.  i8,  in  such  a  manner  that  the 
fixed  curve  E  is  continually  touched  by  the  moving  curve  IC.  In  this  case  E  is 
the  envelope  of  K,  and  since,  according  to  §  i8,  the  centre  of  curvature  of  the 
envelope  coincides  with  that  of  the  path  of  OOi  described  by  the  centre  of  curva- 
ture O  of  the  curve  JCy  the  four  points,  namely  the  instantaneous  centre  /*,  the 
point  Cy  lying  on  the  prolongation  of  PO  at  the  distance  00'— PO^  the  centre  of 
curvature  M  of  the  fixed  curve  E^  and  the  projection  IV ^  of  the  inflexion  centre 
on  the  radius  MO^  must  constitute  an  harmonic  system.  If  in  this  case  the 
moved  curve  K  becomes  a  straight  line  continually  touching  a  fixed  curve  E,  two 
of  the  points  of  the  harmonic  system,  C7'  and  O^  will  be  at  an  infinite  distance, 
consequently  the  instantaneous  centre  P  will  lie  midway  between  the  centre  of  curva- 
ture M  of  the  fixed  curve  E  and  the  projection  fV^  of  the  inflexion  centre  on  the  in- 
stantaneous radius. 

If  in  this  case  the  fixed  curve  E  be  reduced  to  a  single  point,  through  which 
the  moved  curve  K  continually  passes,  then  of  the  four  points  of  the  harmonic 
series,  the  centre  of  curvature  M  of  the  fixed  curve  coincides  with  the  fixed  point 
E  itself,  and  the  projection  W^  of  the  inflexion  centre  is  conjugate  to  E  and  is  the 
fourth  point  of  an  harmonic  system  containing  the  fixed  point  E^  the  instan- 
taneous centre  -Pand  the  point  O'  at  a  distance  00' -^PO.  If  in  this  case  the 
moved  curve  becomes  a  straight  line,  O^  will  be  at  an  infinite  distance,  and  there- 
fore the  instantaneous  centre  lies  on  the  instantaneous  radius  through  the  fixed  point 
and  midway  between  the  fixed  point  E  and  the  projection  W^  of  the  inflexion  centre. 

If,  finally,  the  fixed  curve  E  becomes  a  straight  line  continually  touched  by  the 
moved  curve  AT,  the  centre  of  curvature  M  will  be  at  an  infinite  distance,  and  as 
a  consequence  its  conjugate  W^ — the  projection  of  the  inflexion  centre — will  lie 
midway  between  the  instantaneous  centre  and  the  point  O*,  i.e.^  it  will  coincide 
with  the  centre  of  curvature  O  of  the  moved  curve  K.  If  in  this  case  also  the 
curve  K  be  reduced  to  a  single  point,  which  describes  the  rectilinear  path,  then 
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the  centre  of  curvature  O  and  the  projection  JV^  will  fall  into  the  straight 
line  Et  from  which  follows  a  property  once  before  enunciated,  namely,  that 
the  straight  line  E  which  guides  the  point  JC  passes  through  the  inflexion 
centre. 

Finally,  as  regards  the  Telocity  of  the  inflexion  centre,  we  know,  from  what 
has  been  already  established,  that  it  is  equal  to  PJV,  oi,  when  Qo  is  the  angular 
velocity  of  the  whole  system  about  the  instantaneous  centre  P,  and  P  W  the  dis- 
tance of  the  inflexion  centre  from  P.     But  this  distance  PW  \%  the  diameter  of 


u 


the  inflexion  circle,  which  in  §  15  was  found  equal  to  — .     From  this  follows  that 


09 


the  velocity  of  the  inflexion  centre  must  equal  —.<»=»,  that  is,  it  must  equal 


09 


the  velocity  of  change  of  the  instantaneous  centre.  Consequently,  we  have  for 
the  velocity  of  any  point  W^^  of  the  inflexion  circle,  Fig.  19,  whose  instantaneous 
radius  makes  the  angle  y  \t\\^  the  normal  PfV to  the  centroid,  the  formula: 

V  ^  PlVo'  «=  —cosy.ao^ucos  v. 

§  21.    I>eCermln»tlon   of  the  Centre    of  Aeeelermtlon.— In    §    15   we 

found  the  centre  of  acceleration  to  be  a  point  having  no  acceleration,  its 
position  being  determined  by  the  intersection  of  two  straight  lines  which 
were  at  right  angles  to  each  other,  and  of  which  one  contained  all  those  points 
having  no  acceleration  in  the  direction  of  the  tangent  to  the  centroid  (at  the  in- 
stantaneous centre),  while  the  other  contained  all  the  points  having  no  accelera- 
tion in  the  direction  of  the  normal  to  the  centroid  (at  the  instantaneous  centre). 
This  instantaneous  centre  of  acceleration  also  lies  at  the  intersection  of  the  in- 
flexion circle  and  the  circle  containing  all  those  points  which  have  no  acceleration 
tangential  to   their  paths.     A  knowledge  of  the  position  of  this  point  being  of 

considerable  importance  in  investigating  the 
motions  of  mechanisms,  we  will  now  pro- 
ceed to  explain  how  this  determination  of  the 
instantaneous  centre  may  be  effected. 

According  to  §  15  the  centre  of  accelenu 
tion  G^  Fig.  20,  has  the  property  that  the  accel- 
eration of  any  point  A  of  the  system  is  propor- 
tional to  the  distance  GA  of  the  point  from 
the  centre  of  acceleration  (7,  and  that  the  angle 
made  by  the  acceleration  /«  of  A  with  the  ra- 
dius GA^  is  the  same  for  all  points  of  the  sys- 
tem, being  equal  to 

^09 


Fis:-  20. 


tan  a  = 


on' 


,  If,  therefore,  the  acceleration  of  /«  and 
p^  of  any  two  points  A  and  B  are  known,  it  follows  that  the  centre  of  acceleration 
must  be  so  situated  that  GA  :  GB  =  pa  :  /*.  Consequently,  if  we  divide  the  distance 
^^  at  Cand  />  in  an  harmonic  ratio,  so  that  CA  ;  CB  =  DA  :  DB  =■  pa  \pbf 
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the  centre  of  acceleration  must  lie  on  the  circumference  of  the  circle  described  on 
DC  as  a  diameter,  this  circle  being  the  locus  of  all  those  points  whose  distances 
from  A  and  B  are  in  the  ratio  of /«  :/«.  For  if  we  join  any  point  G  with  A, 
By  C,  and  D^  of  the  four  harmonic  rays  thus  obtained,  the  two,  GD  and  GC, 
which  are  at  right  angles,  will  each  bisect  the  angle  A  GB  formed  by  the  other 
two  rays,  and  we  shall,  consequently,  have  GA  :  GB  =  CA  :  CB  =  pa  :  /*• 

If  the  acceleration /fl  and /«  of  the  points  ^  and  i?  are  known  in  direction, 
and  are  laid  of!  accordingly  from  A  and  B,  these  directions  prolonged  till  they 
intersect  at  E  will  form  an  angle  AEB  equal  to  that  included  by  the  rays  drawn 
from  A  and  B  to  the  instantaneous  centre  of  acceleration.  This  follows  very 
readily  from  the  property  that  the  direction  of  acceleration  of  any  point  of  the 
system  makes  a  constant  angle  with  the  ray  drawn  from  the  point  to  the  instanta- 
neous centre  of  acceleration,  for  two  of  these  latter  rays  will  enclose  an  angle 
equal  to  that  enclosed  by  the  accelerations  of  the  corresponding  points.  Any 
point  on  the  circle  passed  through  A,  B  and  E  will,  therefore,  have  the  property, 
that  the  rays  from  it  to  A  and  B  will  enclose  an  angle  equal  to  AEB.  The  cen- 
tre of  acceleration  must,  therefore,  also  lie  on  this  circle,  and  will,  consequently, 
be  foimd  at  the  intersection  G  of  the  two  circles.  Which  one  of  the  two  intersec- 
tions is  to  be  taken  for  the  centre  of  acceleration  may  easily  be  decided  as  follows : 
Resolve  each  of  the  two  accelerations  pa  and/^  into  two  components,  of  which 
one  coincides  in  direction  with  the  ray  drawn  from  ^  or  ^  to  the  centre  of  accel- 
eration, while  the  other  is  at  right  angles  to  the  ray.  The  components  which 
coincide  with  the  rays  will  be  directed  toward  the  ctnire  of  acceleration.  In  the 
present  case,  therefore,  the  second  point  of  intersection  F  does  not  act  as  centre 
of  acceleration,  because  the  directions  of  the  aforesaid  (coincident)  components 
are  pointed  not  toward  but  away  from  F,  which  would  not  agree  with  known 
properties  of  the  centre  of  acceleration. 

If  we  also  know  the  magnitude  of  the  acceleration  pa  of  any  point  A 
we  can  easily  determine  the  acceleration  of  any  other  point  C  of  the  system,  for 

the  latter  must  equal  Pc  =  ~i  .  GC.     For  example,  if  the  instantaneous  centre 

GA 

P  has  been  obtained  by  erecting  normals  to  the  paths  of  A  and  B^  the  accelera- 
tion of  the  instantaneous  centre  will  be  given  by  ^^  .  GP,     But  according  to 

§  14  the  instantaneous  centre  has  an  acceleration  uao  in  the  direction  of  the  nor- 
mal to  the  centroid.     If  we  therefore  put 

we  can  get  the  velocity  of  change  1/,  when  the  angular  velocity  oo  is  known.  If, 
finally,  the  acceleration /a  makes  the  angle  a  with  the  ray  GA^  the  component  of 
the  acceleration  which  is  at  right  angles  to  GA  will  be  Pa  sin  a,  and  since  this 

component  must  also  equal  GA  .  -^  we  shall  have 

800  pa       ,     ^ 

17  =  ga''''''' 
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§  22.  Parallelogram  ofRotatlons— In  all  of  the  foi^oing  investigations 
the  moved  system  was  assumed  to  be  such  that  the  paths  of  all  of  its  points  lay  in 
a  series  of  parallel  planes,  each  point  continually  remaining  in  its  own  plane,  the 
motion  being  briefly  designated  as  con-plane  motion.  In  this  kind  of  motion,  in 
which  the  axes  of  rotation  were  all  parallel,  being  at  right  angles  to  the  parallel 
planes,  the  investigation  of  the  motion  in  one  of  these  planes  sufficed  to  determine 
the  motion  of  the  whole  system.  Now  although  by  far  the  greater  part  of  the 
mechanisms  met  in  practice  can  be  reduced  to  this  simple  case  of  motion  in  a 
single  plane,  mechanisms  do,  nevertheless,  occur  in  which  the  motions  of  the  in- 
dividual points  have  a  more  general  and  less  simple  character.  Particularly  well 
known  cases  are  those  in  which  the  axes,  about  which  rotation  takes  place,  are 
not  parallel. 

The  most  general  form  of  motion  is  that  in  which  the  system  is  subjected  to 
any  translations  or  rotations  whatever,  the  former  taking  place  in  any  direction 
in  space,  and  the  latter  rotating  about  axes  crossing  one  another  in  any  manner. 
Before  we  discuss  this  most  general  case,  let  us  investigate  more  closely  the 
special  case  in  which  the  system  is  subjected  to  two  rotations  about  two  axes 
which  intersect. 

Let  OA  and  OBy  Fig.  21,  be  two  straight  lines  intersecting  at  O  and  lying  in 
a  body  which  is  to  receive  in  succession  a  rotation  about  each  of  these  lines  as  an 

axis.  Let  the  amount  of  the  rotation  about 
OA  equal  or,  and  that  about  OB  equal  (i.  It 
may  be  easily  shown  in  a  manner  analogous  to 
§  5  that  the  same  result  can  be  attained  by  a 
single  rotation  about  a  certain  axis  OC,  For 
this  purpose  imagine  0  to  be  fixed  in  space  as 
the  centre  of  a  sphere  whose  radius  equals 
unity,  and  that  the  axes  OA  and  OB  meet  the 
surface  of  this  sphere  in  the  points  A  and  B 
respectively.  If  the  body  now  receives  a  rota- 
tion a  about  the  axis  0^,  equal  to  B{pA)B\ 
the  straight  line  OB  (to  be  used  hereafter  as 
an  axis)  will  move  into  position  0B\  which 
is  to  be  regarded  as  its  final  position,  because  in 
the  following  rotation  about  itself  the  position 
of  the  axis  is  invariable.  When  the  second  rotation  A(OB')A'  =  flakes  place, 
the  axis  OA  will  be  brought  into  its  final  position  0A\  Now  it  is  evident 
that  because  the  point  O  is  the  intersection  of  the  two  axes,  its  position  in  space 
remains  unchanged  ;  moreover  the  new  positions  A'  and  B*  of  the  points  A  and 
B  are  also  known  from  the  angles  a.  and  p  ;  the  three  points,  therefore,  0,  ^'and 
B"^  not  in  the  same  straight  line,  determine  the  position  of  the  whole  system. 
If  we  imagine  a  plane  OAD  passed  through  OA  and  bisecting  the  angle  of  xoXat 

Hon  B(OA)B'^  a,  so  that  D{OA)B'=:  -,  this  plane  OAD  will  reach  the  position 

OAD'  in  consequence  of  the  first  rotation  about  OA,  provided  B\OA)D'  =  —  and 
therefore  D{pA)D'  =  or.     In  like  manner,  imagine,  after  the  second  rotation  has 
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taken  place  about  O  B' ,  a  plane  O  B'  Ef'  so  united  to  the  system  that  it  not  only 
passes  through  the  second  axis  of  rotation  OB'  but  bisects  the  angle  A(P  B')A'  =  /fif 

making  A{OB)E"  =  — .     We  can  easily  see  that  before  the  second  rotation  takes 

place  this  plane  must  have  the  position  OB'  E',  provided  the  angle  E\OB')A  is 

likewise  equal  to  -.     This  plane  OBE:  intersects  the  plane  OAD'  in  the  radius 

OC  of  the  sphere,  and  it  follows  immediately  from  the  construction  that  this  line 
of  intersection  0C\  by  means  of  the  rotation  about  OB'  is  brought  to  the  position 
OC,  so  that  it  coincides  with  the  line  of  intersection  made  by  the  bisecting  planes 
OADzxid  OB'S',  This  follows  because  the  spherical  triangles  ^^'C  and  A&C 
are  symmetrical,  the  line  AB'  being  common  and  the  adjacent  angles  equal.  OC 
is  therefore  a  straight  line  which  is  carried  by  the  rotation  a  about  OA  to  OC  and 
is  then  carried  back  to  its  original  position  by  the  rotation  fS  about  OB.  From 
this  follows  that  the  result  of  these  two  rotations  can  likewise  be  attained  by 
means  of  a  single  rotation  about  OC. 

The  position  of  the  resultant  axis  is  obtained  as  shown  by  the  construction 
just  given,  in  a  manner  analogous  to  that  given  in  §  5  for  a  system  whose  points 
move  in  parallel  planes.  We  have  only  to  bisect  the  angles  a  and  ft  after  they 
have  been  properly  laid  off  from  OA  and  OB',  The  amount  y  of  the  resulting 
rotation  about  OC  may  be  obtained  from  the  figure  by  remembering  that  in  this 
rotation  the  axis  OA  must  be  transferred  to  OA'  and  OB  to  OB',  The  external 
angle  D{pC)B'  =  E"(pC)A  of  the  spherical  triangle ^^C  is  therefore  equal  to 
half  the  angle  of  rotation  about  the  resultant  axis  OC, 

y 

This  half  angle  of  rotation  —  may  be  determined  from  the  well  known  prop* 
erty  of  spherical  triangles  : 


cos  A{f>C)B  -  cos  fiSo'*  -  ?!^  j   =  - 


cos  —  COS  — 
2  2 


+  sin  —  sin  —  cos  AOB", 
'  2  2 

or, 

cos  —  ^s.  COS  —  COS  —  —  sin  ■    stn  —  cos  A  OB » 
2  22  22 

In  like  manner  for  the  position  of  the  resultant  axis  we  have  the  relation  : 

sinAOC  _   sinB'OC  _  sin  A  OB' 

.    /^     *"        .    a      "         '    r    ' 
stn  —  stn  —  stn  — 
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That  the  angles  a  and  fi  must  be  laid  oflf  to  correspond  to  different  directions 
of  rotation  is  sufficiently  evident.     In  this   case,  as  in  that  for  a   system   with 
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points  moving  in  parallel  planes,  and  for  reasons  wholly  analogous  to  those  given 
in  §  5  and  §  6,  a  change  in  the  order  of  rotations  is  only  allowable  when  the 
angles  of  rotation  a  and  ^,  and  consequently  y^  are  infinitely  small  magnitudes. 
When  this  occurs,  the  axis  OC  of  the  resultant  rotation  lies  in  the  plane  AOB 
of  the  two  axes,  and  since  : 


we  have. 


nn  —  •=:—  \  stn  —  =  — ,  and  stn  —  =  — , 

2  2  2  2  2         2 


.    AOC         .     B'OC         .     AOB' 
stn  —7i—  =  sin  =  stn   

Pay 


This  equation  is  evidently  satisfied  by  the  sides  of  a  triangle  and  the  angles 
opposite   them,  and  we  can  employ  the  following  construction  for  determining 

the  resultant  rotation  y.  Lay  off  on  the  directions  of 
the  axes  OA  and  0B\  Fig.  22,  the  distance  OA  pro- 
portional to  a  and  OB'  proportional  to  fi  ;  then  will 
the  diagonal  OC  of  the  parallelogram  constructed  on 
OA  and  OB'  give  the  direction  of  the  axis  of  the  re- 
'C  sultant  rotation,  and  its  length  OCwill  be  proportional 
to  the  angle  of  rotation  of  the  resultant  rotation,  the 
unit  employed  being  the  same  as  that  used  in  repre- 
senting a  by  OA  and  fi  by  0B\  That  this  construc- 
tion is  correct  is  evident  because  the  parallelogram 
satisfies  the  equation: 

.    AOC  .     B'OC  .     AOB' 

sin  — -,—  =  stn  =  stn  , 

fi  a  y 

which  is  also  true  for  the  resultant  rotation. 

The  law  herein  contained,  designated  by  the  term  ParalUlogram  of  Rotations* 
can  be  thus  expressed :  The  resultant  of  tivo  injinitely  small  rotations  about  two 
axes  which  intersect  is  a  rotation  about  a  third  axis  lying  in  the  plane  of  the  other 
two  and  passing  throut^h  their  intersection  ;  and  tfie  diagonal  of  a  parallelogram 
whose  sides  are  parallel  to  tlie  axes  ami  proportional  to  t/ieir  angL's  of  rotation  gives 
by  its  direction  the  position  of  the  resultant  axis^  and  by  its  length  the  magnitude  of 
the  resultant  rotation. 

By  repeatedly  applying  this  proposition,  the  composition  of  any  number  of 
infinitely  small  rotations  about  axes  which  intersect  at  the  same  point  becomes 
possible,  and  we  can,  therefore,  in  accordance  with  the  previously  established 
propositions  of  the  parallelogram  of  (rectilinear)  motions,  of  velocities,  etc., 
speak  of  ^polygon  and  9l paraUelopiped<m  of  rotations  according  as  the  axes  inter- 
secting in  the  same  point  lie  in  the  same  or  in  different  planes. 

The  preceding  proposition  likewise  always  allows  an  infinitely  small  rotation 
to  be  resolved  into  two  or  more  which  will  rotate  about  axes  intersecting  the 
principal  axis  in  the  same  point.     For  the  resolution  of  rotations  we  have  rules 
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analogous  to  those  applied  in  the  propositions  concerning  the  parallelogram  of 
motions,  velocities,  etc.,  already  mentioned  in  different  places. 

§  23.  Hotiott  of  a  Body  About  AFIiEed  Point. — In  the  previous  article  the 
remark  was  made  that  when  the  body  is  subjected  to  rotations  about  two  axes 
which  intersect,  their  point  of  intersection  does  not  change  its  position  in  space. 
This,  of  course,  also  holds  good  when  there  are  any  number  of  rotations,  pro- 
vided the  axes  all  intersect  in  a  common  point.  When,  therefore,  we  have  a  case, 
frequently  occurring  in  practice,  in  which  one  point  of  the  body  is  fixed,  we  can 
make  the  converse  statement  that  all  the  motions  of  which  the  body  is  still 
capable  can  be  reduced  to  rotations  about  axes  passing  through  the  fixed  point. 
For  not  only  every  translation,  but  every  rotation  about  an  axis  that  does  not  pass 
through  the  fixed  point  O  is  excluded  by  the  supposition  that  the  point  O  has  a  fixed 
invariable  position.  Evidently  in  this  kind  of  motion  any  point  ^,  at  a  distance 
OA  =  r  from  the  fixed  point,  must  remain  on  the  surface  of  a  sphere  concentric 
with  O  and  having  a  radius  equal  to  r ;  in  other  words,  all  the  points  of  a  body 
must  describe  spherical  paths.  Now  according  to  the  preceding  article  we  can 
always  substitute  for  two  rotations  of  any  magnitude  whatever,  and  rotating 
about  two  axes  which  intersect,  another  rotation  about  an  axis  passing  through 
the  intersection  of  the  other  two.  Since  this  rotation  can  be  combined  with  any 
third  or  fourth  rotation  about  an  axis  passing  through  the  same  point,  it  follows, 
that  for  ntry  motion  of  a  body  rotating  about  a  point,  though  it  be  composed  of 
ever  so  many  different  rotations,  we  can  substitute  a  single  rotation  about  a  certain 
axis  passing  through  the  fixed  centre.  Let  us  now  assume  a  body  in  which  a 
point  O  is  fixed,  and  about  this  point  imagine  a  sphere  to  be  described  with  O  as 
a  centre  and  a  radius  equal  to  unity.  The  position  of  the  body  will  then  be  com- 
pletely known  when  the  positions  of  two  points  of  the  body  lying  on  the  surface 
of  the  sphere  are  given,  for  the  position  of  a  body  is  always  determined  when 
the  positions  of  three  points  as  O^  A^  and  B  not  in  the  same  straight  line  are 
given.  Let  us  now  assume  that  after  the  lapse  of  a  certain  time  the  body  will 
have  passed  from  its  original  position  given  by  A  and  B  into  another  position 
given  by  A\  and  B\,  the  new  positions  respectively  of  A  and  B,  This  new  posi- 
tion of  the  body  may  be  designated  by  A^Bx,  Then  it  follows  from  what  has 
been  said  that  the  body  can  be  brought  from  its  original  position  AB'vaXo  its  new 
position  A\B\  by  a  rotation  about  a  certain  axis  which  may  be  determined  in  the 
manner  already  mentioned.  Let  P\  represent  the  point  in  which  this  axis  meets 
the  assumed  spherical  surface.  Then  after  another  interval  of  time  has  elapsed, 
imagine  the  body  to  have  moved  to  a  thiixi  position  A^B%^  an  axis  OP1  can  again 
be  found,  of  such  a  character  that  a  rotation  around  it  will  transfer  the  body 
from  AxB\  to  A^B^,  If  this  procedure  be  continued  for  any  number  of  succes- 
sive positions  of  the  body,  we  shall  get  an  equal  number  of  axes  0P\^  OP^, 
0P% which  will  all  pass  through  the  fixed  point  0  and  pierce  the  spheri- 
cal surface  in  the  points  Pi,  Pi,  Pt These  axes  then  form  the  edges 

of  a  certain  pyramid,  which  meet  the  spherical  surface  in  the  spherical  polygon 

P\PiP\ and  each  one  of  them  is  to  be  regarded  as  an  axis  of  rotation 

about  which  the  body  must  turn  in  order  that  the  body  may  be  transferred  from 
the  position  An-i  Bn^i  to  the  following  one  AnBn.     If  we  now  diminish  the 
4 
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distances  between  the  successive  positions  of  the  body,  till  they  become  infinitely 
small,  the  changes  of  position  of  the  body,  instead  of  taking  place  by  bounds,  will 
take  place  continuously,  as  is  really  the  case  in  the  actual  motion.  The  pyramid 
will  then  change  into  a  conical  surface  whose  vertex  is  at  the  fixed  point  and 
which  will  intersect  the  spherical  surface  in  a  curve  P\P\P%  .  .  .  into  which 
the  spherical  polygon  passed  at  the  limit.  The  elements  OP  of  the  cone  are  to 
be  regarded  as  axes  of  rotation  around  which  infinitely  small  rotations  must  by 
degrees  take  place  if  the  actual  motion  of  the  body  is  to  be  produced. 

That  element  of  the  cone  about  which  the  body  must  turn  at  a  particular 
moment  is  called  the  instantaneous  axis  for  that  moihent ;  it  evidently  corre- 
sponds to  the  instantaneous  centre  of  a  system  whose  points  move  in  parallel 
planes ;  and  strictly  speaking,  to  an  axis  which  is  perpendicular  to  the  parallel 
planes  at  the  instantaneous  centre.  The  fixed  conical  surface  whose  vertex  is  at 
O  corresponds  to  the  fixed  centroid  of  a  plane  system  which  likewise  when  taken 
strictly  does  not  mean  a  curve  but  a  fixed  cylindrical  surface  whose  generatrix  is 
the  instantaneous  axis.  Just  as  the  instantaneous  axis  in  a  plane  system  moves 
along  the  cylindrical  surface  or  centroid,  the  instantaneous  axis  in  this  case  will 
move  along  the  conical  surface  OP\P%P%,  It  is  evident  from  this  last  that  the 
motion  of  a  plane  system  is  only  a  particular  case  of  a  system  rotating  about  a 
fixed  point  obtained  by  supposing  the  fixed  point  at  an  infinite  distance. 

It  will  be  remembered  that  in  the  plane  system  we  had,  besides  the  fixed  cen- 
troid,  another  attached  to  the  moved  body  and  rolling  on  the  former.  We  have 
likewise  in  the  present  case  a  second  conical  surface,  which  is  attached  to  the 
moved  body  and  partakes  of  its  motion.  The  vertex  of  this  cone  coincides  with 
the  fixed  point  0  or  vertex  of  the  fixed  conical  surface,  upon  which  last  the  mov- 
ing cone  rolls  while  the  system  is  in  motion.  Let  us  also  suppose  a  spherical 
surface  attached  to  the  moved  body  with  centre  O  and  radius  equal  to  unity.  It 
will  of  course  coincide  with  the  fixed  spherical  surface  already  assumed,  and  will 
be  pierced  at  Q\  at  the  moment  when  OPi  is  the  instantaneous  axis.  At  the  next 
instant  the  new  instantaneous  axis  OPi  will  be  that  element  of  the  conical  surface 
consecutive  to  0P\,  But  the  moved  body  will  now  no  longer  touch  0P%  along 
the  straight  line  0Q\^  but  along  another,  0^a»  which  meets  the  spherical  surface 
in  Q%.  In  like  manner  the  body  will  successively  touch  the  instantaneous  axes 
0P%^  OP  A  ...  of  the  fixed  conical  surface  by  means  of  an  equal  number  of 
consecutive  straight  lines  OQ%f  OQt.  .  .  .  All  these  straight  lines  through  O 
now  form  a  conical  surface  attached  to  the  moved  body,  which,  in  a  manner 
analogous  to  the  moving  centroid  of  the  plane  system,  rolls  on  the  fixed  conical 
surface  OP\P%P%.  .  .  .  This  surface  meets  the  moving  sphere  in  a  spherical 
curve  QiQiQi  .  .  .  which  touches  the  other  curve  PiPtPt  .  .  .  ina  point  (Pi) 
and  rolls  on  it  when  the  cone  OQ  rolls  on  the  cone  OP.  The  analogy  to  the 
moving  centroid  of  the  plane  system  is  unmistakable. 

According  to  the  preceding,  therefore,  every  possible  motion  of  a  body  about 
a  fixed  point  can  be  generated  by  rolling  a  cone  attached  to  a  body,  with  its 
vertex  at  the  fixed  point,  on  a  fixed  cone  with  the  same  vertex,  the  element  of 
contact  of  the  two  surfaces  being  the  instantaneous  axis  of  the  moment.  The 
motion  of  a  body  for  every  instant  will  therefore  be  given  as  soon  as  we  know  the 
two  conical  surfaces ;  in  other  words,  when  we  know  the  two  spherical  curves 
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P\P%Pt  .  .  .  and  Q\Q\Q%  .  .  .  The  same  deductions  can  be  made  concerning 
the  individual  points  of  the  body  as  were  made  in  §  9  for  the  plane  system, 
because  the  centroids  are  analogous  to  the  cones  or  spherical  curves. 

§  24.  Example. — The  proposition  demonstrated  in  §  22,  concerning  the 
parallelogram  of  rotations  holds  good  for  infinitely  small  rotations  ;  it  also  holds 
good  for  velocities  of  rotation,  since  these  velocities  must  be  regarded  as  the 
infinitely  small  angles  through  which  the  body  rotates  in  the  time  6/  about  the  cor- 
responding axes.  Let  us  designate  by  (»i,  (»2,  (Us  .  «  .  the  angular  velocities  of 
the  moved  body  at  a  given  instant,  and  let  OA,  OB,  OC  ...  be  the  correspond- 
ing axes,  then  the  axis  of  the  resultant  rotation,  i.e,<,  the  instantaneous  axis,  and 
the  resultant  velocity  of  rotation  00  about  it,  can  be  determined  according  to  the 
parallelopipedon  of  the  velocities  of  rotation  in  exactly  the  same  way  as  rectilinear 
motions  or  velocities  are  combined  to  form  a  resultant.  For  this  purpose,  it  is 
only  necessary  to  lay  off  on  the  axes,  beginning  at  O,  distances  proportional  to  the 
velocities  of  rotation  oox,  gSs,  co%  .  .  ,  The  diagonal  of  the  parallelogram  finally 
obtained  will  by  its  direction  determine  that  of  the  instantaneous  axis,  and  by  its 
length  the  resultant  angular  velocity  co.  Moreover,  as  formerly,  the  velocity  v  of 
any  point  ^  of  a  body  is  obtained  from  v  =  ran.     The  resulting  angular  velocity 

V 

M  is  therefore  known  at  every  instant  from  gj  =  ~,  when  we  know  the  velocity  v 

of  a  point  A  and  its  distance  r  from  the  instantaneous  axis  of  the  moment. 
The  determination  of  the  latter  is  accomplished  by  a  construction  analogous  to  that 
employed  for  the  plane  system.  It  consists  in  finding  the  intersection  of  two 
planes  which  pass  through  the  fixed  point  O^  and  are  respectively  perpendicular 
to  the  simultaneously  generated  elements  of  the  spherical  paths  described  by  two 
of  the  points  Ay  Bi,  C  ,  .  .  From  considerations  similar  to  those  employed  in 
§  12  for  the  plane  system,  we  can  find  for  the  velocity  of  change  u  of  the  instanta- 
neous axis  the  relation 


fi} 
u 


I 


I 

p^ 


Here  p,  and  pa  are  to  be  understood  as  the  radii  of  curvature  at  the  point  of  contact 
of  two  lines  of  intersection  obtained  by  cut- 
ting the  two  conical  surfaces  already  mentioned, 
by  a  plane  perpendicular  to  the  instantaneous  axis 
or  element  of  these  cones,  at  a  distance  from  the 
centre  equal  to  unity. 

Let  us  take  the  form  of  motion  discussed  in 
§8  and  §  13,  6rst  modifying  it  so  as  to  become 
more  general,  and  then  examine  it  as  an  example 
of  the  rotation  of  a  body  about  a  fixed  point.  In 
§  8  and  §  13,  the  two  points  A  and  B^  Fig.  23,  of  a 
straight  line  were  compelled  to  remain  on  two  rec- 
tilinear guides  CD  and  CE ;  in  reality  there  were 
at  A  and  B  two  straight  lines  perpendicular  to  the 
parallel  planes  of  motion,   which  were  compelled  to  remain  in  two  planes,  like- 
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Fig.  24. 


wise  peq)endicular  at  CD  and  CE  to  the  system  of  planes  of  motion.  We  can 
suppose  these  three  planes — the  guided  plane  AB^  and  the  guiding  ones  CD  and 
CE — to  intersect  at  a  point  infinitely  distant :  from  this  supposition  immediately 
follows  that  this  kind  of  motion  is  only  a  particular  case  of  the  one  in  which 
the  three  planes  intersect  in  a  point  at  a  finite  distance.  As  a  consequence  of 
this  last  supposition,  the  two  lines  at  A  and  B,  assumed  as  parallel  in  §  8,  inter- 
sect, and  we  now  assume  that  they  intersect  at 
right  angles  m  order  that  the  example  may 
apply  to  the  mechanism  known  as  the  universal 
joint.  The  kind  of  motion  to  be  discussed  can 
be  described  as  follows  :  a  body  is  so  moved 
that  two  intersecting  straight  lines  OA  and  OB 
within  it,  Fig.  24,  are  compelled  to  remain  in 
the  two  intersecting  fixed  planes  OXZ  and 
|X.  0  YZ  respectively,  and  that  the  point  of  inter- 
section of  the  two  lines  continually  coincides 
with  a  particular  point  of  the  line  of  intersec- 
tion of  the  two  planes.  (As  will  be  seen  here- 
after, in  the  universal  joint,  the  plane  of  the  two 
rectilinear  straight  lines  is  represented  by  the 
so-called  cross,  and  the  two  guiding  planes  by 
planes  which  pass  through  the  forks  and  are  respectively  perpendicular  to  the 
two  shafts  thus  joined.) 

Let  us  imagine  about  the  fixed  point  O^  a  sphere  to  be  generated  with  radius 
equal  to  OA  =  OB  =  unity,  this  sphere  will  be  intersected  by  the  two  guiding 
jAtmeSt  OXZ  and  O  YZ  in  the  two  great  circles  ZAX  and  ZYB^  and  by  the  moved 
plane  A  OB  in  the  great  circle  ABA'B'.  When  in  accordance  with  the  supposed 
motion,  the  straight  line  OA  coincides  with  the  intersection  OZ  of  the  two  guid- 
ing planes,  the  straight  line  OB  will  coincide  with  the  diameter  O  Y  perpendicular 
to  OZ  because  the  angle  A  OB  is  a  right  angle.  If  we  assume  these  correspond- 
ing positions  OZ  and  (7  K  as  the  original  positions  of  OA  and  OB  from  which  are 
estimated  the  angles  of  rotation  ZOA  =  a  and  YOB  =  fit  ct  and  (i  representing 
the  amounts  that  the  guided  straight  lines  are  rotated  in  their  planes,  we  shall  get 
from  the  spherical  triangle  OABZ,  when  the  angle  A{OZ)B  between  the  fixed 
planes  is  designated  by  c^ 


cosAOB  =  cosAOZ.  cos  BOZ+ sin  AOZ .  sin  BOZ .  cos  A(OZ)B, 


or. 


cos  90*  =i  o  =  cos  a  cos  (90°  -{-  /3)-^  sin  a  sin  (90'  •}-  /3)cosc; 
for  this  we  can  write, 

o  =  —  cos  a  sin  ft  -}-  sin  a  cos  fl  cos  <", 
and  after  dividing  by  cos  a  cos  ft,  we  can  get 


cose  = 


fan  ft 
tan  a 
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The  angles  of  rotation  of  the  two  straight  lines,  estimated  from  the  assumed 
original  positions,  are  therefore  of  such  a  nature  that  the  ratio  of  their  tangents  is 
equal  to  the  constant  cos  c. 

In  order  to  find  also  the  ratio  of  the  angular  velocities  (Oi  and  a>i  of  the 
straight  lines  OA  and  OB  respectively,  make 

a>.  =-^,anda>.  =  y^; 

consequently 

eoi  __  8a 

To  detennine  the  value  of  this  expression  we  differentiate 

cos  c  tan  a  =  tan  fi* 


We  shall  then  get 


from  which  follows 


Now  since 


da  dp 

cose — T—  =  -; 

cos"^  a       cos*  p 


da  __  cos*  a      I     _  09, 
8ft  ~~  cos'  fi    cos  c      oJa' 


cos^  a  = 


I  +  tan*  a  * 
we  can  write  for  this  expression  : 

fli>«       I  4-  ta/t*  a  I  +  tan*  a 

—  =  — ;— -  —r-Ti  ^0^  ^  =  — rr;  ~r"  —    ~i —  ^^  ^ 

(Ox      I  4-  ^»   ft  I  +  '^»    «  •  ^^^   f 

I  4-  tan*  a  cos  c 

—  cos  c  •=• 


I  +  /rt/f  *  a  (i  — jiV  c)  \  —  sin*  a  .  sin*  c 

This  last  expression  is  obtained  by  substituting  in  the  numerator 

tan*  a  =  sin*  a  (i  +  tan*  a). 

§  35*  O^namlMotlonofaBodjr.— In  the  foregoing  we  have  investigated 
the  motion  of  a  body  for  special  cases  only  ;  we  will  now  suppose  the  motion  to 
be  of  any  kind  whatever,  and  will  consider  it  from  its  most  general  point  of  view. 
The  characteristics  of  this  most  general  form  of  motion  evidently  are,  that  none 
of  its  points  are  fixed,  and  that  no  exterior  force  compels  them  to  remain  on  a 
given  straight  line  or  in  a  given  surface ;  in  other  words,  .it  is  perfectly  free  to 
move,  and  may  be  subjected  to  any  number  of  wholly  arbitrary  rotations  and 
translations.  However  complicated  the  latter  may  be  it  will,  under  all  circum- 
stances still  be  possible  to  so  unite  them  that  they  will  form  Dnly  one  translation. 
This  can  be  easily  seen  from  the  following  considerations. 
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Let  the  shif tings  to  which  a  body  is  subjected  during  a  given  time  be  repre- 
sented in  direction  and  magnitude  by  the  distances  j),  s^,  Ja  .  .  .  then  all 
the  shiftings  can  be  reduced  to  a  single  resultant  one  s  by  means  of  the  parallelo- 
pipedon  of  motions. 

In  order  also  to  unite  the  separate  rotations  about  the  axes  Ax^A^t  At  .  .  . 

which  are  assumed  as  distributed  in  any  manner  in  space,  we  have,  according  to 

§  4,  only  to  transfer  the  axes  to  any  point  O,  each  transfer  of  an  axis  being  ac- 

ix 
companied  by  a  shifting  6  whose  magnitude  is  expressed  by  tf  =  2</  s:'n  — »  where 

d  is  the  distance  through  which  an  axis  is  transferred,  and  a.  the  corresponding 
angle  of  rotation.  By  means  of  this  construction  we  have  substituted  for  a  number 
of  rotations  about  axes  crossing  one  another  in  space  an  equal  number  of  equally 
large  rotations  ai,  a^,  a%  .  .  ,  about  axes  which  are  parallel  to  the  former  and 
pass  through  a  point  O,  and  an  equally  large  number  of  shiftings.  Now  accord- 
ing to  ^  22  all  these  rotations  can  be  combined  into  a' single  one  whose  axis  OA 
likewise  passes  through  the  point  0  ;  all  the  shiftings  6\,  6t,  6z  .  .  .  can  like- 
wise be  combined,  by  the  paraUelopipedon  of  motions,  into  a  single  shifting  6 
which  can  be  united  with  the  formerly  obtained  resultant  s  so  as  to  form  a  total 
resultant  S.  In  this  manner  the  sum  of  all  the  motions  is  reduced  to  a  rotation 
equal  to  a  about  the  axis  OA^  and  a  shifting  represented  in  direction  and  magni- 
tude by  S.  The  directions  of  the  axis  OA  and  of  5  will  generally  intersect ;  let 
y  designate  the  angle  which  they  form  with  one  another.  The  resultant  shifting 
5  can  then  be  resolved  into  two  components  S  cos  y  and  S  sin  y^  of  which  the 
former  will  be  parallel  to  the  axis  OA  and  the  latter  perpendicular  to  it.  For 
this  last  shifting  S  sin  y  together  with  the  rotation  a  about  the  as^is  OA  we  can 
put,  according  to  §  4,  a  single  rotation  of  equal  amount  (X  about  an  axis  parallel 


to  OA  and  at  a  distance  from  it  equal  to  d  = 


S  sin  y 

2  sm  ■— 


;  besides  this  rotation  there 


now  remains  only  a  shifting  S  cos  y  parallel  to  the  axis  of  rotation.  Frbm  the 
foregoing  considerations  it  follows  that  it  is  always  possible  to  substitute  for  the 
change  of  place  occurring  in  a  body  perfectly  free  to  move,  in  consequence  of  any 

rotations  and  shiftings  whatever,  a  single  rotation  about  an 
Fig.  25.  ^j^jg  Q^^   Yig,   25,  through  an  angle  KOKx  =  a  combined 

A    with  a  shifting  K\K-i  =  s  parallel  to  that  axis. 

When  a  point  is  turned  a  certain  amount  about  a  given 
axis  and  at  the  same  time  is  shifted  parallel  to  this  axis  a  cer- 
tain distance  the  motion  is  said  to  be  helical ;  this  can  also  be 
expressed  by  means  of  the  following  proposition  :  Every 
change  of  place  to  which  a  freely  moring  body  is  subjected, 
Q  coft  also  be  produced  by  a  definite  helical  motion  about  a 
certain  axis.  If  we  assume  a  succession  of  infinitely  small 
changes  of  position,  the  corresponding  helical  motions  will  of 
course  also  be  infinitely  small,  and  it  further  follows  that  the 
whole  motion  of  a  body  for  a  given  time  can  be  replaced  by  a  continuous  succeS' 
sion  of  helical  motions. 

In  the  foregoing  a  proper  combination  of  any  shiftings  and  rotations  whatever, 
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resulted  in  a  helical  motion,  it  is  therefore  very  evident  that  a  reversal  of  the  proc- 
ess would  lead  to  a  resolution  of  the  helical  motion  into  any  shiftings  and  rota* 
tions.  We  can  now  remark  more  particularly  that  every  helical  motion  can 
always  hi  resolved^  in  an  infinite  variety  of  waysy  into  two  rotations  about  two  axes 
crossing  each  othir^  and  conversely. 

If  we  imagine  a  body  which  is  subjected  to  two  rotations  about  axes  A  and  B^ 
which  cross  each  other  but  do  not  intersect,  it  is  possible  to  shift  the  axis  A  parallel 
to  itself  (see  §  4)  till  it  intersects  the  other  axis  at  a  point  B  ;  the  two  rotations  can 
then  be  combined  according  to  g  22  into  a  single  one  about  a  resultant  axis  C« 
The  shifting  due  to  the  transfer  of  y^  is  oblique  to  this  axis  C  because  the  shifting 
is  perpendicular  to  A^  while  C,  as  the  resultant  axis  of  A  and  B^  differs  in  direc- 
tion from  A,  If  therefore  this  shifting  be  resolved  into  two  components  parallel 
and  perpendicular  to  C,  the  perpendicular  component  and  the  rotation  about  Ccan 
be  combined  into  a  rotation  about  an  axis  C\  parallel  to  C,  which  can  be  regarded 
as  the  axis  of  a  helical  motion  whose  motion. of  translation  is  the  parallel  com- 
ponent of  the  shifting  just  mentioned.  Conversely,  we  can  of  course  resolve 
each  helical  motion  into  two  rotations  about  axes  crossing  each  other,  one  of 
which  can  be  assumed  as  lying  in  any  given  direction.  Every  pair  of  these  axes 
which  cross  one  another  without  intersecting  are  called  conjugate  axes.  As  was 
already  stated  in  §  22,  the  order  of  the  rotations  is  a  matter  of  indifference  so 
long  as  the  rotations  are  infinitely  small. 

The  proposition  according  to  which  any  motion  whatever  of  a  system  can  be 
reduced  to  helical  motion  was  discovered  by  Chasles*  and  the  axis  of  the  helical 
motion  is  also  called  the  central  axis  of  the  motion. 

§  26.  Axotdf. — If  a  body  A'  free  to  move,  successively  occupies  the  different 
positions  A',  A^a,  A's  .  .  .  we  can,  according  to  the  preceding,  always  substitute 
certain  helical  motions  (tiSx^  a2S2y  (X3S3  •  .  .  about  certain  axes  Ai,  A^t  A3  .  .  > 
which  will  bring  about  the  same  result  of  causing  the  body  to  successively  occupy 
the  positions  A'l ,  A'a*  A^3.  .  .  .  The  body  therefore  assumes  in  consequence  of 
these  helical  motions  the  same  final  positions  ATi,  A'a,  A'a  .  .  .  which  it  would 
occupy  during  the  actual  motions  ;  but  an  agreement  must  not  be  expected  for 
the  positions  intermediate  between  ATi  and  A'a,  A'a  and  A'a  .  .  .  when  the 
motions  under  consideration  are  of  finite  magnitude.  It  is  only  when  the  changes 
of  place  between  the  positions  A',  A'3,  A'a  .  .  .  are  infinitely  small  that  the  con- 
tinuous succession  of  infinitely  small  helical  motions  will  be  identical  with  the 
actual  motion  of  the  body.  The  helical  motions  succeeding  each  other  in  infi- 
nitely small  intervals  of  time,  generally  take  place  about  different  axes  in  space, 
and  it  is  easy  to  see  that  these  axes,  whose  distances  from  each  other  must  likewise 
be  infinitely  small,  taken  together  constitute  a  certain  fixed  surface  in  space. 

Let  Alt  ^«»  -^3  ...  be  these  axes  or  the  successive  positions  of  the  genera- 
trix of  this  fixed  surface  A,  then  in  this  case,  as  formerly  in  the  plane  system,  and 
in  that  which  rotates  about  a  fixed  point,  we  have  a  second  surface  united  to  the 
body  and  always  in  contact  with  the  first  surface  during  the  motion  of  the  body. 

*  Bulletin  de*  sciences  matkern.^  by  Ferusac,  '183s.  Shell,  Theorie  der  Bewegung  und 
der  KrKfte,  1870.    Thl.  II.  Kap.  V. 
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Suppose,  for  example,  that  at  a  given  instant  /  the  instantaneous  helical  axis  is  at 
Ax^  then  a  certain  straight  line  By  of  the  moved  body  will  coincide  with  A\^  about 
which  the  rotation  ax  takes  place,  and  simultaneously  the  body  and  its  straight  line 
shift  on  the  fixed  axis  Ax  a  distance  equal  to  Ji,  in  consequence  of  the  helical 
motion.  After  completing  this  infinitely  small  helical  motion  about  the  axis  A\ 
there  follows  a  second  rotation  about  A^ — a  position  of  the  generatrix  of  the  fixed 
surface  consecutive  to  A\ — and  another  line  Bi  of  the  body  coincides  with  A%, 
The  body  then  not  only  turns  about  this  second  axis  ^s  an  amount  equal  to  aa, 
but  it  shifts  with  its  straight  line  Bi  on  the  fixed  axis  ^3  an  amount  equal  to  s%^ 
whereupon  a  third  straight  line  B^  of  the  body  coincides  with  the  following 
helical  axis  -^a,  etc.  All  the  straight  lines  B^^  i9«,  ^a  .  .  .  which  follow  one 
another  at  infinitely  small  distances  apart,  form  therefore  a  given  rectilinear  surface 
B  united  with  the  body.  Any  motion  whatever  of  a  body  can  therefore  always  be 
understood  as  the  simultaneous  rolling  and  sliding  of  a  moving  ruled  surface  B 
united  with  the  body  and  rolling  on  another  ruled  fixed  surface  A, 

The  results  of  the  investigations  hitherto  made  can  now  be  summarized  as  fol- 
lows. Whatever  the  nature  of  the  relative  motion  of  otie  rigid  body  with  reference 
to  another^  its  equivalent  ean  alxvays  be  found  by  firmly  attaching  to  these  bodies 
two  ruled  surfaces  A  and  B  of  such  a  character  that  they  will  roll  on  one  another^ 
by  continually  touching  along  the  instantaneous  axis  of  the  moment,  the  rolling 
being  accompanied  by  a  shifting  of  these  surfaces  along  the  line  of  contact.  The 
surfaces  containing  these  instantaneous  axes  may  be  called  Axoids — a  name  chosen 
for  them  by  Reuleaux.     An  hyperboloid  may  serve  as  an  example  of  an  axoid. 

It  of  course  follows  that  the  axoids  corresponding  to  this  most  general  form  of 
motion  will  also  contain  those  corresponding  to  certain  special  motions,  like  the 
motion  of  a  plane  system,  or  the  rotation  of  a  body  around  a  fixed  point,  cases 
which  were  specially  discussed  above.  The  motion  of  the  body  might,  for 
example,  be  such  that  it  could  be  produced  by  a  simple  rolling  of  the  axoids  on 
one  another  without  any  sliding  along  the  line  of  contact.  The  two  axoids  must 
then  satisfy  the  geometrical  condition  of  development  as  when  an  hyperboloid  of 
revolution  rolls  on  a  helical  surface.  A  particular  case  is  when  the  two  bodies 
have  one  point  O  in  common,  whose  relative  motion  is  consequently  equal  to  zero. 
This  condition  not  only  renders  relative  shifting  impossible,  but  causes  the 
instantaneous  axes  of  both  axoids  to  pass  through  this  point.  2./.,  the  two  axoids 
change  into  two  conical  surfaces,  whose  common  vertex  is  0.  This  case  evidently 
corresponds  to  that  of  a  body  rotating  about  a  point  (§  23). 

Moreover  when  the  vertex  O  of  these  conical  surfaces  is  at  an  infinite  distance, 
the  axoids  change  into  cylindrical  surfaces  and  their  intersections  by  a  plane  per- 
pendicular to  the  axis  form  the  centroids  characteristic  of  the  plane  system. 

We  must  now  remark  that  the  axoids  A  and  B  of  two  bodies  moved  in  any 
manner  by  rolling  and  sliding  on  one  another  determine  the  relative  motions  of  these 
bodies  with  reference  to  one  another.  If  therefore  we  wish  to  determine  the  abso- 
lute motion  of  a  body  in  space — for  example,  that  having  the  axoid  B — it  will  be 
necessary  to  hold  fast  the  other  body  whose  axoid  is  A,  This  can  always  be 
attained  by  imagining  an  equal  and  additional  motion  to  be  communicated  to 
both  bodies  so  that  the  relative  motion  shall  remain  unchanged.  If  we  suppose 
the  additional  motion  communicated  to  the  whole  system  to  be  always  equal  and 
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opposite  to  the  motion  of  the  body  A^  the  latter  will  attain  a  condition  of  absolute 
rest,  and  the  motion  of  B  will  then  be  its  absolute  motion  in  space.  In  the  fore- 
going investigations  this  case  has  always  been  assumed,  the  body  with  the  axoid 
A  being  regarded  as  fixed  while  the  absolute  motion  of  the  body  in  space  was 
investigated.  Accordingly  mention  was  always  made  of  fixed  and  moving  cen- 
troids  or  axoids.  It  has  also  been  stated  in  §  lo  that  the  fixed  centroid  could  be 
made  the  moving  one,  and  that  the  moving  centroid  could  be  held  fast  without 
changing  the  character  of  the  motion;  this  property  of  interchangeability  is  not 
confined  simply  to  the  centroids  or  cylindrical  axoids  of  a  plane  system,  but  is 
characteristic  of  the  axoids  representing  general  motion. 

Since  axoids  determine  the  relative  motion  of  two  bodies  with  reference  to 
one  another,  the  motion  of  one  body  will  be  completely  determined  by  the 
axoids,  whatever  the  motion  given  to  the  other  body.  This  is  of  great  impor- 
tance for  the  theory  of  mechanisms,  for  although  certain  parts  of  a  machine 
always  remain  at  absolute  rest,  it  is  nevertheless  just  as  often  necessary  to  com- 
pare two  parts  of  which  each  has  its  particular  motion.  An  example  occurring 
very  often  in  practice  will  now  be  adduced  in  illustration. 

§  27.  Bxample. — Two  parallel  axles  or  shafts  A  and  B^  Fig.  26,  are  to  be 
so  connected  with  one  another  (either  by  two  toothed  wheels  or  two  friction 
wheels)  that  both  will  turn  with  an  invariable  angular  velocity  respectively  equal 
to  —  a  and  +  fS,  and  in  opposite  directions  as  shown  by  the  arrows  at  a  and  fS.  In 
order  to  determine  the  as  yet  unknown  instantaneous  centre  at  any  moment,  let 
first  of  all  an  additional  motion  -|-  a  be  imparted  to  both  shafts,  t.^.,  a  rotation 
about  the  axis  ^  of  a  magnitude  equal  to  a,  and  therefore  equal  to  the  motion 
already  possessed  by  the  shaft,  but  opposite  in  direction ;  we  shall  then  evidently  have 
the  same  relative  motion  ,:,.      ^^ 

of  the  two  axes  as  be- 
fore.  Each  of  the  two 
shafts  will  then  be  sub- 
jected to  two  rotations, 
the  shaft  A  to  a  rota- 
tion —  a  and  another 
-j-  a  about  its  own  axis, 
in  consequence  of  which 
A  will  come  to  rest.  The 
shaft  i?  likewise  receives 
a  rotation  -|-  a  about  the 
axis  A  and  a  rotation 
-{-  P  about  the  axis  B, 
These  infinitely  small  ro- 
tations united  according  to  §  5  give  a  resultant  rotation  a  +  y5  about  an  axis  C 
perpendicular  to  the  connecting  line  AB^  at  such  distances  a  and  b  from  A  and  B 
respectively,  that 

aa  T=  b ft  or  a  '.  f*  =  ft  \  a. 


Since  the  motion  is  to  be  constant,  we  immediately  see  that  the  axoids  in  the 


Iviii  INTRODUCTION,  [§  27. 

present  case  are  normal  cylindrical  surfaces  described  about  A  and  Bhy  AC  and 
BC  respectively.  When  the  two  shafts  are  connected  by  friction  wheels  the 
axoids  are  realized  practically  in  the  cylindrical  friction  wheels  used>  and  when 
toothed  wheels  are  employed  the  axoids  are  represented  by  the  surfaces  of  the 
so-called  pitch  cylinders  of  these  wheels.  A  circular  motion  of  the  axle  B,  causing 
it  at  the  same  time  to  rotate  about  itself  and  to  be  carried  around  the  axis  ^  in 
the  circle  BB\  like  a  planet,  corresponds  to  the  supposition  just  made  that  the 
shaft  A  is  wholly  at  rest.  Such  motions  actually  occur  in  practice,  for  example,  in 
the  turning  arrangements  of  cranes.  The  total  amount  of  rotation  of  the  axis  B 
for  an  element  of  time  of  course  equals  in  magnitude  a-^  fi.  To  show  this 
clearly,  imagine  a  straight  line  MN  Bxed  in  space  and  coinciding  with  the  line 
of  connection  AB^  which  at  the  same  time  is  assumed  as  the  initial  position  of 
the  motion,  and  let  us  also  imagine  ahand  or  index  BC^  lying  in  the  direction  BA^ 
to  be  rigidly  attached  to  B.  Then  if  the  axis  B  has  swung  through  the  infinitely 
small  angle  BABi  =  a,  and  the  instantaneous  centre  has  passed  from  C*  to  Ci,  the 
index  will  be  at  Bid,  which  deviates  from  the  direction  BiCi  by  an  angle  CiBid 
=  fi.  This  index  therefore  makes  with  its  original  position — the  fixed  direction 
A/N  in  space — an  angle  equal  to  a  -]-  fi. 

If  now  the  whole  system — the  shaft  A  as  well  as  that  of  B — receives  an  addi- 
tional rotation  —  a  about  A,  there  will  remain  for  the  shaft  B  only  the  rotation  ft 
about  its  own  axis,  and  we  shall  then  have  our  original  case,  in  which  it  was  as- 
sumed that  the  axes  should  rotate  in  opposite  directions  to  an  extent  represented 
by  —  a  and  -|-  P  respectively  ;  this  case  often  occurs  in  practice  where  there  are 
fixed  parallel  shafts.  Since  relative  motion  can  be  expressed  as  a  difference,  we 
have  for  the  relative  motion  of  the  shaft  ^  to  ^  the  expression  ^  —  (^a)=^-|-a, 
while  the  shaft  A  has  to  B  the  relative  rotation  : 

-a-(+/S)  =  -(a  +  /S). 

The  relative  rotation  of  one  shaft  to  another  is  in  this,  as  in  every  case,  equal  to 
oc  +  ^. 

If  we  now  add  to  the  whole  system  another  rotation  —  fl  about  B,  the  shaft 
B  will  come  to  rest  and  the  shaft  A  will  be  carried  around  in  a  circle  passing 
through  A  and  concentric  with  B,  to  an  extent  represented  by  —  fi,  at  the  same 
time  that  it  is  undergoing  a  rotation  —  a  around  its  own  axis.  The  whole  rota- 
lion  of  the  shaft  A  now  likewise  amounts  to  a-\-/3,  but  is  opposed  in  direction  to 
that  communicated  to  the  shaft  B  when  A  was  at  rest. 

In  the  foregoing,  three  different  forms  of  motion  have  been  found  for  the  ex- 
ample before  us.  all  of  which  occur  in  practice.  Kincmatically  speaking,  these 
motions  are  exactly  alike,  because  the  same  pair  of  centroids  or  axoids  answers 
for  each.  The  whole  difference  in  these  cases  consists  simply  in  whether  the 
motion  is  communicated  only  to  one  or  the  other  of  the  centroids,  or  to  both  at 
once.  The  relative  motion,  as  was  shown,  is  always  expressed  by  the  same 
amount,  a  -\-  /S, 

But  it  immediately  becomes  evident  that  the  variety  of  the  different  forms  of 
motion  of  which  the  mechanism  under  consideration  is  capable,  may  be  infinite. 
For  if  we  imagine  that  in  each  interval  of  time  dt  in  which  the  shaft  B  receives 
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a  rotation  -f-  fi  about  itself  the  shaft  A  receives  a  rotation  not  equal  to  -^  oc  but 
to  —  a  It  it  follows  that  the  shaft  B  must  have  such  a  motion  pi  that  the  relative 
motion  ol  B  io  A  preserves  the  constant  value  a-\-  (i,  fix  can  therefore  be 
obtained  from  equation: 

fix  -(-ai)  =  rt  +  /?,  or/?,  =  a  +  y5- a„ 

for  which  we  must  put  /?i*  =  a  +  /^  +  ^i  when  a  right-handed  rotation  equal  to 
-|-  Ai  is  communicated  to  the  shaft  A, 

Since  ai  can  be  chosen  arbitrarily,  it  follows  that  the  motion  of  the  simple 
mechanism  under  consideration  can  be  infinitely  varied,  but  that  all  its  different 
forms  of  motion  are  alike  in  having  the  same  pair  of  axoids.  The  variations  of 
motions  last  considered  often  occur  in  practice  in  the  so-called  differential  mechatt' 
isms^  which  will  be  specially  discussed  hereafter.  From  what  has  been  said  it 
should  now  be  easy  to  see  that  an  examination  of  motions  by  the  help  of  their 
axoids  will  greatly  aid  in  making  clear  and  plain  many  of  the  difficult  problems 
of  mechanism. 

9 

§  28.  P»ln  of  Blemcnts. — The  laws  established  in  the  previous  articles 
are  perfectly  general  for  the  motion  of  rigid  bodies.  But  since  we  are  only  deal- 
ing with  mechanisms,  we  will  apply  to  them  only  the  propositions  that  have  been 
deduced.  At  the  very  beginning  of  this  introduction  attention  was  called  to  the 
difference,  as  regards  motion,  existing  between  a  body  free  to  move — for  example, 
a  stone  thrown  into  the  air — and  one  of  the  moving  pieces  of  a  machine.  While 
the  path  of  a  freely  moving  body  is  wholly  the  result  of  the  forces  acting  upon  it 
from  without  (these  being  in  the  case  of  a  stone,  the  original  impulse,  the  force 
of  gravity,  and  the  resistance  of  the  air),  the  path  of  a  moving;  piece  of  a  machine 
is  independent  of  these  forces.  In  this  latter  case  there  are  not  only  external 
forces,  but,  in  a  certain  sense,  internal  forces,  which  compel  the  body  to  take  a 
determinate  motion,  by  preventing  it  from  assuming  any  other  motion  which  it 
may  be  striving  to  take  in  consequence  of  the  action  of  an  external  force.  These 
internal  forces  depend  on  the  capacity  for  resistance  of  the  materials  which  sur- 
round the  body  under  consideration.  These  forces  of  resistance  are  only  called 
out  by  the  action  of  external  forces,  and  disappear  with  them.  They  have  there- 
fore been  appropriately  designated  as  latent  forces  in  contradistinction  to  external 
or  sensible  forces. 

The  stone  thrown  into  the  air,  for  example,  moves  in  a  certain  approximately 
parabolic  path  under  the  influence  of  the  forces  acting  upon  it,  and  every  ac- 
cidentally and  externally  applied  force,  as  a  lateral  gust  of  air,  will  deviate  it  from 
the  path  which  it  would  have  described  had  this  last  force  not  acted.  On  the 
other  hand,  a  moving  piece  of  a  machine,  a  shaft  for  example,  is  prevented 
by  its  close-fitting  bearing  from  assuming  any  other  motion  than  a  rotation 
about  its  own  axis.  An  external  force  which  strives  to  shift  the  shaft  in  any 
direction  whatever  will  cause  indeed  a  pressure  of  the  shaft  against  the  bearing, 
but  will  not  succeed  in  producing  any  real  shifting,  because  the  bearing  or  sup- 
port will  immediately  react  with  a  force  of  resistance  equal  and  opposite  to  this 
pressure.     It  follows  from  this  that  the  elements  of  a  machine  must  continually 
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occur  in  pain ;  in  the  case  just  mentioned  the  journal  sod  its  bearing  constitute 
such  a  pa.ir.  The  kind  of  motiao  which  one  or  the  other  paitg  of  such  a.  pair 
can  assume  is  wholly  a  question  of  the  form  al  these  parts.  If,  for  example,  a 
joamal  has  a  cylindrical  form  terminnted  by  raised  parts  or  collars,  it  will,  on 
applying  an  appropriate  external  force,  be  compelled  10  rotate  about  ils  axis, 
because  the  properly  fini:>hed  bearing  Lannot  offer  any  resistance  (neglecting 
friction)  to  rotary  motion.  But  if  the  journal  were  changed  to  a  prismatic  form 
it  could  be  shifted  in  the  direction  of  its  axis,  and  its  properly  finished  prismatic 
bearing  would  oppose  rotation. 

\Vilh  regard  to  the  above  Reultaux  deSnea  a  machine  as  a  eembinatUiti  of  re. 
siilanl  iodifs  lO  arranged  that  by  Ihiir  means  the  imchatiical  forcts  ef  nature  COH 
be  compelled  to  de  vnrk  anompanied  by  (trlain  delerminatt  motiont. 

The  study  of  the  arrangement  of  mechanisms  will  accordingly  resolve  itself 
into  detennining  the  forms  to  be  given  to  the  separate  machine  parts  in  order  that 
a  detenninate  prescribed  motion  may  be  realized.  Now  in  the  above  it  was 
quite  fully  explained  how  all  motions,  be  they  ever  so  complicated,  could  be  re- 
duced to  certain  elementary  ones,  namely  to  rotations  and  shiftings,  or  if  we  so 
prefer,  to  a  helical  motion,  which  is  to  be  regarded  as  the  most  general  form, 
since  simple  rotation  and  shifting  are  obtainable  from  it  by  respectively  causing 
the  shifting  and  rotation  of  the  helical  motion  to  disappear.  Now  we  have, 
answering  to  these  three  elementary  motions  out  of  which  all  others  may  be  com- 
posed, exactly  the  same  nuinber  of  fundamental  forms  for  the  corresponding 
machine  parts,  or  more  properly,  pairs  of  machine  parts.  We  will  employ  the 
expression,  pairs  ofeUmcatt,  chosen  by  Reuleaux*  for  the  corresponding  parts. 
These  pairs  of  elements  are  : 

I.  The  turning  pair.  Fig.  Z7,  consists  of  a  solid  of  revolution  A  and  its  cor- 
responding envelope  B,  whose  meridian  line 
Fig.  87.  is  sa  formed  that  all  motion  in  the  direction 

of  the  axis  CD  is  prevented.     The  relative 
motion  of  these  two  parts  to  one  another  is 
consequently  limited  to  a  rotation  about  the 
geometrical  axis    CD.      If,    in   accordance 
with  what  has  been  said,  we  wish  to  charac- 
terize or  distinguish  this  motion  by  its  axoids, 
we  shall  immediately  find  that  both  axoidi 
in  this  case  reduce  to  a  straight  line,  namely 
the  geometrical  axis  CD,  since  every  plane  perpendicular  to  an  element  of  the 
path  passes  through  this  axis  CD.      This  pair  of  elements  in  the  form  of  journal 
and  bearing  has  a  most  extended  application  in  machinery.     The  fundamental 
form  is  then  usually  cylindrical,  more  rarely  conical,  but  other  forms  of  revolu- 
tion are  not  excluded  ;   particularly  in  pivots  we  often  have  a  flat  surface  which 
can  be  regarded  as  a  surface  of  revolution  generated  by  a  straight  line  perpen- 
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2.  The  iHding fair  consUta  of  a  solid  Etnight  pnsm  A,  Fig;.  aS,  and  a  hollow 
prUm  enclosing  it,  whose  cros£-&ec(ion  may  be  any  plane 

liguie  whatever  wilh  the  single  exception  of  the  circle,  '  "*■  *"■ 

because  that  would  not  prevent  rotation.  If,  in  spite  of 
Qiis.  practice  often  chooses  a  circular  section  for  the 
sliditig  pair,  as  is  the  case  for  example  in  piston  rods  and 
stuffing  boxes,  it  is  because  accurate  cylinders  are  readily 
made,  and  other  meana  are  employed  for  preventing 
rotation.  The  relative  motion  of  the  two  parts  of  this 
pair  consists  in  a  shifting  in  Ihe  direction  of  the  axis  of 
the  prism  CD.  U  we  conceive  such  a  shifting  as  a  rota- 
tion about  an  intinilely  distant  axis,  we  can  designate 
the  infinitely  distant  straight  line  lying  in  the  plane  of  a 

which  the  twoaioids  have  been  reduced. 

3,  The  I  wilting  pair  cotisists  of  a  cylindrical  screw  , 
A  and  its  nut  B,  Fig.  29.     The  amount  of  pitch  s  of  this 

screw  and  the  radius  of  its  cross-section  is  a  matter  of  indifference,  for  in  order 
that  there  may  be  motion  when  one  part  encloses  the  other,  it  is  only  necessary 
that  the  intersection  of  the  helical  surface  by  a  circular  cylinder  concentric  with 
the  axis  of  the  screw  be  a  helix  of  constant  pitch,  and  that  all  the  helices  thus 
obtained  have  the  same  pitch  i.  If  r  is  the  radius  of  such  a  cylinder,  we  have 
for  the  angle  of  inclination  of  the  helix  lying  upan  it.  the  eq^uation  : 

Fig.  m.  ,  / 

c  '■"«=?;¥■• 

from  which  follows  that  for  the  same  screw  the 
angle  of  inclination  a  is  smaller  according  as  the 
distance  r  is  greater. 

The  relative  motion  of  the  two  parts  to  each 
other  consists  in  a  rotation  about  the  geometrical 
axis  CD  and  a  simultaneous  shifting  in  Ihe  direc- 
tion of  CD  to  such  an  extent  that  the  latio  of  the 
angle  of  rotation  to  shifting  will  always  remain  con- 
Ktant.  In  this  case  also  the  two  axoids  have  shrunk 
into  the  same  straight  line,  namely  the  axis  of  the 
screw,  and  we  can  imagine  that  this  straight  line  is 
^  rolling  on  itself  while  it  is  at  the  same  time  shifting 

itself  in  Ihe  direction  of  its  length. 

In  all  of  these  pairs  of  elements  it  is  immaterial  which  of  the  two  parts  re- 
ceivei  motion,  and  according  to  §  vj  both  parts  may  move  at  the  same  time  ; 
thus  in  the  twisting  pair  the  screw  may  turn  and  the  nut  have  the  shifting  or 
sliding  motion,  or  the  reverse  may  take  place.  These  latter  cases  occur  perhaps 
oftener  in  practice  than  those  in  which  one  part  is  wholly  at  rest  while  the  other 
executes  the  whole  motion. 

%  39.  HIsberFalnnrBIfiBMMt*,— The  paii^  of  elements  considered  in  the 
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Fig.  30. 


preceding  paragraphs  possess  the  peculiarity,  that  one  element  is  always  com- 
pletely enclosed  by  its  companion  element,  because  both  elements  have  the  same 
form,  one  of  them  representing  the  hollow  body  and  the  other  the  solid.  We 
will  therefore  call  these  pairs  closed  pairs. 

On  the  other  hand,  there  are  many  pairs  of  elements  in  machinery  where  such 
a  complete  enclosing  or  contact  of  all  points  of  the  surface  does  not  occur,  but 
where  contact  always  takes  place  only  at  a  few  points.  But  these  pairs  of  bodies 
must  be  considered  as  real  pairs  of  elements,  because  they  satisfy  the  necessary  con- 
dition that  each  of  the  two  bodies  assumes  a  perfectly  determinate  motion  in  con- 
sequence of  the  form  and  the  capacity  for  resistance  of  the  other  body  which 
exclude  all  other  motions. 

Let,  for  example,  G,  Ct,  C3  .  .  .,  Fig.  30,  be  different  positions  which  an  ordi- 
nary cylinder  must  successively  occupy 
in  consequence  of  a  determinate  motion 
which  it  is  to  receive,  rotations  about 
its  own  axis  not  being  excluded.  Then 
a  channel  or  groove-shaped  piece  K 
can  be  designed,  of  such  a  construc- 
tion, that  it  will  permit  the  cylinder  C 
to  assume  only  the  motion  prescribed, 
and  will  exclude  every  other  motion,  for 
instance  in  the  direction  C\  C  or  in  the 
direction  of  the  axis  of  the  cylinder. 
These  two  pieces  Cand  Ky  according  to 
the  above  definition,  constitute  a  pair  of 
elements.  A' containing  \\v^  envelope  ioi 
the  motion  of  the  cylinder  C  This  last  property  is  moreover  a  reciprocal  one,  and 
we  can  say  that  the  cylinder  C  is  the  envelope  of  the  groove  K ;  that  this  is  true 
the  following  considerations  will  easily  .show.  Imagine  the  cylinder  set  at  rest,  by 
communicating,  at  every  instant,  to  the  whole  system,  i,e.^  to  the  cylinder  C  as 
well  as  the  groove  AT,  a  motion  equal  and  opposite  to  that  which  the  cylinder  has, 
then  the  relative  motion  of  the  two  elements  to  each  other  will  remain  unchanged. 
Under  this  supposition  the  groove  will  assume  a  certain  motion  with  regard  to  the 
stationary  cylinder  C,  and  if  we  draw  the  groove  in  all  the  successive  positions 
occupied  by  it  during  this  motion,  we  shall  find  that  all  these  different  positions 
of  the  curve  of  the  groove  will  touch  the  circle  C  in  its  fixed  positions  ;  in  other 
words  the  circle  C  is  also  the  envelope  of  the  groove  K, 

From  this  follows  that  besides  the  three  simple  pairs  of  elements  discussed  in 
the  previous  paragraphs,  and  characterized  as  closed pairs^  there  must  be  still  a  great 
number  of  pairs  occurring  in  practice,  whose  elements  possess  the  property  of 
mutual  envelopment.  Since  the  motions  which  can  thus  be  obtained  offer  a 
much  greater  variety  than  the  simple  motions  corresponding  to  the  closed  pairs, 
Rculcaux  has  chosen  the  name  **  higher  pairs  of  elements,"  for  the  bodies  that 
possess  forms  which  are  reciprocally  envelopes  of  one  another  ;  in  contradistinc- 
tion to  these  elements  the  closed  pairs  are  designated  as  "lower  pairs." 

As  was  already  intimated,  the  number  and  variety  of  the  higher  pairs  are  very 
great,  an  enumeration  of  them  all  would  be  both  unnecessary  and  impracticable  ; 
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in  the  following  investigations  therefore  only  those  representatives  principally 
occurring  in  practice  will  be  discussed. 

§  30.  Klnematle  Chains, — All  mechanisms  are  composed  of  the  pairs  of 
elements  discussed  in  §  28  and  §  29,  however  complicated  the  motions  may  be 
which  directly  or  indirectly  are  obtained  by  their  means.  The  method  of  combi- 
nation is  always  very  simple,  and  consists  solely  in  uniting  an  element  ^x  of  a 
pair  A  with  an  element  B\  of  another  pair  ^  so  as  to  form  a  rigid  body,  the  second 
element  B^  of  this  pair  B  is  then  connected  with  an  element  C\  of  a  third  pair  C, 
etc.  This  method  of  uniting  different  elements  and  thereby  forming  mechanisms 
is  best  illustrated  by  means  of  an  example.  For  this  purpose  let  us  choose  the  crank 
and  connecting  rod,  a  mechanism  of  great  importance  to  practice,  Fig.  31,  and 
composed  of  three  turning  or  cylindrical  pairs  A^  B,  C,  and  a  sliding  pair  Z>.  Let 
Ax,  B\  and  C\  represent  the  solid  elements  or  cylindrical  journals,  and  A%^  B^  and 
Ci  the  hollow  elements  or  the  bearings  belonging  to  the  journals,  and  in  the  same 

Fig.  31. 


manner  let  Dx  represent  the  solid  or  full  prism,  and  D\  the  prismatic  socket  which 
acts  as  slide.  We  can  combine  these  four  pairs  of  elements  in  different  ways  and 
always  so  that  an  element  of  one  pair  united  to  an  element  of  another  pair  will 
form  a  rigid  body.  We  will  suppose  the  combination  usual  with  cranks  to  obtain 
here.  Accordingly  we  unite  the  axis  or  shaft  A\  with  the  crank  pin  Bx  by  means 
of  a  body  called  the  cranky  and  which  may  be  represented  hy  AxB\,  In  like 
manner  the  crank-pin  bearing  B^  is  united  to  the  bearing  Ca,  so  as  to  form  a  rigid 
connecting  rod.  The  journal  or  pin  C\  of  the  third  cylindrical  pair  is  now  con- 
nected with  the  hollow  socket  D^  forming  the  piece  CiZ>a,  which  is  ordinarily 
called  the  cross-head ;  finally  the  solid  prism  /?i  is  united  to  the  bearing  or  sup- 
port of  the  shaft  by  a  rigid  frame  or  bed^plate  AiD\.  When  combined  after  this 
fashion,  the  separate  elements  are  united  to  each  other  in  a  manner  similar  to  the 
links  of  a  continuous  chain,  smAKcuieaux  has  therefore  given  to  such  a  combina- 
tion of  pairs  of  elements  the  name  of  kinematic  chain^  and  to  each  of  the  bodies 
formed  by  the  union  of  two  elements  the  name  of  link  of  a  kinematic  chain.  In 
the  present  example  there  are  four  links,  namely,  crank,  connecting-rod,  cross- 
head,  and  bed-plate  ;  it  is  evident  that  by  following  the  method  of  combination 
above  mentioned,  we  shall  get  as  many  links  as  there  are  pairs  in  the  combination. 
But  this  latter  property  is  not  the  result  of  a  law  that  is  universally  true,  since  it 
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is  very  easy  to  conceive,  as  will  be  shown  hereafter,  of  kinematic  chains  in  which 
a  link  unites  more  than  two  elements  of  different  pairs.  That  the  four  pairs 
under  consideration  can  be  combined  in  a  different  manner  will  be  easily  shown 
by  uniting,  for  example,  the  shaft  Ai  with  the  bearing  B'i  and  the  crank-pin  B\ 
with  the  bearing  C*a  as' well  as  with  the  journal  or  cross-head  pin  Ci,  etc.  ;  such 
arrangements  do  occur  in  practice,  though  less  often  than  that  assumed  above. 

In  whatever  manner  the  combination  be  effected  the  separate  pairs  will  still 
in  every  case  retain  the  general  character  of  the  relative  motion  peculiar  to  ele- 
ments of  the  pairs,  since  the  two  elements  of  a  pair  are  never  rigidly  connected 
with  one  another.  The  journal  of  a  cylindrical  pair,  even  after  combination, 
retains  the  property  of  rotating  relatively  to  its  bearing,  and  the  slide  (correspond- 
ing to  the  hollow  prism),  after  combination  as  well  as  before,  admits  of  a  shifting 
relative  to  the  solid  prism  in  the  direction  of  the  axis  of  the  latter.  Now 
although  a  combination  does  not  change  the  nature  of  the  motion  peculiar  to  the 
pairs,  it  does  limit  its  amount^  or  extent^  by  making  the  motion  of  one  pair  in 
a  certain  measure  dependent  upon  its  neighboring  pairs.  It  is  clear,  for  example, 
that  in  the  present  case,  before  combination,  the  cylindrical  pair  C  permits  a  rela- 
tive motion  of  the  two  elements  C\  and  Ca  to  the  extent  of  a  complete  revolution, 
yet  after  the  parts  are  united  to  form  the  crank  mechanism,  the  rotation  can  only 
take  place  through  a  definite  angle.  In  like  manner  it  is  evident  that  the  shifting 
of  the  slide  D^  on  the  prism  D\  in  the  crank  mechanism  is  limited  to  a  perfectly 
definite  amount,  twice  the  length  of  the  crank  AxB\^  while  in  the  sliding  or  pris- 
matic pair  the  shifting  is  limited  only  by  the  length  of  the  prism. 

If,  in  a  combination  of  a  pair  of  elements,  as  for  example  that  represented  by 
Fig.  31,  we  communicate  to  any  link,  as  the  crank  .^1^1,  motion  relative  to  a 
neighboring  link  A%Dxy  the  remaining  links  will  generally  be  induced  to  move 
also.  We  must  now  distinguish  two  cases  according  as  the  motion  of  one  link 
relatively  to  its  neighbor  does  or  does  not  cause  perfectly  determinate  motions  in  all 
the  remaining  links.  The  former  is  evidently  the  case  for  the  crank  mechanism  here 
considered,  for  if  we  communicate,  for  example,  to  the  crank  AB^  any  motion 
from  AB  to  AB'  the  corresponding  sliding  of  C  to  C  is  perfectly  determined, 
since  the  data  for  drawing  the  triangle  ABC'  are  known.  But  in  this  respect 
we  have  a  different  state  of  things  in  the  combination  sketched  in  Fig.  32. 
This  has  five  cylindrical  pairs  ^4  ^CZ?if,  and  if  we  impart  to  the  link  ^^  a  motion 
relative  to  AE^  say  from  AB  to  AB,,  the  positions  of  C  and  D  will  still  be  com- 
pletely undetermined,  since  the  data — five 
sides  and  an  angle  EAB — given  for  deter- 
mining the  pentagon  ABCDE^  are  insuffi- 
cient. The  pair  C.  for  example,  is  as  likely  to 
be  found  at  C  as  at  C\  and  D  is  as  likely 
to  remain  in  its  original  position  D  as  it  is 
to  move  to  D' .  Since  it  is  necessary  in  the 
construction  of  mechanisms  that  the  separate 
parts  shall  have  perfectly  determinate  mo- 
tions, we  see  that  only  those  kinematic 
»  chains  can  be  considered  in  which  the  motion 
of  one  link  relatively  to  its  neighbor  causes  perfectly  determinate  motions  of  the 
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remaining  links.    Such  a  combination  of  links  is  called  a  constrained  closed  chain, 
or  simply  dosed  chain. 

If  in  a  constrained  kinematic  chain,  i.e.^  a  combination  of  pairs  of  elements 
like  that  discussed  above,  Fig.  31,  we  hold  fast  a  certain  link,  the  frame  A%Di 
for  example,  the  relative  motions  of  the  remaining  links,  vis.,  crank  AiBt,  con- 
necting rod,  etc.,  will  become  absolute  motions  in  the  space  connected  with  the 
fixed  link.  Such  a  closed  kinematic  chain  in  which  one  link  is  fixed  is  called 
by  Reuleaux  a  meckanisniy  and  it  becomes  a  machine,  in  accordance  with  the 
above  definition,  when  an  external  force  so  acts  on  one  of  its  links  that  it  is 
obliged  to  move. 

§  31.  Fovmatlon  of  Meebanlsms  from  «  Kinomatlo  Cliaiii. — If  we  imag- 
ine the  link  AU^x  of  the  kinematic  chain.  Fig.  33,  fixed,  we  obtain  the  known 

Fig.  33. 


and  much-used  crank  mechanism.  As  regards  the  motion  of  the  separate  links 
it  is  first  of  all  clear  that  the  absolute  motion  of  the  links  adjacent  to  the  fixed 
one  A%Du  is  prescribed  by  those  pairs  connecting  the  fixed  link  with  the  adja- 
cent ones.  Thus,  for  example,  the  crank  A\B\  can  only  rotate  about  the  axis 
Ax,  and  the  two  centroids  which  determine  the  relative  motion  of  the  crank  AxBi 
to  the  bed-plate  A^Dx  are  in  this  case  reduced  to  a  single  point — the  centre  of 
the  shaft  Ax.  In  like  manner  we  recognize  that  the  motion  of  the  cross-head 
CxD^  can  only  shift  or  move  in  a  straight  line  as  is  required  by  the  sliding  or 
prismatic  pair  D  connecting  the  cross-head  CxDi  with  the  fixed  link  AtDx.  The 
motion  of  a  link  like  the  connecting  rod  B^C%^  which  is  not  directly  united  to  the 
fixed  link  but  is  connected  with  the  latter  by  means  of  intermediate  links,  is  of 
a  more  composite  nature,  for  the  motion  of  B^Ci  depends  upon  the  nature  of  the 
pairs  ^.and  C  connecting  it  with  the  adjacent  links  as  well  as  upon  the  pairs  A 
and  D  which  connect  the  intermediate  links  with  the  fixed  one.  In  the  present 
case^  therefore,  the  motion  of  B^Ci  depends  upon  all  of  the  four  pairs.  If  we 
wish  to  determine  the  absolute  motion  of  such  a  link  B^C%y  f.^.,  its  relative 
motion  to  the  fixed  one  A^D\^  it  will  only  be  necessary  to  draw  in  the  manner 
indicated  in  §  8  the  centroids  for  the  motion.  By  so  doing  two  centroids  will  be 
obtained  one  Px  fixed  and  connected  with  the  link  A^xy  and  a  movable  one  P% 


Ixvi  IN  TROD  UCTION:  [§  3 1  • 

attached  to  the  connecting  rod  B%C%f  the  latter  centroid  is  to  be  regarded  as  roll- 
ing on  the  former. 

Now  although  the  motion  of  the  connecting  rod  B^C%  is  dependent  on  the 
nature  of  all  the  pairs  Ay  B,  C,  and  2?,  it  nevertheless  can  be  shown  that  this 
motion  may  be  composed  of  only  two  motions,  one  of  which  will  correspond  to 
the  pair  uniting  the  rod  with  its  neighbor,  while  the  other  motion  belongs  to  the 
pair  which  joins  this  neighbor  with  the  fixed  link.  We  can  imagine  the  motion 
of  the  rod  BC  to  be  a  combination  of  a  rotation  about  B  with  a  rotation  about  A, 
or  on  the  other  hand  we  can  regard  it  as  a  rotation  about  C  combined  with  a 
sliding  along  the  prism  D. 

In  order  to  recognize  this,  we  have  only  to  imagine  an  additional  motion  com- 
municated to  the  whole  system  which  shall  be  equal  and  opposite  to  the  rotation 
of  the  crank  AB  about  A  ;  the  relative  motion  of  the  various  links  will  remain 
unchanged.  There  will  result,  however,  a  different  arrangement  of  the  mechan- 
ism, for  the  crank  AB  will  now  be  at  rest  and  the  formerly  fixed  bed-plate  AD 
will  have  commenced  to  rotate  about  A,  The  absolute  motion  of  the  other  two 
links  BC  and  CD  is  of  course  also  changed  by  the  communication  of  an  additional 
motion,  the  rod  BC  having  now  only  a  motion  of  rotation  about  B.  But  this  rod, 
when  AD  was  the  fixed  link,  had  a  motion  which  corresponded  to  the  rolling  of 
the  centroid  P%  on  the  fixed  centroid  P\^  and  this  latter  motion  was  reduced  to  a 
rotation  about  B  by  adding  a  rotation  about  A ;  from  this  it  follows  that  the  abso- 
lute motion  of  the  rod  BC  when  AD  is  fixed,  must  be  composed  of  two  rotations 
about  A  and  B,  This  may  also  be  illustrated  by  means  of  the  figure.  If  we 
imagine  the  crank  moved  out  of  its  position  BA  into  another  position  AB\  C 
will  move  to  C  and  the  rod  BC  will  then  be  in  the  position  B'C.  But  the  rod 
^Cwill  also  be  transferred  to  the  same  position  by  rotating  it  first  about  A  till 
it  comes  into  the  position  B'Cq^  the  rod  during  this  rotation  being  supposed 
to  be  rigidly  attached  to  the  crank  at  B  and  consequently  moving  through 
the  same  angle  ;  the  rod  can  now  be  brought  to  the  position  B'C  by  rotating  it 
about  B. 

If,  on  the  other  hand,  we  communicate  to  the  whole  system  in  which  the  bed- 
plate ^ID  is  again  supposed  to  be  fixed,  an  additional  motion  equal  and  opposite 
to  the  sliding  of  the  cross-head  CZ?,  the  cross-head  will  be  brought  to  rest  while 
the  frame  AD  will  assume  the  sliding  motion.  The  motion  of  the  connecting 
rod  BC  is  now  reduced  to  a  rotation  about  C,  and  in  the  same  manner  r.s  above 
we  can  infer  that  the  motion  of  the  connecting  rod  when  the  frame  is  held  fast, 
is  composed  of  a  rotation  about  C  and  a  sliding  along  the  prism  D.  This  pecu- 
liarity or  property  of  the  motion  of  BC  can  also  be  perceived  from  the  figure. 
For  this  purpose  let  the  crank  AB  he  moved  to  AB'\  C  will  move  to  C\  and 
therefore  BCio  its  new  position  B" C\  It  will  then  be  seen  that  the  rod  can 
also  be  moved  from  BCio  B'C"  by  sliding  an  amount  equal  to  CC",  bringing  the 
rod  to  BqC  and  then  rotating  about  C"  till  Bq  coincides  with  B'\ 

We  have  therefore  proved  the  assertion  made  above,  that  the  motion  of  any 
link  {BC)  is  composed  of  two  motions  of  which  the  first  is  like  that  allowed 
by  one  of  the  pairs  (^  or  C)  connected  by  this  link,  and  the  second  like  that 
which  this  pair  can  assume  by  virtue  of  its  connection  [A  or  L)  M'ith  the  fixed 
link. 
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If  we  consider  one  of  the  cases  already  discussed,  for  example  that  in  which 
the  crank  is  stationary  because  of  an  additional  rotation  imparted  to  the  whole 
system,  wewil]  have  a  mechanism  in  which  the  links  BC  and  y^/>,  adjacent  to  the 
crank,  have  only  motions  of  rotations  about  B  and  A  respectively,  their  centroids 
reducing  themselves  to  these  axes.  The  fourth  link  CD,  however,  has  a  compound 
motion,  which  according  to  the  above  law  may  be  regarded  as  composed  of  one 
rotation  about  C  and  another  about  B,  or  of  a  sliding  along  D  and  a  rotation 
about  A,  This  motion,  like  that  of  the  connecting  rod,  may  also  be  conceived  as 
a  rolling  motion  by  bringing  in  centroids.  By  means  of  the  construction  given  in 
§  8  we  get  two  centroids,  one  F%  connected  with  the  fixed  crank,  the  other  P^ 
united  to  the  cross-head  and  rolling  on  the  first. 

If,  on  the  other  hand,  we  wish  to  bring  the  cross-head  CD  to  rest,  we  start 
with  the  original  supposition  that  the  frame  AD  i%  held  fast,  and  then  suppose 
the  whole  system  to  be  subjected  to  a  sliding  parallel  to  the  prism  D.  After  con- 
structing the  centroids  representing  the  motion  of  the  crank  with  respect  to  the 
cross-head  we  should  find  that  we  had  the  very  same  curves  Pz  and  Pa  as  when 
the  crank  was  held  fast,  only  the  centroid  Pa  belonging  to  the  cross-head  would 
be  regarded  as  fixed,  while  Pt  would  be  movable.  A  perfectly  analogous  relation 
exists  between  the  two  opposite  links  AD  and  BC\  if  the  connecting  rod  ^Cbe 
made  stationary,  the  centroids  representing  the  motion  of  the  frame  AD-^'xih. 
respect  to  the  connecting  rod  will  be  the  very  same  centroids  Pi  and  /'a  that  were 
found  when  the  frame  AD  was  fixed,  the  only  difference  being  that  the  centroid 
Pi  attached  to  the  connecting  rod  is  now  the  fixed  curve  and  Pi  the  moving  one, 
while  the  reverse  obtained  when  AD  was  fixed. 

The  foregoing  discussions  have  shown  how  it  is  possible  to  derive  from  the 
same  kinematic  chain  as  many  mechanisms  as  there  are  links,  by  successively  fix- 
ing or  holding  fast  the  various  links  of  the  chain.  DiiTerent  as  the  motions  of 
these  mechanisms  frequently  seem,  they  all  have  for  their  basis  the  same  law  of 
relative  motions  which  is  expressed  by  the  same  centroids.  This  law  of  the  for- 
mation of  mechanisms  hy  fastening  various  members  of  a  kinematic  chain  is  of  the 
greatest  importance  in  machinery,  and  was  first  discovered  by  Rculcaux, 

liltentture* — The  introduction  of  kinematics  as  the  special  science  of  motion, 
without  considering  the  forces  causing  the  motion,  is  due  to  Ampere,  see  his 
"  Essai  sur  la  Philosophie  des  Sciences,"  1830.  The  instantaneous  centre  was 
first  recognized  by  Descartes  (1724)  in  generating  cycloids,  and  was  found  hy  Johann 
Bernouilli  for  the  general  motion  of  a  plane  system  (1742).  Of  greater  impor- 
tance to  theoretical  kinematics  are  the  papers  of  Chcules  (Comptes  rend,  de 
TAcademie  T.  XVI,  1843,  and  T.  LI,  i860;  see  also  his  "  Aper9u  Historique," 
translated  into  German  by  Soknke,  Halle,  1839),  also  Poinsot's  ''  Theorie  de  la 
rotation  des  corps"  and  **  Theorie  des  cones  circulaires."  The  following  works 
treat  the  subject  of  Kinematics  very  fully.  Laboulaye,  **Cinematique/*  1849; 
Giraulty  *'  Elemens  de  geometric  appl.  i  la  transformation  du  mouvement,"  1858; 
Pcsa/,  **  Traite  de  Cinematique  pure,"  1862  ;  Be/anger,  *'  Traite  de  Cinematique 
pure,"  1864;  and  Sc/ie//,  "Theorie  der  Bewegung  und  Kr&fte,"  1870.  For  the 
work  of  Bresse^  who  first  discovered  the  circles  called  by  his  name  and  mentioned 
in  §  15,  see  **  Journal  de  I'ecole  polytechnique,  T.  XX,'*  1853.     The  works  of 
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Ckelini^  Gilbert^  Aronhold,  and  others  are  also  of  importance.  Willises  **  Princi- 
ples of  Mechanism,"  1841,  is  a  valuable  work  full  of  practical  applications  ;  Gium 
lio's  **  Cinematica  applicata,"  also  deserves  special  mention.  Reuleaux's  "  Theo- 
retishe  Kinematik,"  1875,  has  already  been  frequently  referred  to;  there  is  also 
an  excellent  English  translation  of  this  latter  work  '*  Kinematics  of  Machinery  *' 
by  Prof,  A.B,  W,  Kennedy. 
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JOURNALS,  SHAFTING,   COUPLINGS,  AND  BEARINGS. 

§  I.  Joumalfi. — ^A  journal^  in  machinery,  is  a  rigid  body 
bounded  by  a  surface  of  revolution  about  whose  axis  the 
machine-part  attached  to  the  journal  may  turn.  Journals 
are  generally  of  a  cylindrical  form,  though  other  forms  of 
revolution  do  occur,  such  as  cones,  spherical  surfaces  and 
flat  surfaces  or  pivots ;  these  last  are  often  employed  for  up- 
right shafts. 

In  order  that  the  journal  and  the  machine-part  to  which 
it  is  fastened  may  rotate  about  the  axis,  to  the  exclusion  of 
every  other  motion,  it  is  necessary,  according  to  §  28  of  the 
Introduction,  that  another  piece  be  employed,  of  such  a  hol- 
low form  that  it  will  enclose  the  journal.  To  this  piece  the 
name  bearing  is  given.  The  journal  and  its  bearing  therefore 
constitute  the  pair  of  elements  designated  above  as  the  turn- 
ing pair;  the  hollow  interior  of  the  bearing  must  conse- 
quently coincide,  either  wholly  or  partially,  with  the  exterior 
of  the  journal.      In   many 


Fig.  34. 


Fig.  35. 


cases  the  journal's  cylindri- 
cal surface  is  completely 
enclosed  by  the  bearing,  as 
in  Fig.  34,  but  it  frequently 
happens  that  there  is  con- 
tact at  only  a  few  parts  of 
the  surface  of  the  journal,  as  in  Fig.  35.    The  restraining  sur- 
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faces  aaa  must  generally,  however,  have  such  an  arrange- 
ment that  the  position  of  the  geometrical  axis  will  remain 
fixed  ;  this  requires  that  a  cross  section  of  the  journal  be  re- 
strained at  least  at  three  points,  and  that  any  two  adjacent 
directions  of  restraint  include  an  angle  of  less  than  iSo**.  Only 
in  those  cases  where  external  forces  are  either  not  expected  to 
occur  in  certain  directions  or  are  more  than  neutralized  by 
other  external  forces,  will  a  restraint  or  support  suffice  which 
does  not  fulfill  the  above  conditions.  Thus,  for  example,  it  is 
generally  sufficient  to  support  the  journals  of  heavy  water 
wheels  by  means  of  half  cylindrical  bearings,  as  in  Fig.  36, 

since  the  great  weight  of  the  wheel  is  generally 
sufficient  to  prevent  the  journal  from  obeying 
any  external  influences  which  tend  to  raise  it. 
The  length  of  the  journal,  i.e.^  the  dimension 
^^  in  the  direction  of  the  axis,  may  be  made  of  any 
desired  magnitude  if  we  consider  only  the  possi- 
bility of  rotation  aijd  leave  out  of  account  other  practical 
considerations,  for  during  the  turning  of  a  body  every  point 
in  the  axis  of  rotation  remains  at  rest.  We  can,  therefore, 
select  any  portions  of  the  solid  of  revolution  surrounding 
the  axis  Ay  and  form  them  into  separate  journals  by  giving 
to  each  portion  a  bearing.  This  is  done  in  all  those  cases 
in  which  considerations  of  strength,  etc.,  require  that  the 
rotating  piece  shall  be  supported  at  different  points.  It  is 
of  course  a  necessary  condition  of  all  such  constructions  that 
all  the  journals  belonging  to  a  given  machine-piece  must  be 
solids  of  revolution  having  the  same  geometrical  axis,  other- 
wise the  body  would  not  revolve  at  all  or  would  only  do  so 
accompanied  by  bends  and  other  strains  in  its  different  parts. 

§  2.   Axlefiy   Shaftfi,  and  Sliaftlnir.*— The   machine*piece 
which  has  a  motion  of  rotation  relatively  to  its  supports  and 

*  [These  terms  are  used  somewhat  indiscriminately,  but  we  may  define  an  axle 
as  a  rotating  bar  subject  principally  to  bending  stress,  a  shaft  as  a  rotating  bar 
which  is  subject  principally  to  twisting  stress,  and  shafting  as  a  line  of  connected 
shafts.  When  the  axles  or  shafts  are  small,  the  terms  arbor  and  spindle  are  often 
substituted.  As  shafts  are  often  subject  to  considerable  bending  as  well  as  twist* 
ing  stress,  we  can  properly  regard  the  term  shaft  as  the  more  general  one. — TRANS.] 
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IS  provided  with  journals  is  called  an  axle  or  shaft.  Owing 
to  the  frequency  with  which  rotary  motions  occur  in  ma- 
chinesy  shafts  with  their  journals  and  bearings  are  very  im- 
portant  parts  of  machinery  and  fully  justify  a  closer  examina- 
tion. Whenever  the  rotation  of  a  shaft  or  a  journal  is  spoken 
of,  the  relative  motion  of  this  piece  to  its  support  must  be 
understood ;  for  although  the  bearing  is  generally  fixed  while 
the  journal  revolves,  the  character  of  the  motion  is  not 
changed  when  the  journal  or  shaft  is  fixed  and  the  bearing 
revolves,  or  when,  as  is  often  the  case  with  jointed  rods,  both 
journal  and  bearing  revolve. 

An  axle  serves  to  support  machine-pieces  which  rotate ; 
for  example,  we  speak  of  the  axles  of  pulleys  used  in  rope 
transmissions  and  of  the  axle  of  a  water-wheel.  When  the 
axle  is  horizontal,  the  weight  of  the  parts  (pulleys,  water- 
wheels,  etc.)  which  it  carries  and  such  external  forces  as  the 
tension  of  the  rope  and  the  weight  of  the  water  all  tend 
to  break  the  axle,  and  its  dimensions  must  therefore  be  de. 
termined  in  accordance  with  those  principles  of  the  Strength 
of  Materials  which  relate  to  flexure.  It  often  happens,  as  in 
knuckle  joints,  that  the  weight  of  the  carried  parts  is  insig- 
nificant in  comparison  with  the  external  forces  acting  on 
them  ;  on  the  other  hand,  the  weight  of  the  carried  parts  is 
sometimes  greatly  in  excess,  as  in  railway  axles.  When  the 
shaft  is  vertical  the  weight  of  the  carried  pieces  tends  to  crush 
and  bend  the  shaft ;  this  is  likewise  true  of  the  vertical  com- 
ponents of  the  external  forces  that  act  obliquely  on  the  shaft. 

The  journals  which  sustain  the  pressures  acting  in  the 
direction  of  the  axis  of  an  upright  shaft  are  called  pivots. 
The  journals  belonging  to  horizontal  and  inclined  shafts  and 
axles  are  sometimes  called  gudgeons,  but  more  often  journals ; 
we  will  therefore  hereafter  confine  the  term  journals  to  hori- 
zontal and  inclined  shafts  and  axles. 

SItafting  is  employed  in  shops  for  transmitting  rotary 
motion  from  the  prime  movers  to  the  operators  or  special 
machinery  of  the  shop.  On  account  of  their  great  length 
they  must  be  supported  by  bearings  at  a  greater  number  of 
points  than  is  necessary  for  ordinary  axles  and  shafts,  for 
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which,  as  a  rule,  two  supports  or  journals  are  sufficient.  If 
we  suppose  a  line  of  shafting  to  receive  power  at  a  point  {A) 
and  to  give  it  off  to  some  machine  at  another  point  {E)^  the 
torsion,  due  to  the  twisting  moment  transmitted,  will  be  felt 
by  every  part  of  the  shaft  situated  between  {A)  and  {B).  All 
the  journals  situated  between  these  points,  at  which  the 
forces  enter  and  leave,  are  subjected  to  torsion,  while  the 
journals  which  lie  outside  these  points  (-4)  and  (-ff)are  not  ex- 
posed to  this  twisting  strain,  but,  like  the  journals  of  axles,  are 
strained  only  or  principally  by  pressures  and  weights  acting 
transversely.  These  latter  journals  may  be  called  enci-jour^ 
nals  in  contradistinction  to  the  neck-journals  which  lie  be- 
tween the  points  at  which  the  force  is  received  and  given  off. 
Strictly  speaking  the  journals  of  a  line  of  shafting  and  the 
shafting  itself  are  subjected  not  only  to  twisting  stresses,  but 
to  bending  stresses  by  the  vveigTits  of  the  rotary  pieces,  by  the 
pressures  of  gear  wheels,  by  the  tension  of  belts,  etc. ;  but  as 
a  rule  the  bending  moment  is  small  in  comparison  with  the 
twisting  moment,  and  may  be  neglected.  In  like  manner 
all  axles  and  the  end-journals  of  shafts  are  subjected  not 
only  to  bending  stresses  but  also  to  a  slight  twisting  stress 
due  to  the  frictional  resistances  on  the  journal.  This  resist- 
ance is,  however,  almost  always  insignificant  in  comparison 
with  the  bending  stress.  Nevertheless  cases  may  occur  in 
which  both  the  bending  and  twisting  stresses  are  considerable, 
in  which  cases  the  dimensions  must  be  calculated  according 
to  the  rules  established  for  compound  stress.  Such  a  case 
occurs,  for  example,  in  the  axle  of  a  water-wheel,  which  is 
subjected  between  its  two  bearings  to  the  heavy  load  due  to 
the  weight  of  the  wheel,  and  which  transmits  its  energy  to  a 
toothed  wheel  fastened  to  the  axle,  the  latter  having  been 
prolonged  beyond  one  of  the  bearings  for  this  purpose.  The 
neck-journal  between  the  water-wheel  and  toothed  wheel  is 
subjected  to  a  considerable  twisting  and  bending  stress,  while 
the  other  or  end-journal  of  the  axle  is  only  subjected  to  a 
considerable  bending  stress.  It  is  evident  that  when  the 
construction  is  such  that  the  toothed  wheel  is  directly  geared 
to  the  crown  of  the  water-wheel,  the  twisting  moment  on  the 
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axle  will  only  be  the  insignificant  amount  due  to  friction  on 
the  journals.  Such  constructions  are,  therefore,  often  chosen 
for  hoisting  drums  as  well  as  for  water-wheels,  in  order  that 
the  shaft  or  axle  may  not  be  subjected  to  torsion, 

§  3*  l^ta®  Dlmentions  of  End-Jonmals.— The  form  of 
these  journals  is  usually  cylindrical,  motion  in  the  direction 
of  the  axis  being  prevented  by  shoulders  on  one  side  as  at  j9, 
P^g-  37>  or  on  both  sides  as  at  A  and  B^  Fig.  38.    The  diam- 


FiG.  37. 


Fig.  38. 


eter  d  of  such  a  journal  is  determined  from  the  load  P  to 

which  it  is  subjected,  by  means  of  the  well  known  formula 

W 
for  the  strength  of  a  beam  fixed  at  one  end  i  M  =^  k  —  (see  I. 

e 

§  235)-     M  is  here  the  maximum  bending  moment  given  for 

the  point  B  by 

M=  P-, 

2 

the  pressure  P  being  supposed  to  act  at  the  middle  of  C  of 
the  journal.  Wis  the  moment  of  inertia  of  the  cross-section 
of  rupture  and  k  the  greatest  permissible  stress  occurring  in 
the  fibre  which  is  subjected  to  the  maximum  strain,  and 
whose  distance  from  the  neutral  layer  is  designated  by  e. 
Since  for  a  circular  cross-section 


we  have  here 


e         32     . 


2      32 
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If  we  put 


we  get, 


i- 


32  A 


or, 


^/=2.26|/P^- 


For  a  given  pressure  Py  therefore,  the  diameter  of  the  jour- 
nal will  be  the  greater  the  smaller  the  permissible  stress  k  of 

the  material  and  the  greater  the  ratio  X  =  --^,     The  diameter 

of  the  journal  is  directly  related  to  the  mechanical  work  con- 
sumed by  the  friction  of  the  journal,  for  although  the  ainowtt 
of  this  friction  /i  P  is  nearly  independent  of  the  journal's  diam- 
eter ^/,  the  work  of  friction  per  revolution  jxP.dn  increases 
with  and  is  directly  proportional  to  the  diameter  of  the  jour- 
nal.     In  order  therefore  that  this  resistance  be  reduced  as 

• 

much  as  possible,  the  diameter  of  the  journal  is  to  be  made  as 
small  as  is  consistent  with  durability.  From  the  above  for- 
mula for  d  it  follows  that,  in  order  that  d  be  as  small  as 
possible,  it  is  necessary  to  take  k  as  large  as  possible.  For 
this  reason  the  journals  are  made  of  the  strongest  materials, 
usually  either  of  wrought  iron  or  of  steel,  cast  iron  being 
seldom,  and  wood  never  used.  Even  when  for  practical 
reasons  a  shaft  is  made  of  cast  iron  it  is  quite  customary 
to  attach  to  it  journals  either  of  wrought  iron  or  steel,  in  order 
that  minimum  diameters  may  be  obtained.  This  happens 
especially  when  for  economical  reasons  the  iron  shaft  is  cast 
hollow,  in  which  case  if  the  journals  were  likewise  to  be  of 
cast  iron,  convenience  of  construction  would  require  that  they 
should  also  be  hollow,  that  is  of  large  diameter.  Hollow  cast 
iron  journals  should  never  be  used,  indeed  the  use  of  cast 
iron  for  journals  and  shafts  is  becoming  less  and  less  frequent. 
Moreover,  the  diameter  d  of  the  journal  is  smaller,  the 

smaller  we  assume  the  length  /,  or  the  ratio  "k  —  --.,  conse- 
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quently  the  journal  would  have  to  be  as  short  as  possible  if 
the  only  question  to  be  considered  were  the  reduction  of  the 
loss  of  work  which  is  due  to  friction.  But  in  order  that  the 
journal  may  satisfy  the  important  practical  condition  of  suffi- 
cient durability,  its  length  cannot  be  diminished  below  a  cer- 
tain amount.  For  the  effect  of  friction  is  always  to  cause 
a  wearing  away  of  journal  and  bearing,  which  wear,  we  know 
from  experience,  increases  with  the  specific  pressure,  Le.y  with 
the  pressure  per  unit  of  bearing  surface.  We  are  therefore 
obliged  to  prevent  the  pressure  per  unit  of  surface  of  the  jour- 
nal from  exceeding  a  certain  amount,  and  from  this  follows  a 
certain  ratio  A.  between  length  and  diameter  of  journal,  below 
which  we  cannot  go.  Now  the  projection  of  the  bearing 
surface  on  a  plane  at  right  angles  to  the  direction  of  press- 
ure, for  a  cylindrical  journal  of  diameter  d  and  length  l—\dy 
is  expressed  by, 

/=  Id^  \d^\ 

then  if  /  represents  the  highest  permissible  pressure  per  unit 
of  projected  area,  we  must  have  besides  the  above  formula 
for  the  strength  of  the  journal,  another  involving  the  con- 
dition of  durability  which  is  as  follows: 

or, 


-\/k 


Putting  this  value  of  d  equal  to  that  found  above,  we  have 


rf  =  2.36  j/4  =  |/^ 


and  for  \  the  expression. 


\  =  0.442 
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The  ratio  A  =  —  therefore  depends  not  only  on  the  per- 

d 

missible  stress  k  of  the  material  of  the  journal,  but  also  on 
that  amount  of  pressure/ which  experience  has  shown  will 
give  durability  with  minimum  (cubical)  wear.  Since  the  wear- 
ing away  of  a  bearing  depends  not  only  upon  the  material, 
but  also  most  markedly  upon  the  speed  of  the  journal,  an  in- 
crease in  speed  being  accompanied  by  increased  work  of  fric- 
tion, and  as  a  consequence  by  increased  molecular  work  and 
heating oi  the  journal,  it  follows  that  in  choosing  /  or  A,  the 
speed  must  be  taken  into  account,  \  being  assumed  greater  as 
the  speed  is  greater.  In  practice  it  is  customary  to  choose  the 
ratio  X  between  1.5  and  3  for  continuously  running  journals, 
while  for  journals  which  are  subjected  to  but  a  slight  motion, 
as  joint  pins,  the  ratio  of  length  to  diameter  is  assumed  smaller, 
and  is  often  as  small  as  0.5.  \  having  been  chosen  in  accord- 
ance with  the  circumstances  just  mentioned,  we  have  for  the 
diameter  according  to  the  above  formula : 


d  =  2.26 


\P\- 


VK 


For  ease  of  calculation  the  following  little  table  has  been  pre- 
pared containing  the  values  of  a  =  2.26  y    j  when  X  equals 

0.5,  I,  1.5,  2,  2.5,  and  3,  and  Z'  =  3  [4,270  lbs.  per  sq.  in.] 
for  cast  iron,  k  =  6  [8,530  lbs.]  for  wrought  iron,  and  it  =  10 
[14,220  lbs.]  for  cast-steel  journals. 


Cast  iron,  k  =  3 

•     =  4,270 .... 
Wrought  iron,  >6  =  6 

=  8.530  •  •  •  • 
Cast  steel,         k  =  10 

=  14,220  . . . 


O.S 

x.o 

»S 

8.0 

a.  5 

0.92 

1.30 

1.60 

1.84 

2.06 

0.024 

0.035 

0.042 

0.049 

0.055 

0.65 

0.93 

I.T3 

1.30 

1.46 

0.017 

0.024 

0.030 

0.035 

0.039 

0.51 

0.72 

0.83 

1. 01 

I    13 

0.013 

0.019 

0.023 

0.027 

0.031 

3.0 


2.26 
0.060 

1-59 
0.042 

1.24 

0.033 
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Note. — ^The  ratio  of  length  to  diameter  of  journal  for  cast 
and  wrought-iron  journals  should,  according  to  RedtenbacJur^ 
be  taken  independent  of  the  velocity  and  equal  to 

a  ^cm  L  ^ins.J 

which  would  give  for  a  journal  of  50  millimetres  [2  ins.]  diam- 
eter a  ratio 

I  .    0-87  o 

=  1.21  +  — ^  =1.38. 
a  5 

According  to  Wiebe  f  the  ratio  A.  should  be  assumed  as  in- 
dependent of  the  material  employed  and  equal  to  A  =  |  v^;?, 
where  n  represents  the  number  of  revolutions  per  minute. 
This  would  give  for  90  revolutions  A,  =  1.5  and  for  400  revo- 
lutions il  =  2.5. 

Reuleaux  %  makes  the  ratio  of  length  to  diameter  depend- 
ent on  the  material  and  on  the  number  of  revolutions  «,  and 
gives  A  =  /?  V^  when  y^  =  0.12  for  wrought-iron  journals  in 
gun  or  Babbitt  metal  bearings,  and  /?  =  0.15  for  cast-steel 
journals  in  gun  metal  or  Babbitt  bearings.  This  makes,  for 
«  =  150,  A  respectively  equal  to  1.5  and  1.8  and  for  \qo  rev- 
olutions A  =  2.4  and  3.  According  to  the  same  writer  A  =  f 
for  cast-iron  journals  and  A  =  1,75  for  wrought-iron  journals 
in  cast-iron  bearings. 

Examples,  i.  When  the  cast-iron  end-journal  of  the  shaft  of  a  water-wheel 
is  subjected  to  a  load  of  3,000  kilograms  [6,614  lbs.]  and  \  assumed  equal  to  1.33, 
we  get  for  the  diameter, 

d  =  2.26  4/  3,000  — ^  -  =  82.5  mm  [3.3  ins.] 

and  for  the  length  of  the  journal,  /=  1.33  x  82.5  =  no  mm  [4.4  ins.]. 

2.  An  end-journal  (not  subjected  to  torsion)  of  wrought-iron  shafting  making 

*  Redtenbacher^  Resultate  fUr  den  Maschinenbau,  66. 

f  Wiebe y  Die  Lehre  von  den  einfachen  Maschinentheilen,  §  105. 

X  Reuleaux,  Der  Constructeur,  III.  Edition,  §  79. 
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120  revolutions  per  minute  is  subjected  to  a  load  of  1,200  kUograms  [2,650  lbs.]. 
What  should  be  its  dimensions  ? 

Taking  the  ratio  A.  =  1.5,  the  above  table  gives 


d  -=.  1. 13  Vi,200  =  39.2  mm  [1.56  ins.], 
and  therefore  the  length /=  58.8  mm  [2.34  ins.]. 

§  4.  PlToUk — By  pivot  is  meant  the  end  journal  which 
sustains  the  pressure  acting  in  the  direction  of  the  axis  of  an 
upright  shaft.  This  pressure  is  composed  of  the  weight  of 
the  shaft,  the  weight  of  the  machine  parts  (wheels,  etc.)  at- 
tached to  it,  and  the  vertical  components  of  forces  acting 
obliquely  to  the  axis.  Pivots  are  generally  the  lowest  parts 
of  upright  shafting,  though  there  are  cases  in  which  a  hollow 
shaft  is  provided  at  its  upper  end  with  a  pivot  which  rests  in 
a  bearing  or  foot-step  that  is  supported  by  a  fixed  spindle 
placed  within  the  hollow  shaft.  Examples  of  this  may  be 
found  in  turbines  and  in  centrifugal  machines  suspended  pen- 
dulum fashion.  In  cranes  with  fixed  post  the  foot-step  at- 
tached to  the  movable  frame  of  the  crane  turns  about  the 
fixed  pivot  on  the  upper  part  of  the  crane  post. 

Pivots  are  subjected  to  compression  by  the  axial  pres- 
sures which  they  must  sustain.  A  calculation  of  their  dimen- 
sions taking  into  account  only  their  resistance  to  crush- 
ing, would  in  most  cases  give  so  small  a  cross  section  as  to 
cause  rapid  wear  of  the  journal  and  a  still  more  rapid  wear  of 
the  bearing.  Particularly  with  high  speeds  would  wearing 
and  heating  of  the  pivot  be  considerable,  requiring  that  the 
diameter  of  the  pivot  be  determined  with  reference  to  the 
number  of  revolutions  of  its  shaft.  For  journals  subjected 
to  but  a  slight  amount  of  motion,  as  the  pivots  of  turn- 
tables, cranes,  etc.,  it  may  suffice  to  determine  the  diameter 
d  of  the  pivot,  with  reference  only  to  resistance  to  compres- 
sion. If  for  this  case  p  represents  the  permissible  pressure 
per  unit  of  area  and  P  the  total  pressure  on  pivot,  we  can 
get  the  diameter  of  the  pivot  from  the  equation 


§4-]  PIVOTS.  II 

We  can  here,  according  to  Tredgold,  substitute  for  steel 
pivots/  =  S  kilograms  [7,1  lo  lbs.],  and  for  gun  metal  or  brass 
p  =  I,  kilogram  [1,420  lbs.].  For  the  pivots  of  more  rapidly 
running  shafts,  Reuleaux  gives  the  formula : 


rf=  0.1;  '/Pn, 


\d  =  0.004S  VPn], 


where  tt  represents  the  number  of  revolutions  per  minute. 
This  corresponds  to  a  permissible  pressure/  per  unit  of  area, 
which  may  be  obtained  from 

as  follows : 

This  gives  the  following  table : 


■  =IS0 

^ 

*i- 

^     ™ 

REvaLimoNS. 

per  sq.  in.  =  420. . . . 

0.15 

0.10 
140 

0.0750.044 
105       63 

Kilc^tam*. 
Pounds. 

Pivots  are  generally  made   cylindrical  with  the  circular 
edge  of  base  taken  off  as  in  Fig.  59,  or  rounded  as  in  Fig.  40. 


It  is  only  when  the  shaft  is  subjected  to  considerable  shock 
or  lateral  oscillation  that  it  is  customary  to  turn  the  pivot 
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into  a  spherical  shape  as  shown  in  Fig.  41,  for  in  such  a  case 

a  cyUndrical  pivot  would  give  rise  to  great  lateral  pressures. 

The  conical  form  of  pivot,  Fig.  42,  is  only  to  be  found  in  cer- 

fiG.  41.  Fio.  43. 


tain  machines,  for  example,  on  the  spindles  or  arbors  of  light 
lathes,  in  which  it  is  of  special  importance  that  the  axis  of 
the  spindle  shall  remain  invariable  in  position.  The  normal 
lateral  pressure  of  such  a  conical  journal  on  its  bearing  is,  it 
is  true,  greater  than  the  pressure  acting  in  the  direction  of  the 
axis  because  of  the  wedge  action  which  occurs,  the  friction  is 
consequently  greater  than  that  of  a  cylindrical  journal  with 
flat  end  surfaces ;  but  since  it  is  not  necessary  that  the  pivot 
should  enter  its  bearing  far,  the  path  of  pivot  friction  and 
consequently  the  work  of  friction  may  be  greatly  reduced. 
This  is  the  principal  reason  why  conical  pivots  are  so  often 
used  for  the  spindles  of  spinning  machines,  for  the  friction  of 
these  numerous  and  rapidly  rotating  spindles  (some  mills 
having  more  than  a  hundred  thousand  running  at  3,000  to 
4,000  revolutions  per  minute)  consumes  a  considerable  quan- 
tity of  work. 

The  attempts  made  to  substitute  for  the  conical  pivot 
another  having  for  profile  the  so-called  anti-friction  curve  * 
(see  I.,  p.  249)  have  not  led  to  the  universal  adoption  of  the 
latter,  though  in  individual  cases,  for  example  in  rotary  pumps, 
it  has  been  applied. 

Examples,  I.  The  movable  jib  of  a  crane  capable  of  sastaining  a  load  o( 
10,000  kilograms  [22,050  lbs.]  has  together  with  the  winding-gear  and  crane-post 
a  weight  of  2,500  kilograms  [5,512  lbs.];  what  should  be  the  diameter  of  the 
cast-steel  pivot  ? 

If  we  assume  the  greatest  permissible  load  on  the  pivot  to  be  j  kil(^;rams  pet 

•On  this  point,  and  on  the  calculation  ot  the  moments  of  friction,  see  Ri}-t, 
Civil-IngSnieur,   i860,   Nos.  3  and  4,  or  Zeitschrift  deulsch.  Ing.,  Vol,  V.  p. 
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square  millimeter  [7,110  lbs.  per  sq.  in.]  we  shall  obtain  for  the  necessary  area 
of  pivot 

12,500  •  r     «  .1 

■ —  —  =  2,500  mm'  [3.875  sq-  ms.], 


which  corresponds  to  a  diameter  of  pivot  equal  to  56.4  mm  [2.25  ins.]. 

2.  What  should  be  the  diameter  of  the  pivot  of  a  turbine  whose  wheel,  shaft 
and  toothed  gear  together  weigh  600  kilograms  [1,320  lbs.],  and  make  160  revo- 
lutions per  minute  ?  how  much  work  is  consumed  by  friction  of  pivot  ?  Assum- 
ing the  permissible  pressure  of  pivot  at 

/  =  ^~  =  0.276  kg  [0.393  lbs.], 

we  obtain  for  area  of  pivot 

600 


2,174  mm*  [3.37  sq.  ins.], 


0.276 

and  for  its  diameter 

d  =  52.6  mm  [2.08  ins.]. 

Assuming  o.i  for  coefficient  of  friction,  the  work  consumed  by  friction  will 
amount  to 

2  160  t  ., 

0.1  X  600   X   —  +  3.14  X  0.052  X  ——  =  17.5  meter-kilograms  per  second 

[126.6  ft.  lbs.  per  second]. 

§  5.    Collar  Joarnals.— It  is  evident  that  the  diameter  ^/ 
of  the  pivot,  and  consequently  the  moment  of  friction  of  the 

pivot  =  —  rf  .  9? /'(see  I.,  §  188),  will  be  greater,  the  smaller  we 

assume  the  pressure  per  unit  of  area  of  pivot.  The  moment 
of  friction  incr^eases  not  only  with  the  work  of  friction  but 
also  with  what  is  assumed  as  proportional  to  this  work, 
namely,  the  cudic  wear ;  in  other  words  the  cubic  content  of 
the  material  worn  off  the  pivot  and  its  bearing  increases 
directly  with  the  diameter  of  the  pivot.  In  order  that  the 
linear  wear  S  may  be  reduced  to  a  minimum,  we  can  make  d 
larger  than  d^^  the  diameter  of  pivot  obtained  from  considera- 
tions of  strength  only.  This  is  justifiable  because  the  work 
of  friction  and  consequently  the  cubic  wear  increase  directly 
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as  the  diameter,  while  the  linear  wear  varies  inversely  as  the 
square  of  tfie  diameter  when  the  cubic  wear  is  constant,  as 
may  be  seen  from  the  following  discussion.  If  we  assume 
instead  of  the  diameter  d^  necessary  for  strength,  a  diameter 
of  pivot 

the  work  of  friction  per  revolution  will  be 


where 


2  2 

A  =  -dn .  q)Pz=z  -  v d^n  .  <pP=z  vA'. 

3  3 


2 
Ao  =  -d^  n  .  (pP 


represents  the  work  of  friction  of  a  pivot  of  diameter  d^  If 
we  designate  the  linear  wear  of  the  two  pivots  d^  and  d  re- 
spectively by  do  and  tf,  the  cubical  wear  V^  and  V  may  be 
obtained  from : 


and 


4 


F=rf»  -S. 
4 


Since  we  may  assume  that 

F, :  V=A^:A, 

> 

we  obtain  by  substitution  of  the  foregoing  values: 

d^S^:d^  6  ^  A^:  vA^; 
or  putting  d  ==  vd^i 


'0 

i.e.. 


6^:  v^S  =z  I  :  V, 


y 
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which  justifies  the  above-made  assertion  that  in  spite  of  the 
increase  of  the  moment  of  friction,  the  linear  wear  dimin- 
ishes  inversely  as  the  diameter  of  the  pivot. 

If,  therefore,  the  diameter  of  the  journal  be  increased,  a 
correspondingly  more  reliable  construction  will  be  obtained 
by  reducing  the  hurtful  play  caused  by  the  wear,  but  it  will 
be  at  the  expense  of  economy,  for  the  larger  journal  neces- 
sarily involves  a  greater  loss  of  mechanical  work,  and  a  greater 
expenditure  of  the  lubricant  and  of  the  material  of  the  bear- 
ing. Now  in  machinery,  shafts  frequently  occur  which  are 
subject  to  great  pressures  and  are  run  at  high  speeds ;  it  is  all- 
important  that  these  shafts  be  as  free  as  possible  from  vibra-  , 
tion;  in  other  words,  the  pressure/  on  their  journals  must  be  as- 
sumed as  small  as  possible.  Such  shafts  occur,  for  example,  in 
turbines  and  in  screw  propellers  as  well  as  in  the  upright  shaft- 
ing of  mills,  factories,  and  other  technical  works.  If  we  were 
to  apply  to  these  cases  pivots  of  ordinary  design,  we  might 
often  obtain  diameters  considerably  greater  than  the  greatest 
diameter  of  shaft.  This  difficulty  can  in  a  certain  degree  be 
overcome  by  employing  the  collar  journal  AB,  Fig.  43.  Here 
the  supporting  surface  is  not  placed  on  the  end  of  the  shaft, 
but  is  distributed  over  numerous  annular 
surfaces  formed  by  collars  fixed  to  the  shaft  "  *^ 

and  resting  on  corresponding  projections  of  ' 

the  bearing;  the  latter  must  of  course  be 
composed  of  two  parts  in  order  that  it  may 
enclose  the  shaft.  If  rf  represents  the  mean 
diameter  of  these  rings,  b  their  width  radi- 
ally, s  their  number,  and  p  the  pressure  per 
unit  of  area,  we  shall  have  evidently 

sn  db p  =  P. 

From  this  it  is  very  evident  that  for  a  given  pressure  P,  and 
a  given  diameter  of  shaft,  the  specific  pressure  /  may  be 
diminished  at  pleasure  without  at  the  same  time  increasing 
th?  lever  arm  of  the  friction.  For  this  purpose  it  will  only  be 
necessary  to  choose  an  appropriate  number,  z,  of  rings,  the 
lever  arm  of  friction  in  all   cases  being  very  nearly  equal  to 
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— .*     From  this  follows  that  the  collar  journal  will  be  more 
2  ^ 

economical  than  the  ordinary  pivot  in  all  those  cases  in  which 

the  lever  arm  of  friction  of  the  latter  equals  \d  and  exceeds 

the  radius  of  the  shaft  at  the  journal  by  more  than  half  the 

width  of  the  annular  ring. 

Besides  the  property  just  determined,  by  virtue  of  which 
the  linear  wear  can  be  diminished  at  pleasure  by  a  suitable 
increase  of  bearing  surface,  without  entailing  an  increased  loss 
of  work,  the  collar  journal  possesses  an  advantage  often  of  the 
greatest  importance  in  many  designs,  namely,  it  is  not  nec- 
essary to  place  the  journal  at  the  end  of  the  shaft,  any  other 
part  of  the  shaft  being  equally  well  adapted  to  receive  it.  For 
this  reason  the  collar  journal  has  been  almost  universally 
adopted  for  screw  propellers,  and  is  also  often  applied  to  up- 
right shafts  in  which  the  lower  end  must  be  free  to  receive 
wheels,  or  in  which  it  is  desirable  to  have  the  bearing  above 
water. 

As  regards  the  proportions  of  collar  journals,  ReuleauXy 
making  d  the  mean  diameter  of  the  rings  and  n  the  number 
of  revolutions  per  minute,  gives  the  formula : 


d  =  0.04  A/  —^y  \d  =  0.307  A/     ^8  .  J. 

This  assumes  that 

b  —  1.2  V^    {b  =  0.24  V^]. 
This  formula  corresponds  to  the  supposition  that  the  high- 

*  Strictly   speaking  the   lever  arm    of    friction   should    be    put    equal    to 

i s  (see  I.,  §  188)  where  n  and  ra  respectively  represent  the  inner  and 

outer  radius  ;  if,  however,  the  width  b  is  small  relatively  to  the  diameter,  we  can 


substitute  for  this  lever  arm 


-  • 


§5-] 

obtain  from  it 
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Since 

P=^zndbp  —  z  X  3.14  d  x   1.2  ^d  x  /  =  3.77  -sr  /  rf  ^d, 

[P=z  0.754  £f/^/V5], 


we  get  by  equating : 


/  = 


125       _ 


3-77  X  « 


-33  r.  _ 


46,940 1 

«  J' 


This  formula  gives  us  the  following  little  table : 


Revolutions  per  minute  =  n  = 

150 

300 

450 

600 

xooo 

p  kg  per  mm*  of  bearing = 

t  lbs«  Der  sa.  in.       **      = 

0.22 
313 

O.ll 

156 

0.073 
104 

0.055 
78 

0.033 

47 

Example. — The  shaft  of  a  screw  propeller  makes  300  revolutions  per  minute, 
and  exerts  a  pressure  of  6,000  kilograms  [13,230  lbs.]  on  the  vessel ;  what  should 
be  the  dimensions  of  its  collar  journal?  If,  according  to  the  foregoing,  we  assume 
that  the  permissible  pressure  should  not  exceed  o.i  kilogram  per  square  millimeter 
we  shall  6nd  60,000  square  millimeters  [93  sq.  ins.]  of  bearing  surface  will  be 
necessar}'  in  order  that  the  wear  may  be  as  small  as  is  practicable  for  a  simple  flat 
pivot ;  this  would  require  a  diameter  d  =  277  millimeters  [11  ins.].  Now  since 
the  shaft  itself  has  only  a  diameter  of  140  millimeters  [5.6  ins.],  it  will  here  be  ad- 
vantageous to  employ  the  collar  journal.  If  we  make  the  width  ^  =  15  millimeters 
[0.6  ins.],  the  mean  diameter  will  become 

140  +  2  X  J,<^  =  155  millimeters  [6.2  ins.], 

and  the  bearing  surface  of  each  collar, 

3.14  X  155  X  15  =  7,300  square  millimeters  [11.3  sq.  ins.]. 
Therefore  WJri^  =  8  collars  will  be  needed.     The  lever-arm  of  friction  of  the 
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collar  journal  will  amount  to 

^JA  =  77.5  millimetres  [3.1  ins.]; 

the  work  of  overcoming  friction  per  revolution  will  be 

yi  =  ^  X  6,000  X  3.14  X  0.155  =  ^  X  2,920 meter-kilograms  [^x  21, 1 20 ft.  lbs.]  ; 

where  qi  represents  the  coefficient  of  friction.  Assuming  the  lubrication  to  be 
good,  we  may  put  qt  =  0.054,  and  the  work  lost  by  friction  of  journal  per  second 
will  be  : 

W  ^  0.054  X  2920  =  788  meter-kilograms  =  10.5  horse  powers. 

If  we  had  chosen  a  flat  pivot  with  a  diameter  equal  to  277  millimeters,  the  work 
of  friction  would  have  amounted  to 

\^o^x  0.054  X  6000  X  3.14  X  I  X  277  =  939 meter-kilograms  =  12.5 horsepowers. 

The  friction  of  the  collar  journal  therefore  would  absorb  about  two  horse  powers 
less  of  work  than  the  flat  pivot. 

§  6.  Dlametem  of  Axles. — Rules  have  thus  far  only  been 
given  for  determining  the  diameter  of  end  journals,  ue.  of 
such  journals  as  A  in  Fig.  44,  existing  at  the  end  of  shafts, 
and  consequently  subjected  to  bending  stress  only,  the 
bending  force  being  the  reaction  R^  of  the  support  acting  at 
the  middle  of  the  journal.  A  neck  journal  B  so  situated  that 
its  axle  is  subjected  to  bending  stress  on  both  sides  of  it,  for 
example,  at  C  by  the  force  P  and  at  A  by  the  reaction  R^ 
of  the  support,  must  have  its  dimensions  determined  from 
the  bending  moments  P .  B  C  =  R^.A  B  ol  the  external 
forces.     This  will   generally  cause  the  diameter  d^   to  be 

Fig.  44. 


greater  than  for  an  end  journal  subjected  to  the  same  load 
R^  and  having,  according  to  the  preceding  paragraphs,  the 
diameter  d^  and  the  length  4  =  A  d^.     Now  it  is  not  nee- 
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essary  that  the  ratio  -='  should  have  the  same  value  as  A.  =  — 

of  the  end  journal,  for  the  real  pressure  R^  on  the  bearing  is 
less  than  it  would  be  for  an  end  journal  of  diameter  d^  In 
this  case  we  can  take  the  length  /,  of  the  neck  journal  equal 
to  /p  of  the  end-journal,  and  shall  then  get  as  regards  wear, 
as  high  a  degree  of  security  as  with  an  end  journal  subjected 
to  the  load  R^  For  in  these  cases  the  pressures  on  the  bear- 
ings will  be  equal,  the  work  consumed  by  friction  at  every 
revolution,  and  consequently  also  the  cubic  wear,  will  be  pro- 
portional to  the  distances  traversed,  or  to  the  diameters.  The 
cubic  wear  may  be  regarded  as  a  cylindrical  shell  whose 
diameter  is  d^  and  thickness  6^  then  if 

4  ^/,  n  y.  S^\l^d^n  x  d^  =  d^\  d^ 
we  must  have 

that  is,  the  linear  wear  (measured  radially)  is  equal  in  the  two 
cases.  As  will  be  seen  hereafter,  when  bearings  are  discussed, 
practical  considerations  call  for  the  same  ratio  X  in  the  case 
of  neck  journals  as  has  been  above  established  for  end  jour- 
nals. This  evidently  does  not  require  that  the  diameter  of 
the  neck  journal  be  greater  than  the  d^  above  determined, 
but  it  does  require  that  4  shall  be  greater  than  4,  the  result 
being  that  the  linear  wear  is  diminished.  The  diameter  at 
any  point  of  a  shaft  subjected  to  bending  stresses  is  to  be  de- 
termined in  the  same  manner  as  the  diameter  of  a  neck  jour- 
nal, namely,  from  the  moment  M  of  the  external  forces.  The 
cross  section  of  the  shaft  is  obtained  from  the  well-known 
fundamental  formula  for  resistance  to  flexure, 

e 

which,  when  the  cross  section  is  circular  is  easily  changed  into 

M=   -  <^  /&. 
32 
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If  the  diameters  are  determined  in  this  manner  for  a  sufficient 
number  of  points,  the  shaft  will  have  the  form  of  uniform 
strength,  for  which,  however,  an  approximate  form  is  gener- 
ally substituted.  Cylindrical  forms  in  particular  are  used  not 
only  for  the  journals,  but  for  the  hubs  or  portions  of  the  shaft 
at  which  such  machine  parts  as  wheels,  levers,  etc,  are  fast- 
ened. In  order  that  these  bending  moments  may  be  easily 
determined,  use  should  be  made  of  the  methods  of  Graphical 
Statics  (see  Appendix  to  fifth  edition  of  Vol.  I.).  We  will 
illustrate  by  applying  these  methods  to  a  few  most  frequently 
occurring  cases. 

§  7.  Examplei* — Let  A  and  B,  Fig.  45,  be  the  centres  of 
the  journals  of  a  shaft  which  carries  2X  D  E  the  hub  of  a  work- 
ing beam.  It  is  required  to  find  the  dimensions  of  this  shaft 
from  the  load  P,  whose  point  of  action  we  will  assume  to  be 
at  C,  midway  between  D  and  E. 

Fin.  45. 


If  in  constructing  the  force  polygon,  we  lay  off  the  load 
P  on  a  vertical  0^  to  whatever  scale  may  have  been  chosen  for 
the  forces,  and  choose  the  pole  C?  at  a  distance  from  0  ^  equal 
to  the  base  assumed  for  the  moments,  we  can  easily  con- 
struct the  corresponding  equilibrium  polygon  abc  (see  §43, 
Appendix,  Vol.  L),  by  drawing  the  lines  ac  and  b  c^  in  equi- 
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librium  with  the  force  Pat  c,  parallel  totO  and  O^.  If  the  in- 
tersection  of  these  lines  with  the  verticals  through  the  centres 
of  the  journals  be  connected  by  a  straight  line,  this  latter  will 
represent  the  closing  line  of  the  equilibrium  polygon.  Earal- 
lel  to  this  closing  line  a  b  draw  the  pole  ray  O  8t,  then  will 
9lo  be  the  reaction  R^  at  A^  and  ^SR  the  reaction  R^at  B, 

If  we  assume  that  the  hub  of  the  working  beam  transmits 
the  pressure  to  the  shaft  at  the  points  D  and  E  instead  of  at 
the  centre  C,  we  must  regard  the  force  Pas  resolved  into  two 

components  /'  and  /"  acting  at  D  and  E,     Each  of  these  com- 

p 
ponents  is  equal  to  —  when,  as  in  this  case,  their  resultant  P 

passes  through  the  centre  C\  in  any  case  their  values  can  be 
ascertained  by  prolonging  the  verticals  through  D  and  E  till 
they  intersect  the  equilibrium  polygon  in  ^'^and  c  e.  then 
drawing  the  new  side  de  and  parallel  to  it  in  the  force  poly- 
gon the  ray  O^,  Then  will  op  be  the  component  /'  and 
})  ^  the  component  /",  which  together  can  replace  the  force 
P.  This  construction  follows  immediately  from  the  well- 
known  principle  that  the  resultant  {P)  of  two  or  more  com- 
ponents {p' p")  passes  through  the  intersection  of  those  two 
of  the  sides  of  the  equilibrium  polygon  between  which  the 
components  lie.  For  the  four  forces  Rx^p\p'\  /?,  in  equilib- 
rium, we  have  found  the  corresponding  force  polygon  9t  o  J) 
$  91  and  the  equilibrium  polygon  adeb  a. 

By  choosing  the  pole  O  at  a  distance  from  the  line  of 
forces  0  ^  equal  to  the  base  assumed  for  the  moments,  that 
portion  of  the  ordinates  at  any  point  of  the  shaft  intercepted 
by  the  equlibrium  polygon  represents,  as  is  well  known,  the 
resultant  moment  acting  at  that  point. 

For  any  cross  section  F  of  the  shaft,  therefore,  the  bending 
moment//'  =  iWis  first  found,  and  then  the  diameter  of  the 
shaft  for  this  cross  section,  by  means  of  the  formula 


7C    k 

If  we  thus  determine  the  diameter  for  a  sufficient  number  of 
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points  between  A  and  C  and  also  between  B  and  C,  we  can 
draw  the  curved  profile  for  each  of  the  two  portions  of  the 
shaft,  and  thus  find  its  form  of  uniform  strength.  Since  the 
diameters,  and  consequently  the  ordinates,  of  each  portion  are 
proportional  to  the  cube  root  of  the  moments,  and  therefore 
(as  may  be  easily  shown  by  means  of  the  equilibrium  polygon) 
to  the  cube  root  of  the  distance  from  A  or  B^  it  follows  that 
the  curved  profile  of  each  portion  of  the  shaft  must  be  a  cubic 

parabola  of  the  form y  =  c  y  x;  y  denoting  the  ordinate  or 
half  diameter  of  the  shaft,  x  the  horizontal  distance  from  the 
centre  of  the  corresponding  journal,  and  c  a  constant  factor. 
If  we  first  determine  the  diameter  d^  of  the  journal  from  the 

reaction  /^„  and  for  the  ratio  --  =  A,  we  can  find  the  diameter 
at  any  point  F  by  means  of  the  formula 

d=d,  y^, . 

In  practice  the  shafts  and  axles  are  generally  given  approxi- 
mate forms,  for  the  determination  of  which  only  a  few  diam- 
eters are  needed,  for  example,  those  at  C,  H  and  C.  The 
journals  are  of  course  made  cylindrical,  and  where  they  join 
the  middle  portion  of  the  shaft  or  axle,  there  is  a  shoulder  of 
about  \  of  the  diameter  of  journal*  so  that  the  diameter  at 
the  shoulders  is  equal  to  f  d^  and  f  ^Z,  respectively.  In  like 
manner,  by  means  of  the  above-given  formula 


^aV 


c  c 


gg" 

the  hub  DE  is  given  a  diameter  f  as  large  as  the  one  ob- 
tained from  the  ordinate  cc  for  the  middle  point  C.  For 
the  portions  between  the  journals  and  hubs,  fVustums  of  cones 
are  chosen  which  have  at  C  a  common  base  whose  diameter 

gg 


*  See  Redtenbacher's  Resultale  fUr  der  Maschinenbau,  p.  77. 
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and  in  the  immediate  neighborhood  of  the  journals  have  cross 
sections  whose  diameters  are  respectively  J  i/,  and  J(/,, 

Very  often  the  direction  of  the  forces  acting  on  the  axles 
or  shafts  is  oblique  to  the  axis,  as  in  the  case  of  bevel 
wheels.  The  determination  of  the  bending  moments  for 
such  a  case,  represented  by  Fig,  46,  differs  but  slightly  from 
the  preceding  one. 

If   C  5  represents  in  Fic,  46. 

magnitude  and  direction  j^ 

the  pressure  acting  on  a 
bevel    wheel    at   F,   this 

pressure  may  be  resolved  - 

by  the  parallelogram  of 
forces  into  the  vertical 
pressure  P  and  the  hori- 
zontal thrust  H.  The 
latter,  which  is  in  equilib- 
rium with  the  lateral  com- 
ponent of  the  reaction  at 
the  bearing,  tends  to  pro- 
duce compression  of  the 
axle,  and  can  be  neglect- 
ed in  determining  the 
dimensions  of  the  axle, 
since  in  nearly  every  case  ^ 
its  influence  on  the  stress 

to  which  the  material  is  subjected  is  insignificant  in  com- 
parison with  the  bending  fbrce  P.  If  we  make  the  same 
construction  as  in  the  preceding  case,  by  making  e  ?  = 
C  P,  we  obtain  as  before  the  equilibrium  polygon  act. 
It  may  here  be  remarked  that  it  is  easy  to  so  choose  the 
pole  0  that  the  closing  line  a  b  oi  the  equilibrium  polygon 
will  be  horizontal  or  parallel  to  the  axis<7<^.  We  have  only 
to  assume  the  pole  O  in  such  a  position  that  the  perpendicu- 
lar OlSt  let  fall  from  it  upon  0^  shall  divide  the  line  0$  at 
M,  in  such  a  manner  that  S  0  is  equal  to  the  reaction  i?,  at 
A  and  ^  5S  equal  to  -the  reaction  at  B.  By  a  simple  construc- 
tion one  can  easilyfind  both  of  the  pressures  at  the  supports, 
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and  their  equal  and  opposite  reactions  R^  and  R^,  For  this 
purpose  it  is  only  necessary  to  draw  a  horizontal  line  through 
P  and  transfer  the  length  CP  to  A  G  and  connect  G  with  B. 
The  connecting  line  GB  then  divides  the  force  CPst/in 
such  a  ratio  that 

C/:/P=  CB:  C A, 

from  which  follows  that  C/  represents  the  pressure  at  the 
support  A  and  y/*  that  at  B.     If,  therefore,  we  draw 

JK\  CA  3XiAPL\/B, 

we  shall  obtain  from 

KA  =  R.smdLB  =  R„ 

the  two  reactions  at  the  supports,  which  must  be  made  equal 
to  9i  0  and  ^  9i  respectively,  in  order  to  obtain  a  horizontal 
closing  line  ab  in  the  equilibrium  polygon  (see  Appendix, 
§  45,  Vol.  I.). 

The  resulting  equilibrium  polygon  is  ad c.  The  load  P 
must  be  again  resolved  into  the  two  components  /'  and  /", 
which  act  at  the  two  cross  sections  Z>and  -ff,  for  the  oblique 
force  5  tends  to  turn  the  wheel  in  the  direction  of  the  arrow 
TV,  causing  the  nave  to  be  pressed  against  the  axle  at  D  and  E 
with  forces  equal  top'  and  /".  The  determination  of  these 
two  components,  which  evidently  must  act  in  opposite  direc- 
tions, since  their  resultant  P  does  not  lie  between  their  points 
of  application,  is  accomplished  exactly  as  in  the  previous 
example. 

If  here  as  there  we  draw  from  the  points  of  application  D 
and  £  of  the  components,  the  lines  Dd  and  -fi"^  to  the  corre- 
sponding sides  ^^  and^^  containing  the  resultant  force  P, 
the  connecting  line  de  will  then  give  the  new  side  of  the  poly- 
gon. Furthermore  the  ray  Op  drawn  parallel  to  it,  cuts  off  on 
the  line  of  forces  the  two  components  o  p  =  /'  and  )>  ?  =  p'\ 
the  algebraic  sum  of  which  is  again  equal  to  e^  =  P.  The 
resulting  equilibrium  polygon  adeba  shews  us  that  the  maxi- 
mum bending  stress  on  the  axle  at  E  is  now  greater  than  it 
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would  be  if  the  force  P  acted  directly  at  C,  while  in  the 
example  given  in  Fig.  47,  where  the  force  P  acts  at  the  mid- 
dle of  the  nave, 

a  diminution   of  ^^°'  ^7- 

the  bending  mo- 
ment is  effected, 
this  moment  di- 
minishing as  the 
length  of  the  nave 
increases.  This 
increase,  more- 
over of  the  bend- 
ing moment,  is 
not  due  to  the 
obliqueness  of  the 
pressure,  but  is 
owing  to  the  di- 
rection of  the  force  FS  intersecting  the  axis  at  a  point  C 
outside  of  the  nave.  Every  time  that  this  last  mentioned 
condition  occurs,  the  one-sided  action  of  the  load  causes  an  in- 
crease of  the  bending  moment,  as  compared  with  a  direct  load. 
This  is  often  the  case,  for  example,  in  those  water-wheels  in 
which  the  transmission  of  power  is  effected  by  means  of  a 
toothed  ring  bolted  to  the  rim  of  the  wheel  and  extending 
laterally  beyond  its  nave.  The  dimensions  of  the  axles,  both 
in  this  and  in  the  following  cases,  are  determined  in  the  man- 
ner already  described  by  means  of  the  fundamental  formula : 


M=k 


W 


§  8.  An  interesting  example  illustrating  the  effects  of  an 
oblique  load,  is  that  of  a  car  axle,  Fig.  48.  If  P  be  that  part 
of  the  weight  of  the  car  which  falls  upon  the  axle  A  B  and 
acts  at  the  centre  of  gravity  My  we  shall  have  to  assume  in  ad- 
dition the  horizontal  force  H^  whose  point  of  application  isalso^ 
at  the  centre  of  gravity  M\  for  under  certain  circumstances, 
for  example,  in  passing  around  curves  and  over  irregular  por- 
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tions  of  the  roadway,  a  horizontal  force  will  be  developed 
which,  according  to  Scheffler,  may  on  an  average  be  assumed 


equal  to  about  0.4/*.  The  resultant  MS  of  these  two  forces 
is  oblique  to  the  axis,  cutting  it  at  C.  Now  at  this  point  of 
intersection  C,  resolve  the  resultant  C  S  into  the  two  compo- 
nents C/'and  CH  as  above  mentioned.  The  vertical  force 
/'then  tends  to  bend  the  axle,  and  the  bending  moment  for 
every  cross  section  can  be  easily  determined  by  the  equilib- 
rium polygon.  First  of  all  it  is  evident  that  the  force  CS 
must  be  in  equilibrium  with  the  two  reactions  /?,  and  /?,  of 
the  rails  against  the  wheels.     For  this  purpose  it  is  necessary 
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that  three  forces  5,  R^  and  R^  intersect  at  the  same  point. 
One  of  these  forces  5  must  always  pass  through  the  centre  of 
gravity  M^  however  much  its  direction  may  change  with  the 
changing  speed  of  the  car.  If,  therefore,  we  draw  the  lines 
/>  J/and  EAT,  they  will  give  us  the  directions  of  the  two  re- 
actions Rj^  and  R^,  and  their  intersections  with  the  axis  at  F 
and  G  will  give  the  points  at  which  these  reactions  may  be  re- 
garded as  taking  hold  of  the  axles.  The  vertical  components 
Vy  and  Fa  of  these  forces  must  be  in  equilibrium  with  P,  and 
the  horizontal  components  //,  and  //,  with  H.  In  order  to 
determine  the  magnitudes  of  these  individual  forces,  we  must 
again  make  o  "^  equal  to  the  vertical  force  C P{yfQ  will  for  the 
present  ignore  the  horizontal  forces  H^  H^  and  //,),  choose 
the  pole  (9  at  a  distance  from  o  ?  equal  to  the  base  of  the 
moments,  and  construct  the  equilibrium  polygon  acb.  The 
closing  line  ab  parallel  to  the  ray  O^  now  again  divides  the 
force  Por  0?  at  p  into  two  components  o})  =  P,  and  J)  ^  =/i, 
these  components  representing  the  portions  of  the  total  load 
Py  which  is  distributed  upon  the  journals  A  and  B.  In  order 
to  determine  the  vertical  components  V^  and  F,  of  the  re- 
actions at  the  rails,  it  is  only  necessary  to  draw  perpendicu- 
lars from  /'and  G  until  they  intersect  the  equilibrium  polygon 
at  /'/  and  g'  g^  and  then  parallel  to  the  side  fg  thus  ob- 
tained draw  a  ray  O  8.  V^  will  then  be  given  by  ?J  o  and  F, 
by  $  SJ ,  and  we  shall  also  get,  after  making  Z'  F,  =  o  S  and 
G^  J^  :=  8  ^,  the  reactions  R^  and  R^^  and  their  horizontal 
components  //,  and  //,  at  H^  F  and  H\  G,  the  algebraic  sum 
of  which  is  of  course  equal  and  opposed  to  H, 

We  can  now  substitute  for  the.  vertical  forces  F,  and  f^, 
the  pressures  exerted  by  the  naves  against  the  axle  at  y,  K, 
L  and  N,  the  horizontal  forces  being  neglected.  These 
magnitudes  may  be  found,  if  we  draw  through  each  of 
these  points  vertical  lines  which  intersect  the  equilibrium 
polygon,  and  then  join  the  intersection  i  with  k  and  / 
with«.  We  shall  then  get  by  means  of  the  ray  0%  drawn 
parallel  to  ik,  %  o  equal  to  the  pressure  7^,  acting  downward 
on  the  nave  at  J,  and  8  %  equal  to  the  pressure  T^  acting  up- 
ward on  the  nave  at  AT.     In  like  manner  the  ray  O  U  drawn 
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parallel  to  /«  gives  U95  equal  to  the  pressure  U^  acting  ver- 
tically upward  on  the  axle  at  Z,  and  gives  ^  U  equal  to  the 
downward-acting  pressure  at  N, 

If,  therefore,  we  substitute  for  the  load-Pthe  journal  press- 
ures/*, and  P^ ,  and  for  the  reactions  at  the  rails  the  nave  press- 
ures T  and  U^  v/e  shall  obtain  the  force  polygon  o  $  U  S5  5E  o 
and  the  corresponding  equilibrium  polygon  a bn I kia^  t\iQ 
ordinates  of  which  again  give  the  moments  of  those  external 
forces  which  produce  bending.  The  maximum  strain  occurs 
at  K,  corresponding  to  the  ordinate  kk\  and  since  the  hori- 
zontal force  H  can  act  to  the  right  as  well  as  the  left,  it  will 
be  necessary  to  determine  each  half  of  the  axle  by  means  of 
half  the  equilibrium  polygon  mkiant'.  This  explains  why  it 
is  allowable  to  make  car  axles  smaller  at  the  middle.  If  the 
horizontal  force  H  were  not  present,  every  point  of  the  axle 
between  the  wheels  would  be  subjected  to  the  same  breaking 
moment,  and  would  therefore  be  of  cylindrical  form.  (See 
Vol.  L,  §  243.) 

The  influence  of  the  horizontal  forces  H  is  generally  so 
small  in  comparison  with  that  of  the  bending  forces,  that  they 
need  not  to  be  taken  into  consideration.  In  order,  however, 
to  learn  the  action  of  these  forces,  we  will  imagine  the  whole 
force  5  acting  at  M  to  be  resolved  into  two  components  Z^ 
and  Z„  which  pass  through  the  centre  of  the  journals  A  and 
B.  Since  the  vertical  components  P,  ^  A  A  and  P^=z  B'  B 
of  these  forces  have  been  already  determined,  and  the  direc- 
tions of  the  forces  given  by  MA  and  MB  respectively,  the 
forces  themselves  may  be  found  by  projecting  A'  and  B'  hori- 
zontally on  to  A  M  and  B  M,  We  then  get  A"  A'  —  H^  and 
B"  B  =  //^,  which  are  the  horizontal  components  of  the  forces 
Z"  acting  on  the  journals.  The  axle,  on  the  whole,  is  there- 
fore subjected  to  four  horizontal  forces,  namely  the  two  last- 
mentioned  ones  H^  and  H^  having  their  points  of  application 
at  the  journals  A  and  By  and  the  two  //,  and  //,  arising  from 
the  reaction  of  the  rails,  which  may  be  supposed  to  be  acting 
at  the  naves,  since  these  latter  connect  the  wheels  and  the 
axle. 

The   relation   H^  —  H^  =  H  =//",  — //,,  holds   for  these 
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forces,  and  the  axle  is  subjected  by  them  to  tensile  struns, 
as  follows : 

The  portion  A  J  by  H^; 

The  portion  BNhy  //,; 

The  portion  KL  by  H^-  H,  =  H^-  H, 

%  9.  The  manner  in  which  the  bending  moments  on  a 
crane-post  A  D,  Fig.  49,  is  to  be  determined  from  the  equilib- 
rium    polygon,    ouEfht 

,     .  -,  Fig.  49. 

now  to  be  easily  seen.  ^ 

Here  the  two  exter- 
nal forces,  namely  the 
thrust  KC  =  S  and 
the  pull  DJ  =  Z,  act 
on  the  axle  supported 
by  the  Journals  A  and 
B. 

If  we  again  resolve 
these   two   forces   into 
their     horizontal     and 
vertical      components, 
only  the  former,  /*,  and 
P„  will  tend  to    break 
the  post    by  bending, 
and  are,  therefore,  the 
only  ones   to   be   con- 
sidered.    It    is   moreover  evident  (see   Vol.    I,,   Appendix, 
§  38,  Example)  that  these  two  forces  must  be  equal,  and 
form  a  couple    which  can  only  be   held  in   equilibrium  by 
means  of  another  couple  formed  by  the   reactions  R,  and 
R^  of   the  journals  A  B.       If   we  construct  for  P^    and  P^ 
the  force  polygon  0  $'  ?",  and  choose  the  pole  O  in  the 
now  wellk-nown  manner,  we  shall  get  the  equilibrium  poly- 
gon a  c  d  b,  where  a  and  6  are  the  intersections  of  the 
outer  sides  with  the  directions  of  the  reactions  R,  and  R,. 
Consequently  baa  the  closing  line  of  the  polygon,  and  the 
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ray  £?W  parallel  to  it,  gives  the  two  equal  and  opposite  re- 
actions ^,  =  0  9i  and  ^,  =  9t  c.  We  therefore  get  corre- 
sponding to  the  force  polygon  0  ¥'  1J"  9t  0  the  equilibrium 
polygon  acdba,  which  changes  into  hgc  dcfh  as  soon  as  the 
reactions  at  the  journals  are  replaced  by  their  components 
acting  at  H,  G  E,  and  F. 

As  another  example,  we  will  investigate  the  strain  on  ail 
axle  for  the  drum  of  a  hoisting  apparatus.  This  axle,  sup- 
ported by  the  journals  A  and  B,  Fig.  50,  carries  between 
these  journals  the  naves  E  F  and  G  H  of  the  drum ;  the  power 
being  communicated  to  a  wheel  which  is  attached  to  the  free 
end  of  the  axle  at  D.     If  we  now  assume  that  the  load  /^ 

Fio.  5a 


j~-pfi 


acts  at  the  middle  of  the  drum.and  the  driving  force  P^  acts 
downward,  and  then  construct  the  force  polygon  c$|^o 
with  the  pole  0,  we  shall  get  the  equilibrium  polygon  acdba. 
If  we  draw  the  ray  OSR  parallel  to  the  closing  line  ia,  8to 
will  equal  the  reaction  ^1  at  A,  and  ^j  SR  will  equal  R%  at  B. 
The  vertical  lines  passing  through  the  middle  of  the  naves  / 
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and  K  give  in  the  connecting  line  ik  a  new  side  of  the  poly- 
gon which,  by  drawing  the  ray  O^  parallel  to  it,  can  be  used 
to  determine  the  forces /i  =  o<>,  and/j  =  o  ^^Jj,  with  which  the 
naves  of  the  drum  are  pressed  against  the  axle. 

A  further  decomposition  of  these  nave  pressures  into 
forces  acting  at  the  cross  sections  jE,  /%  G  and  //,  gives,  in 
the  manner  so  often  explained,  the  points  ^*,/,^and  //,  of  the 
equilibrium  polygon  a  efghdba.  This  shows  us  immedi- 
ately that  the  bending  moment  of  the  axle  at  the  point  Z, 
lying  over  /,  is  zero,  and,  consequently,  the  elastic  line  of  the 
axle  at  this  place  will  have  a  point  of.  inflexion. 

Since  by  the  winding  and  unwinding  of  the  rope  the 
point  of  application  of  the  load  Pis  gradually  shifted  from 
one  end  of  the  drum  to  the  other,  it  will  be  necessary  to  con- 
struct the  equilibrium  polygon  for  a  few  other  positions  of 
this  point  of  application,  in  order  that  we  may  determine  the 
most  unfavorable  strains  to  which  the  axle  is  subjected.  The 
figure  contains  a  second  equilibrium  polygon  aef'g'k'd'b'ay 
drawn  for  the  case  when  the  load  is  at  C\  from  which  we  see 
that  a  change  in  the  individual  moments  also  causes  the  point 
/,  at  which  the  moment  equals  zero,  to  change  its  place.  It 
is,  moreover,  evident  that  such  a  point  of  inflexion,  Z,  is  not 
present  when  the  force  P^  acts  in  a  direction  opposite  to  the 
load  jPj.  The  dimensions  of  the  axle  of  the  drum  are,  how- 
ever, principally  determined  with  reference  to  the  torsional 
stresses,  which  will  be  considered  hereafter. 

§  10.  The  Construction  of  Axles. — Axles  are  best  made 
of  wrought  iron  or  steel,  and  are  then  generally  forged  into 
one  piece  with  their  journals.  Cast-iron  axles  are  rarely  used, 
and  indeed  only  when  the  diameter  of  the  axle  is  so  great 
that  it  is  too  difficult  or  too  costly  to  make  it  by  forging. 
For  this  reason  the  axles  of  heavy  water-wheels  are  sometimes 
made  of  cast  iron.  In  order  that  the  material  may  be  econo- 
mized as  much  as  possible,  it  is  usual  to  rib  the  axles  be- 
tween the  journals  in  such  a  manner  that  their  cross-sections 
have  a  cross  or  star-shaped  form,  as  in  Fig.  51  and  Fig.  52. 
It  is  then  only  necessary  to  take  care  that  the  axles  have  a 
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suitable  form  at  those  points  where  the  naves  of  wheels, 
levers,  etc.,  are  to  be  fastened  to  the  axles.  A  solid  and  con- 
venient fastening  is  best  obtained  by  making  the  axle  cylin^ 
drical  at  these  points.     The  dimensions  are  here  determined 


in  the  manner  above  given  by  finding  the  bending  moment, 

M^  either  by  calculation  or  by  graphical  statics,   and  then 

getting  the  dimensions  of  the  cross  sections  from  the  funda- 

W  W 

mental  formula  M  =  k  — .     Here  —  is  to  be  determined  for 

e  e 

the  particular  cross  section,  in  the  manner  given  in  Vol.  I., 

§  225  ;  and  it  must  not  be  forgotten  that  during  the  turning 

of  the  axle  the  neutral  axis  assumes  all  possible  positions 

W 
within  its  cross  section.     Therefore  those  two  values  of  — 

e 

will   be   determined  which   correspond  to  the   positions   in 

which  the  neutral  axis  either  coincides  with  the  principal 

ribs,  as  in  {A  A  or  B  B)  Fig,  51,  or  is  inclined  to  them  at  an 

angle  of  forty-five  degrees,  and  the  smaller  of  these  values 

W 
will  be  used  in  the  formula.     Generally  that  value  of  —  will 

•^  e 

be   the   smaller  which   corresponds  to  the  position   of  the 

neutral  axis  in  one  of  the  principal  ribs. 

If  we  designate  the  diameter  of  the  inner  circular  portion 

of  the  cross  section.  Fig.  51,  or  the  side  of  the  square  Fig. 

52  by  dy  the  height  BB  of  the  ribs  by  Z?  =  /i  rf,  and  their 

breadth  by.^  =  v^,  we  shall  have  for  the  moment  of  inertia 
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of  the  cross  section,  Fig.  51,  taken  with  reference  to  an  axis 
through  the  principal  rih  A  A  : 

64  12    ^  ^  12 


=   (-+  K/^"0  +  ^(^-.0'\  rf4^ 


therefore 
IT 


^   ""i/^rf  ""  \32  6  /  )^  ' 

For  a  neutral  axis  C  C,  which  bisects  the  angle  of  the 
ribs,  we  get  approximately,  when  x  represents  the  distance 
of  any  element  from  the  centre  of  the  cross  section : 


D 


«'.=f'^=I^"'(^)"=s^'^>-'"> 


and  since 

I      D 


e,  = 


we  get : 

W^  /      n  ii3  —  I  \  VT 


^i   \      32  6      / 


d\ 


If  we  assume  /*  =  3,  and  v  =  -,  we  obtain 

3 

*       \  32  6  /  3 

id 

if'=  (3d4  ^i?7^\i4L4^,  =  o.726^». 
^1       \  32        36/3  ' 
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W 

We  must  therefore  assume  the  smaller  value  —   in  the 

€ 

calculation. 

In  like  manner,  keeping  the  same  symbols  we  find  for  the 
cross  section  with  square  core,  Fig.  52  : 


-  =  (^I  +  v(/ia  -V«)+  (/^  -  V2  )  V3J  6^, 


and 


i=(,  +  .(..-^))^^A 


from  which  follow,  when  //  =  3,  and  v  =  — ,  the  values  : 

W 

—  =  0.506  d>, 

and 

W 

—'  =  0.71 1^/3. 

Since  during  the  revolution  of  the  axle  the  individual 
fibres  are  alternately  stretched  and  compressed,  we  know  from 
experience  that  there  is  a  greater  tendency  to  fracture  than 
in  stationary  beams,  in  which  all  the  fibres  are  either  always 
extended  or  compressed.  It  will,  therefore,  be  well  not  to 
choose  the  permissible  stress,  k^  of  the  material  of  axles 
vpry  high  ;  particularly  in  cast  iron  should  this  stress^  not  be 
assumed  greater  than  3  kilograms  per  square  millimeter 
[4,300  lbs.  per  sq.  in.]. 

Example. — What  diameter  must  be  given  to  the  axle  of  an  overshot  water- 
wheel,  which  is  not  subjected  to  torsion,  when  weight  of  the  wheel  plus  the 
weight  of  the  contained  water  equals  8,000  kilograms  [17,600  lbs.]  and  the 
centre  of  each  of  the  journals  is  o  25  of  a  meter  [0.82  ft.]  distant  from  the  plane 
of  the  wheel  arms  ? 

Supposing  a  symmetrical  distribution  of  the  load,  the  pressure  on  each  journal 
will  be  4,000  kilograms  [8,800  lbs.]  and  we  shall  get  the  diameter  </  of  the  journal 
from, 

4,000  —  =  —  d'^k ; 
'        2      32 


§  lO.]  CONSTRUCTION  OF  AXLES.  3$ 

from  which,  when 


--; 


we  get 


^  =  2.26  1/4,000 -J. 


If  we  substitute  here 


'=i 


and  i(  =  3  kilograms  [4400  lbs.],  we  shall  get 


=  2.26'i/ 


4 
4,000  - 

3  ,  =  95.3  millimeters  [3.8  ins.], 


for  which  we  can  assume  in  round  numbers  </=  100  mm  [4.0  ins.], 
and  the  length  of  the  journal  /  =  133  mm  [si  ins.]. 

The  diameter  of  that  portion  of  the  axle  between  the  systems  of  arms  is  to  be 
made  everywhere  the  same,  for  the  breaking  moment  of  every  section  is  given  by 
4,000  X  0.25  metei^kilograms  [8,800  x  0.82  ft.  lbs.],  and  consequently  its  diam- 
eter must  be  obtained  from 

4,000  X  250  =  —  di*  kf 

32  ' 


or 


^    V32  4.000  X    250  ^  ^^  jg^  .^^j 


If  we  wished  to  have  the  axle  hollow  and  the  ratio  of  the  external  diameter/) 
to  the  internal  one  ^,  as  4 : 3,  we  could  get  the  external  diameter  JO  from  : 

« 

4,000  X  250  = ~ — —k  =  0.008  X  0.684  D*  kf 

22  D 


or 


D  =  j/      4.00Q  X  250       =  J~    ^  ,^1.5  ^^  [7.66  ins.]: 
'^   3  X  0.098  X  0.684        ^-S^" 

consequently  the  inner  diameter, 

3 
</  =  -  X  191. 5  =  143.6  mm  [5.75  ins.]. 
4 

If  the  axle  is  to  have  a  cross-shaped  section  with  cylindrical  core,  as  in 
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Fig.  51,  by  assuming  the  diameter  of  the  ribs  D  •=.'^d^  and  ^  =  i</,  we  can  get 
the  diameter  of  this  core  from  the  equation  : 

W 
4,000  X  250  =  —  k-=.  0.518  </•  X  3, 


or 


,        s/4,000  X  250      ^,    ,  _         .      _ 

Consequently  the  external  diameter  of  the  rib  is 
,  D-=.%d  ■=.  259  mm  [10.36  ins.]. 


and  its  breadth 


b^—d=.  28.8  mm  [1.15  ins.]. 


§  n.  Jonmal  Fastenlnfr. — Sometimes  cast-iron  axles  are 
made  hollow,  a  pipe  form  being  given  to  them.  To  make 
the  journals  likewise  hollow  is  not  generally  advisable,  be- 
cause the  diameter  of  the  journals  and  the  consequent  loss 
of  work  by  friction  is  considerably  increased.  It  is  much 
better  in  such  a  case  to  make  the  journals  of  the  strongest 
material,  wrought  iron  or  steel,  and  fix  them  firmly  in  the 
hollow  shaft.  Such  a  construction  is  often  chosen  for  the 
pivots  of  wrought-iron  upright  shafts;  for  the  insertion  of 
separate  journals  into  the  shaft  allows  not  only  the  use  of 
hardened  steel  for  the  journals,  but  also  allows  the  latter  to 
be  changed  when  they  are  worn. 

The  fastening  of  such  a  journal  into  the  axle  is  most  often 
and  easily  accomplished  by  giving  to  the  journal  a  slightly 
conical  prolongation  ABy  Fig.  53  and  Fig.  54,  which  is  accu- 
rately fitted  to  a  hole  bored  in  the  axle  CD.  In  the  case  of 
a  vertical  axle,  Fig.  53,  the  weight  of  the  latter,  and  of  the 
machine  parts  on  it,  is  sufficient  to  press  the  journal  firmly 
against  its  seat,  as  if  it  were  a  wedge,  and  thus  hold  it  fast  by 
means  of  friction.  But  when  the  axle  is  in  a  horizontal  posi- 
tion, a  special  key  E^  Fig.  54,  is  generally  applied,  the  taper 
of  which  enables  the  journal  to  be  firmly  pressed  against  its 
socket.  The  key-way,  Ey  Fig.  53,  is  only  used  to  free  or 
loosen  the  journal  by  means  of  a  wedge.  In  using  this  kind 
of  fastening,  which,  moreover,  is  often  applied  to  other  ma- 
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chine  parts,  care  must  be  taken  to  avoid  splitting  the  axle. 
The  thickness  sufficient  for  this  purpose  can  be  ascertained 
from  the  following  calculation. 

Let  the  radius  of  the  conical  bearing  at  the  middle  of  its 

Fic.  53.  Fig.  54. 


length  be  represented  by  r,  and  let  /  be  the  length  of  the 
conical  bearing,  measured  along  an  element  of  the  cone,  and 
let  a  be  the  angle  at  the  vertex  of  the  cone.  The  pressure  P 
acting  on  the  journal  in  the  direction  of  the  axis,  and  due  to 
the  weight  of  the  axle  in  Fig.  53,  or  to  the  key  E  in  Fig.  54, 
presses  the  conical  journal  against  the  surface  of  its  socket 
with  a  normal  pressure  per  square  millimeter  (per  square 
inch),  represented  by  /.  The  resultant  of  all  these  normal 
pressures  acting  on  the  elements  of  the  bearing,  is  evi- 
dently a  force  acting  in  the  direction  of  the  axis,  of  a  mag- 
nitude 

2ra.ip.sin-  =  A. 


Furthermore,  let  tp  be  the  coefficient  of  friction  (of  rest), 
then  will  the  resistance  at  every  element  of  the  surface  be 
V>/ ,  and  this,  acting  in  the  direction  of  a  conical  element,  will 
resist  the  further  penetration  of  the  journal.  The  resultant 
of  all  these  elementary  forces  of  friction  is  likewise  a  force 
acting  in  the  direction  of  the  axle  and  equal  to : 
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(p2r  n ,  Ip .  COS  —  =  z> • 

The  condition  of  equilibrium  in  which  no  further  pene- 
tration of  the  journal,  due  to  the  load  Py  can  occur,  will  there- 
fore be 

A'\-  B  —P:=^2r  n  .lp[  sin — |-  €pcos-\ 
from  which  we  get  the  normal  pressure : 


/  = 


2r7t  I  [  stn — [-  q>  cos  -)      / (  stn  —  -^'  q>cos-j 


where  f  represents  the  bearing  surface  2  r  ;r  /  of  the  jour- 
nal. 

We  see  from  this  formula,  which  agrees  with  the  one  de- 
veloped for  the  ordinary  wedge  (See  Vol.  I.,  §  183),  that  if 
friction  were  not  present  the  pressure  /  would  be  increased 

indefinitely  by  the  diminution  of  — ,  for  by   assuming  that 

^  z=  o,  we  should  get  a  =  o,  and  /  =  00 .  But  when  friction 
is  taken  into  account,  the  greatest  value  which  p  can  ever 
attain  obtains   when   a  is  taken   very  small,  that  is,  when 

we  assume  sin  —  =  o,  and  cos  -  =  i .     We  then  get : 

^        P 
max.  p  =  — ^. 

It  is  evident  from  this  that  the  specific  pressure  /,  tend- 
ing to  split  the  shaft,  will  be  the  greater  the  smaller  the  co- 
efficient of  friction  9>.  Closely  connected  with  this  is  the 
fact  that  machinists  lubricate  with  oil  the  conical  steel  drifts 
which  they  use  for  bursting  castings,  the  bursting  being  ef- 
fected by  driving  the  drifts  into  holes  drilled  for  the  pur- 
pose. 


§  II.]  JOURNAL  FASTENING,  39 

At  all  events,  the  above  formula  shows  us  that  in  ordi- 
nary cases  of  journal  fastening,  special  provision  against  the 
splitting  of  the  (iron)  shaft  by  conical  pivot,  as  for  example 
in  providing  special  rings,  will  be  unnecessary,  and  is  only  to 
be  recommended  in  cases  where  the  structure  of  the  material 
(wood)  or  shocks  would  seem  to  make  this  arrangement  de- 
sirable. 

In  those  cases  in  which  the  axles  are  subjected  to  great 
shocks,  they  should  not  be  ribbed  or  hollow,  but  solid,  for 
shocks  cfen  only  be  resisted  by  a  suitable  mass^  and  not  by  a 
large  moment  of  inertia^  of  the  cross  section.  Conformably 
with  this  statement  we  find,  for  example,  the  vertical  cast- 
iron  shafts  of  millstones  are  solid  cylinders. 


Example. — The  cast-steel  pivot  of  a  mill  spindle  is  fitted  into  the  latter  with 
a  conical  projection,  50  millimeters  [2  ins.]  long,  and  with  a  maximum  diameter 
of  30  millimeters  [1.2  ins.j,  and  a  minimum  diameter  of  25  millimeters  [i  in.]. 
Supposing  the  weight  of  the  millstone  to  be  1,500  kilograms  [3,3co  lbs.],  what  is 
the  pressure  on  the  socket  ot  the  mill  spindle  ? 

The  angle  a,  at  the  vertex  of  the  conically  shaped  pivot  may  be  calculated 
from  the  relation 


.      a      i  (30  —  25)  a        « 

tan  —  =  ^-^ =  0.05.     or  -  =  3'. 

2  50  "  2       '^ 


The  bearing  surface  between  pivot  and  socket  amounts  to 


30 -4-  25 
/=  3.14  50  =  4,320  mm*  [6.9  sq.  ins.]. 


Assuming  the  coefficient  of  friction  between  the  bearing  surfaces  to  be  o.xo, 
generally  it  will  be  much  larger,  because  of  the  dryness  of  the  bearing  surfaces, 
we  shall  get 

P l^QO 

/(«iij+^r..^')~  ^'320^0.052 +  0.1  X  0.999) 

=  2.29  kg  [5  lbs.]. 
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The  pressure  on  the  vertical  projection  of  the  journal  socket  amounts  to  : 

R-='  X  50  X  '2.29  =  3,148  kilograms  [6,900  lbs.]. 


At  the  lower  end  of  the  shaft  of  80  millimeters  diameter  [3.2  ins.],  there  are 
two  cross  sections  about  45  millimeters  [1.8  ins.]  high,  and  of  an  average  breadth, 

80—   27.5  ,  r  •         1 

-^  =  26.25  nim  [1.05  ms.]  , 

which  resist  the  splitting  tendency.     Together  these  cross  sections  have  an  area 
equal  to 

45  X2  X  26.25  =  2,363  mm*  [3.78  sq.  ins.]. 

Consequently  the  material  of  the  shaft  is  only  subjected  to  a  stress  of  -^-~   = 

1.33  kilograms  [1,890  lbs.  persq.  in.]  by  the  wedge-like  pressure  of  the  pivot, 
provided  the  coefficient  of  friction  is  not  more  than  o.  10. 

§  12. — Wooden  Axles  are  now  comparatively  seldom  con- 
structed. They  are,  to  be  sure,  still  used  for  axles  of  water 
wheels  in  wooded  regions,  where  the  cost  of  the  material  is 
small  and  transportation  of  little  account.  Their  application  is 
also  justified  in  those  cases  where  they  are  required  to  absorb 
heavy  shocks,  for  example,  in  the  axles  of  trip  hammers.  In 
Vol.  I.,  §  375,  the  superiority  of  wood  for  resisting  living  forces, 
on  account  of  its  large  resilience,  has  been  noted,  and  we  find 
consequently  in  such  hammers,  oak  axles  of  considerable 
length  (6  to  8  meters  or  19.7  to  26.2  ft.),  the  cross  sections  of 
which  are  much  larger  than  the  rules  for  resistance  to  flexure 
require,  because  shocks  must  be  principally  absorbed  or  re- 
sisted by  masses.  In  such  cases  it  has  been  found  that  wood 
could  not  be  replaced  by  any  more  suitable  material.  Wood 
is  also  to  be  recommended  for  shafts  of  considerable  length, 
which  are  not  subjected  to  great  stress,  for  example,  in  the 
posts  of  foundry  cranes,  where,  from  the  height  of  the  build- 
ing, iron  would  be  too  costly.  The  use  of  wood  for  such 
purposes  presupposes,  however,  a  low  price  and  cheap 
freights,  for  costly  freights  generally  neutralize  the  advan- 
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tage  of  low  price.  That  the  perishable  nature  of  wood  is 
a  special  disadvantage  in  substantial  and  durable  construc- 
tions, is  evident. 

Wooden  axles  are  almost  always  made  cylindrical  or 
prismatic,  and  consequently  of  the  same  cross  section 
throughout  their  whole  length ;  the  cross  section  being  either 
a  circle  or  a  polygon  of  eight  or  more  sides  (rectangular  axles 
seldom  occurring  except  in  crane  posts).  We  can,  therefore, 
assume  a  circular  cross  section  in  calculating  the  strength,  and 
then  have 


e  32' 


where  d  represents  the  diameter  of  the  inscribed  circle.  The 
permissible  stress  k  per  square  millimeter  [per  square  inch] 
we  can  assume,  according  to  circumstances  and  the  intended 
durability  of  the  construction,  say  between  0.75  and  i  kilogram 
[1,070  and  1,420],  for  sound  oak.  Reuleaux  prescribes  that 
the  diameter  be  taken  1.55  times  as  large  as  for  a  cast-iron 
shaft  working  under  the  same  conditions.  This  corresponds 
to  a  stress  k  which  is  1.55*  =  3.724  times  smaller  than  the 
value  ir  =  3  kilograms  [4,270  lbs.],  usually  assumed  for  cast 
iron, /.r.  for  oak  ^  =  0.8  kilograms  [1,140  lbs.].  When  the 
axle  is  provided  with  sockets,  say,  for  fastening  the  arms  of 
water  wheels,  it  is  of  course  necessary  to  take  account  of 
these  diminutions  of  the  cross  sections,  by  choosing  a  cor- 
respondingly greater  diameter. 

The  journals  of  wooden  shafts  are  always  made  of  iron,  both 
for  the  sake  of  durability,  and  to  diminish  friction.  Only 
for  small  forces  are  hooked  and  pointed  wrought-iron  jour- 
nals used  (see  Vol.  I.,  §  194).  The  cross-shaped  journal.  Fig.  55, 
is  most  often  used  because  it  allows  of  a  very  firm  connection 
with  the  wooden  shaft.  The  journal  is  of  cast  iron  because 
it  would  be  difficult  to  make  of  wrought  iron.  The  real  journal 
A^  or  the  pin  A  -ff,  is  united  by  means  of  a  collar  B  to  the  two 
wings  C  C  and  E  E^  which  are  at  right  angles  to  each  other. 


42  MACHINERY  OF  TRANSMISSION.  [§  13. 

and  fit  into  two  suitable  slots  of  the  shaft  CD.  By  nieansof 
three  wrought-iron  rings,  G,  H,  and  /,  the  four  tines  formed 
on  the  shaft  by  these  slots  are  pressed  well  against  the  wings, 
by  being  shrunk  on  to  the  shaft  while  in  a  red-hot  condi- 
tion.    The  contraction  of  the  rings  in  .cooling,  presses  ths 


FIO.S5. 


Bi^mpi^ 


wood  with  great  force  against  the  cross-shaped  end  of  the 
journal. 

For  the  dimensions  of  this  journal  Wiebe*  gives  the  fol- 
lowing proportions,  if  representing  the  diameter  of  the  jour- 
nal : 

Length  of  journal,  /  =  |  rf; 

Diameter  of  collar,  d^  =\d\ 

Length  of  wings,  6if ; 

Greatest  diameter  of  wings,  %d', 

Smallest         "         "       "       4.51/; 

Thickness  of  wings,  ^  </  +  6.S  mm  \^d-\-  a26  in.]. 

Many  other  constructions  have  been  devised  for  the  jour- 
nals of  wooden  axles,  but  have  not  come  into  use  because 
they  are  inferior  both  in  simplicity  and  security  to  the  cross- 
shaped  journal  (see  reference  to  Wiebe  just  given). 

§13.  The   Flexure  of  Axlef. — In  the   foregoing  the  di- 

*  Die  Lehre  von  der  eintachea  Mauhinentheilen,  I.,  !jj  107. 
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mensions  of  axles  have  been  determined  with  reference  to 
their  strength,  that  is  in  such  a  way  that  the  greatest  stress 
occurring  in  the  fibres  should  not  exceed  at  any  place  a  cer- 
tain maximum  permissible  stress  k. 

The  deflection  occurring  in  axles  subjected  to  such  a 
stress  could  be  neglected  in  the  foregoing  discussion,  be- 
cause the  deflections  could  be  made  sufficiently  small  by  as- 
suming the  length  and  permissible  stress  as  small  as  possible. 
Sometimes,  say  in  order  that  a  more  certain  transmission  of 
power  may  be  effected,  it  is  necessary  to  limit  the  deflection, 
for  example,  to  so  proportion  the  axle  that  the  greatest  de- 
flection s  shall  not  exceed  a  certain  aliquot  part  of  the  length 
/.  The  dimensions  thus  obtained  are  to  be  chosen,  if  they 
are  larger  than  those  obtained  from  the  formulas  far  strength 
given  above. 

By  using  the  expressions  developed  in  Vol.  I.,  §  235,  etc., 
for  the  deflection  of  loaded  beams,  the  required  calculation 
can  easily  be  made,  and  we  will  here  make  it  only  for  the 
oft-recurring  case  in  which  the  deflection  at  the  middle  of  an 
axle  supported  by  two  journals  is  to  be  determined.  Let  / 
designate  the  whole  length  of  the  axle  between  the  bearing 
centres,  and  /'the  load  in  the  middle, then  will  the  deflection 
s  be  given  by : 


j  = 


in  which  E  represents  the  modulus  of  elasticity.  If  now  it  be 
required  that  the  deflection  s  shall  never  exceed  the  value  of 
a  /,  where  a  is  a  smalt  fraction,  we  shall  get  the  dimensions 
of  the  required  cross  section  from  : 


The  formula  for  strength,  however,  gives : 

M=  —  =  A — , 
4  ^ 
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or  W^?^. 

Putting  these  two  expressions  for  fF  equal  to  each  other, 
we  get : 


48  a  ii'      4  >fe  * 
or 

2e  k 

The  expression  gives  that  limiting  value  of  the*  ratio  be- 
tween the  length  /  and  the  greatest  dimension  2  ^  of  the  cross 
section  which  corresponds  to  the  case  in  which  both  formu- 
las give  the  same  value  for  W,     When  —  is  larger,  the  cal- 

culation  has  to  be  made  for  deflection  ;  when  —  is  smaller, 

2e 

the  calculation  must  be  made  for  strength. 

If  we  assume  a  =  0.001,  we  shall  obtain  this  limiting 
value : 

For  wrought  iron,  when  E  =  19,700 ;  i  =  6  [  jE*  =  28,000,- 
000,  and  k  8,500], 

—  c=  1Q.7  =  about  20. 
2  e 

For  cast  iron,  when  E  =  10,000  and  ^  =  3  [-S"  =  14,220,000, 
and  k  =  4,250], 

/ 

—  =  20. 
2e 

For  wood,  when  E^  1,100  and  k  =  0.8  \E  =  1,560,000, 
and  k^  1,140], 

—  =  8.25. 
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Consequently,  under  the  assumption  made,  Iron  axles  must 
be  calculated  with  reference  to  deflection  when  their  length 
exceeds  20  times  their  greatest  depth,  and  wooden  axles  when 
their  length  exceeds  8.25  times  the  depth.  For  every  other 
case  of  permissible  stress,  and  for  all  other  permissible  values 
of  a,  the  calculation  can  easily  be  made  in  a  similar  man- 
ner. 

§  14.  Sliafts  and  Sliaftinff. — ^A  shaft  is  an  axle  which  is 
used  for  the  purpose  of  transmitting  the  rotary  motion  of  a 
body  flxed  to  it  to  another  also  fastened  to  it,  or  to  transmit 
the  motion  of  rotation  from  one  point  to  another. 

When  used  in  shops,  for  the  transmission  of  motion  from 
the  motor  to  the  individual  machine,  it  is  known  as  shafting ; 
it  is  consequently  a  very  important  element  in  machinery. 

A  shaft  is  supported  by  bearings,  which  permit  its  rota- 
tion. When  the  length  is  great,  as  is  so  often  the  case,  it  is 
generally  not  sufficient  to  support  the  shaft  only  at  the  ends, 
as  in  axles,  but  it  must  have  intermediate  supports.  The 
shaft  therefore  receives,  according  to  its  length,  a  greater  or 
less  number  of  journals,  which  are  all  neck  journals,  with 
perhaps  the  exception  of  the  end  journals  ;  that  is,  they  are 
such  as  transmit  the  moment  of  the  force,  and  are  subjected 
by  the  latter  to  a  torsional  strain.  Each  one  of  the  end 
journals,  moreover,  can  also  be  a  neck  journal,  when  the  pul- 
ley or  wheel  receiving  or  transmitting  the  power  lies  outside 
of  the  journal.  If  the  pulley  or  wheel  is  attached  to  that 
side  of  the  end  journal  toward  which  the  shaft  extends,  the 
journal  is  properly  an  end  journal,  which  is  not  subjected  to 
torsion  (except  in  very  slight  degree,  due  to  the  moment  of 
friction  on  the  journal),  and  is  therefore  to  be  treated  as  a 
journal  for  an  axle. 

Shafting  is  not  only  subjected  to  torsion  due  to  the  trans- 
mitted moment  of  the  force,  but  is  also  subjected  to  a  bend- 
ing stress  due  to  its  own  weight  and  the  weight  of  parts 
fastened  to  it,  as  wheels,  etc.  The  pressures  of  toothed 
wheels,  the  tension  of  belts,  etc.,  likewise  tend  to  bend  the 
shafting.     This  last  stress  is  generally  small,  however,  for 


46  MACHIiVERY  OF  TRANSMISSION.  [§  I4. 

shop  shafting,  in  comparison  with  that  due  to  torsion*  and 
can  be  generally  neglected,  because  usually  there  is  oppor- 
tunity to  put  bending  weights  and  forces  close  to  the  bearings^ 
by  which  means  the  bending  moment  is  diminished.  The 
determination  of  the  number  of  bearings  and  their  distance 
apart,  will  likewise  be  governed  by  the  distribution  of  the 
bending  forces.  It  nevertheless  happens  that  sometimes  the 
influence  of  the  bending  forces  is  not  to  be  neglected  in  com- 
parison with  those  which  cause  turning ;  for  instance,  this  is 
often  the  case  with  shafts  of  water  wheels  and  steam  engines, 
though  it  more  rarely  occurs  in  shafting  proper.  When  the 
bending  force  is  not  neglected,  the  shaft  must  be  treated  ac- 
cording to  the  rules  for  compound  stress,  as  will  be  hereafter 
shown  in  an  example. 

The  method  of  determining  the  dimensions  of  a  body 
subjected  to  a  twisting  moment  has  already  been  shown  in 
Vol.  I.,  §  269. 

If  we  let  /  represent  the  greatest  shearing  stress  of  the 
material,  and  PTthe  measure  of  the  twisting  moment  of  the 
cross  section  (its  polar  moment  of  inertia),  and  e  the  distance 
of  the  outermost  fibre  from  the  axis  of  rotation,  we  shall 
have  (Vol.  I.,  §  264)  : 

W 
Pa  =  /  — , 


where  P  represents  the  twisting  force,  a  its  lever-arm,  and, 
consequently,  Pa  the  twisting  moment.  Let  us  now  repre- 
sent, as  heretofore,  by  k  the  greatest  permissible  tensile  stress 
of  the  material  of  the  shaft ;  an  equation  obtained  from  the 
theory  of  shearing  will  then  give  us  the  following  value  for 
the  permissible  shearing  stress  / : 


m 


k      in  -^  \      5  ' 
or, 

5 
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Assuming  the  same  values  for  k  ss'vr.  axles,  viz. : 


WROUGHT  mON. 

CAST  IRON. 

WOOD. 

k- 

6  kg  [8,500  lbs.] 

3  kg  [4,250  lbs.] 

0.8  kg  [1,140  Ibc] 

wc  get  the  same  security  against  torsion  by  taking  /  =  ->&, 
which  gives  the  following  table : 


w  ■ 


/  = 


WROUGHT   IRON. 


4.8  kg  [6,820  lbs,] 


CAST  IRON. 


2.4  kg  [3.410  lbs.  1 


WOOD. 


0.64  kg  [910  lbs.] 


Introducing  these  values,  and  remembering  that  the 
twisting  moment,  or  polar  moment  of  inertia,  of  a  circular 
cross  section  with  diameter  d  is  given  by 


fF  = 


Ttd^ 
32" 


and 


we  shall  have  for  round  shafting  of  wrought  iron  : 


S/    ./r  

d  =  A/  — o ~Pa—  1.02  ^/Pa     [d  =  0.0907  \/Pa]  ; 


of  cast  iron : 


d  =  4/^^  Pa  =  1 .28  v^P^     [rf  =  o.  1 1 4  VPa]  , 


and  of  wood  : 


d=iA^^^-^Pa=  2.0  \/Ta     [^  =  0.178  v^'pj]  . 
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Cross  sections  other  than  circular  seldom  occur  in  shafting ; 
when  they  do  occur  the  calculation  may  be  readily  made  by 
substituting  in  the  above  formulas  the  corresponding  values 

W 
of  —  ;  for  the  particular  case  in  which  the  cross  section  is  a 
e 

square  having  b  for  its  side,  we  get : 

^--f:\  ^  =  -V2;    —  =  -—r=  =  0.236^. 

6  2  ^  e       3  V2    . 

When  the  cross  section  is  annular,  with  diameters  d^  and 
d^  we  have : 

e   "^        \6d,       ' 

It  is  often  the  case  in  shafting  that  the  twisting  moment 
Pa  is  not  directly  given,  but  we  have  given  instead  the  work 
in  horse-powers  and  the  speed  in  revolutions  per  minute.  A 
horse-power  being  equal  to  75  meter-kilograms,  or  75,000  milli- 
meter-kilograms [6,600  inch-lbs.]  per  second,  we  shall  have 
for  the  relation  between  the  work  L  per  second  and  the  press- 
sure  P  acting  with  the  lever-arm  ay  the  following  expression  : 

L  =  Px  ^^  fZ.^  75,000  iVmm-kg     \L  =  6,600  iVin.-Ibs.], 

iV  representing  the  horse-power  transmitted,  and  n  the  num- 
ber of  revolutions  per  minute  ;  we  now  get 

r,  75,000  X  6oiV  ^  ^        V n  £.  ^~\ 

Pa  =  '-^ =  716,200—        Pa  =  63,000—     . 

2  7t  n  ft       L.  n  A 

Substituting  this  value  of  Pa  in  the  above  formulas  for  d^ 
we  get,  for  wrought  iron  : 

d  =  1.02  'V^7i6,20o  a/^  =  91.3  y^,    \f  =  3.65 1/ ^ . 
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for  cast  iron : 

d  =  1.28  ^7I6;^|7^  =  "5  |/f     \_d  =  4.6|/5]  ; 

and  for  wood, 

In  calculating  the  dimensions  of  a  shaft  subjected  to  tor- 
sion we  can  use  either  the  set  of  formulas  which  have  d  ex- 
pressed in  terms  of  P  and  a,  or  the  set  which  express  d  in 
terms  of  N  and  n.  Both  sets  will  give  the  same  result  pro- 
vided /*  is  a  constant  force  acting  at  the  extremity  of  a 
constant  lever-arm,  as  is,  for  example,  the  case  in  a  turbine, 
where  P  is  the  pressure  of  the  water  against  the  buckets  of  a 
wheel  with  radius  a.  Here  the  work  performed  by  the  con- 
stant pressure  P  at  the  end  of  the  invariable  radius  a  is  given 
by  the  equation 

7StOOoN=  P2a  TT^,  \  6y6ooN  =  P2a7r^\. 

The  two  sets  of  formulas  will  no  longer  give  the  same  re- 
sult, however,  when  either  the  turning  force  P  or  the  lever- 
arm  a,  or  both  simultaneously,  have  varying  values,  as  is 
the  case  in  a  steam-engine  crank.  Here  we  have  not  only 
the  varying  pressure  of  steam  during  expansion,  but  an 
effective  lever-arm  which  varies  from  zero  at  the  dead  point 
up   to   the   full   radius   of   the  crank.     Were   we  to   calcu- 

n 
late  the  crank-shaft   from  the  formulas  containing  -^ ,  we 

should  get  too  small  a  diameter  for  the  shaft,  since  the  ex- 

N 
pression  —  corresponds  only  to  the  mean  value  of  the  twisting 

moment.  In  all  such  cases  as  the  present  one  we  must  use  in 
the  calculation  the  maximum  twisting  moment,  which  can  be 
found  for  each  special  case  by  an  examination  into  the  rela- 
tions between  the  crank  and  the  action  of  the  steam.   Similar 

4 
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remarks  apply,  of  course,  not  only  to  steam  engines,  but  to 
crank  trains  in  general,  such,  for  example,  as  are  used  to 
work  pumps. 

§  15,  Angle  of  Twiit. — The  formulas  found  in  the  pre- 
vious paragraph  for  the  diameters  of  shafts  take  no  account 
of  the  angle  of  torsion,  having  been  developed  only  subject 
to  the  condition  that  the  greatest  stress  occurring  in  any 
fibre  should  not  exceed  a  certain  permissible  value,  /.  In 
shafts  which  are,  however,  both  small  and  long,  the  angle  of 
torsion  can  assume  a  value  inconsistent  with  an  efficient  and 
sure  transmission.  In  such  cases,  therefore,  it  is  not  suffi- 
cient to  determine  the  diameter  of  the  shaft  according  to  the 
above  formulas  for  strength,  but  the  diameter  must  be  deter- 
mined with  reference  to  the  greatest  permissible  value  of  the 
angle  of  torsion.  According  to  Reuleaux  the  value  of  this 
angle  expressed  in  degrees,  for  shafts  not  longer  than  3  me- 
ters [0.84  ft.],  is  to  be  assumed  equal  to  a°  =  —    a°  = 

4  L        13.1J' 

where  L  represents  the  length  of  the  shaft  in  meters  [feet], 
consequently 

a°  = =  0.00025  /*  [a°  =  0.0063/]  , 

when  /  is  expressed  in  millimeters  [inches].  In  Vol.  I.,  §  263, 
there  was  obtained  the  formula : 


Pa  = . —  , 


where  a  is  the  angle  of  torsion  of  the  shaft  expressed  in  cir- 

cular  measure,  and  therefore  equal  to  -s— ,  andCis  themod- 

^  180' 


*  According  to  Redtenbacher,  the  angle  of  torsion  may  amount  to ,  when 

397 

V  is  given  in  centimeters,  that  is  a^  =  0.000253  /  mm. 
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ulus  of  elasticity.     Introducing  this  angle  expressed  in  de- 
grees, the  above  formula  will  reduce  to ; 

a^'nWC 
180/ 

and  when  the  cross  section  is  circular,  we  get,  after  substi- 
tuting 

the  following: 

Pa  =  -5 .  =  aooi7i  — 7 — . 

180  X  32/  'I 

The  modulus  of  elasticity  C  for  shearing  is  (Vol.  I.,  §260, 
Fifth  German  Edition),  equal  to  f -£,  when  E  is  the  modulus 
of  elasticity  for  tension,  and  we  can  therefore  put  for 

Wrought  iron,  C  =  8,000  [C=  11,376,000], 

Cast  •'      C  =  4,000  \C  =    5,688,000], 

Wood,  C=     400  [C=       568,800]. 

Introducing  these  values,  and  assuming 

a""  = =  a00025  /   [a°  =  0.0063  /], 

4,000 

we  shall  get  for  wrought  iron. 


=  V  a 


I  Pa  t,-jr- 

=  4.13  V-P« 


001 7 1  X  0.0002$  I  X  8,ocx3 
\d  =  o.i  ^Tal  ; 


for  cast  iron, 


d=\/ — ; =  4-92  VPa 

y    aooi7i  x  0.00025  /  x  4,000 


{d  =  0.357  VPa\  ; 
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and  for  wood, 


d^  \     ^ ; =  8.75  ^/Pa 

y    0.00171  X  0.00025  /  X  400 

[^=0.63  VTdl. 

If  we  wish  to  determine  the  dimensions  from  the  horse- 
power iV,  and  the  revolutions  «,  it  will  only  be  necessary  to 
introduce, 

N    r  N'\ 

Pa  =  716,200  —      \  Pa^  63,000  —    , 
and  we  shall  get,  for  wrought  iron. 


'^="°\/?      ['^  =  4-8o^_ 


for  cast  iron, 


.=  .«7^       [.=  ,,.^]; 


and  for  wood, 


^=  255 Y^    U=  io.2oy -  J. 


In  order  to  ascertain  when  the  formula  for  strength  will 
give  the  same  value  for  d  as  that  for  stiffness,  it  is  only  neces- 
sary to  put  the  two  expressions  for  d  equal  to  each  other  and 

N 
deduce  the  corresponding  value  for  Pa,  or — .     When  this  is 

n 

done,  we  get  for  wrought  iron. 


do 


^1 N 
=  91.3^^-  = 
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from  which  we  have, 

n       \9i.3/ 

and  this  value  substituted  in  either  of  the  two  formulas  will 
give  d  =  273  mm  [10.9  ins.].  The  very  same  value  for  d  is 
also  obtained  for  cast-iron  shafts  when  we  make 


From  this  follows  that,  for  all  iron  shafts  having  a  diame- 
ter less  than  d^  =  273  mm  [10.9  ins.],  the  formulas  for  stiff- 
ness must  be  used,  since  these  give  the  greater  values,  and 
for  diameters  greater  than  d^  the  formulas  for  strength  must 
be  used. 

For  wooden  shafts  the  corresponding  limiting  value  for  d^ 
is  obtained  from ; 


which  gives : 

?=  (^)"=  ".s, 

and  this  introduced  into  both  formulas  will  give  the  same 
value  ^=  749  mm  [29.75  ins.].  Since  larger  diameters  prob- 
ably never  occur,  it  will  be  well  to  always  calculate  wooden 
shafts  from  the  formulas  for  stiffness. 

In  very  short  shafts,  as  in  winches  used  in  hoisting  appa- 
ratus and  worked  by  hand,  the  angle  of  torsion  a  is  quite 
small,  and  may  be  neglected,  because  the  shaft  is  short ;  in 
such  cases  the  formulas  for  strength  must  always  be  used. 

ExA^rPLB  I.  What  should  be  the  diameter  of  the  shaft  of  a  drum  for  a  crane 
whose  chain  exerts  a  pull  of  4,000  kilograms  [8,800  lbs.]  at  the  circumference  of 
the  drum,  the  radius  being  equal  to  0.20  meter  [8  ins.]  ? 
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Since,  on  account  of  the  shortness  of  the  drum,  the  angle  of  torsion  need  not 
be  considered,  we  can  obtain  the  diameter  from 

</=  i.oa  'y/4,ooo  X  200  =  94.7  mm  [3.79  ins.]. 

2.     What  diameter  must  be  given  to  the  wrought-iron  shaft  of  a  turbine  trans- 
mitting 30  horse-powers  at  45  revolutions  per  minute  ?  , 
We  must  here  take,  according  to  the  formula  for  stiffness. 


d=z  i2oy  —  =  108.5  mm  [4.34  ins.]. 


45 

3.  What  should  be  the  diameter  of  a  vertical  wooden  shaft  turned  by  four 
horses  at  the  average  rate  of  two  revolutions  per  minute  ? 

If  we  neglect  the  bending  stresses,  we  shall  get,  by  using  the  formula  for  stiff- 
ness against  twisting,  for  the  required  diameter, 

i  /— 


(i=  2SSa/—  =  304.8  mm  [12.2  ins.]. 


§  16.  Twisting  and  Bending  of  Shafts When  a  shaft 

is  subjected  to  torsion,  and  is  at  the  same  time  subjected  to 
bending  forces  which  are  not  so  small  that  they  may  be  neg- 
lected, the  diameter  of  the  shaft  must  be  determined  accord- 
ing to  the  rules  for  compound  stress,  which  were  developed 
in  Vol.  I.,  §  277.  This  case  principally  occurs  in  the  shafts 
of  water-wheels  and  steam-engines.  Let  M^  represent  the 
bending  moment,  and  M^  the  twisting  moment,  for  any  cross 
section  whose  moment  of  inertia  is  W,  then  the  required  di- 
mensions of  this  cross  section  will  be  obtained  from  the 
relation  (see  Vol.  I.,  §  284,  Fifth  Ger.  Ed.)', 

W 


where  k  represents  the  greatest  permissible  bending  stress.  In 
order  to  determine  the  bending  and  twisting  moments,  and 
from  these  the  above  expression 


^J/,  +  %  V  J/,'  +  Ml 
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for  the  various  cross  sections,  we  can  with  advantage  again 
use  the  methods  of  graphical  statics,  as  will  be  illustrated  in 
the  following  example. 

Let  A  B,  Fig.  56,  be  the  axle  of  an  overshot  water-wheel, 
and  let  C,  D,  and  E  be  the  naves  to  which  the  three  systems 
of  arms  are  fastened,  and  let  a  toothed  wheel  be  attached  at 


F,  which  transmits  the  power  to  the  shafting.  The  weight 
of  the  water-wheel  and  of  the  water  contained  in  its  buckets 
is  transmitted  through  the  systems  of  arms  at  C, /?and  E,  to 
the  axle,  and  we  may  represent  the  forces  acting  at  these 
pointp  by /*„/',  and  P^.  If  the  central  system  of  arms  at  D 
is  situated  symmetrically  with  reference  to  those  at  C  and  E, 
we  can  assume  that  half  the  total  weight  is  acting  at  D,  and 
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a  quarter  at  each  of  the  points  C  and  E.  The  power  of  the 
water  being  transmitted  through  the  wheel  F^  whose  radius  is 
r,  there  will  be  a  pressure  of  P^  on  the  teeth  of  the  wheel  F^ 
which  will  likewise  tend  to  bend  the  axle  and  will  in  addition 
exert  a  twisting  moment  M^  =  P^r  on  the  axle.  We  must 
here  remark  that  it  is  not  the  whole  shaft  between  F  and  A 
which  is  subject  to  twisting,  but  only  the  part  between  /^and 
C  and  even  this  part  is  not"  at  all  points  equally  subjected  to 
torsion.  We  must  assume  that  the  power  of  the  water  is 
transmitted  to  the  axle  through  the  three  systems  of  arms  C, 
D  and  Ej  and  that  pne  half  is  transmitted  at  D^  and  one  quar- 
ter at  each  of  the  points  C  and  E.  Consequently  the  part  of 
the  axle  between  E  and  F  will  be  subjected  to  the  whole 
twisting  moment  M^  =  P^r,  that  between  D  and  E  to  %M„ 
and  that  between  C  and  D  \.q  y^  M^ 

Now,  in  order  to  determine  the  moments,  and  from  them 
the  dimensions,  we  will  construct  from  the  forces  /*„  /*„  P^  and 
P^y  the  force  polygon  o  $,  ^^  ^3  ^^,  and  then  draw  the  equilib- 
rium polygon  acdefb a  for  a  pole,  (?,  assumed  at  a  distance 
equal  to  the  base  of  the  moments.  The  ray  drawn  parallel 
to  the  closing  line  b  a^  gives  at  the  point  of  intersection  91  the 
two  reactions  -^a  =  ?^9tat  ^,  and  ^,  =  9ioat  ^.  In  the 
present  case  in  which  the  force  P^  acting  vertically  upward 
(the  train  of  gearing  being  situated  on  the  same  side  as 
that  portion  of  the  wheel  which  is  filled  with  water,  the  re- 
action R^  is  downward,  i.e.  the  journal  B  is  pressed  up 
against  the  cap  of  the  pedestal  during  the  running  of  the 
wheel. 

The  ordinates  ^r,,  dd^,  etc.,  of  the  equilibrium  polygon  ^rrf 
efb  a  are  proportional  to  the  bending  moments  M^  for  the 
corresponding  cross  sections,  if  we  regard  the  pole  distance 
93  (9  =  ^,  as  unity.  If  we  know  the  whole  twisting  moment 
J/,  =  P^r,  we  can  reduce  it  to  the  same  unit  b  by  putting 

r 

P^r  =  P,b,         and        P,  =  P^^-r, 
which  can  be  determined  by  a  simple  construction.     (If  we 
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had  made  the  base  of  moments,  ^  0=  6  equal  to  the  radius  r 
of  the  wheel  /%  we  should  have  Pt  =  P^.) 

Now  if  we  know  /J,  i.  e.f  the  force  which,  acting  at  the  end 
of  a  lever-arm  8)0  =  6,  corresponds  to  a  twisting  moment 
M^  =  P^ry  we  can  easily  find  the  moment  of  the  combined 
stress,  by  constructing  the  expression 

m 

In  order  to  make  this  construction  for  any  cross  section, 
for  example  for  the  one  at  G,  divide  the  corresponding  ordi- 
nate ^^x  of  the  equilibrium  polygon  at  £;•„  so  that  ^,^,  = 
I  ^^x  =  I  M^y  then  draw  ^^3  perpendicular  to  ^^„  and  equal 
to  i  Pt  =  IM„  and  draw  g^g^  and  divide  it  at  ^^  so  that 


^.^3=1^.^3=1  j/^.^  +  Q:  ^.7' 


which  can  be  easily  done  by  drawing  g-^g^  parallel  to  g-y  Now 
lay  off  ^^^3  from  g^  along  g^gy  we  shall  then  get  in  g^g^  the 
ideal  bending  moment 


|i/.+l|/j/.»+(i^.y. 


always  under  the  supposition  that  the  pole  distance  35(9  =  6 
is  the  base  of  moments.  If  we  make  this  construction  for 
a  sufficient  number  of  points,  we  shall  get  a  combined 
equilibrium  polygon  a c c^d^d^e^e^h^f^f  b a^  of  which  the  up- 
per part,  acde  fb  corresponds  to  the  bending  forces  P^  P^  P^ 
and  P^,  while  the  lower  part  c c^ d^ d^ (^^^^b^f^fedc  shows  the 
influence  of  the  twisting  moment  My  The  sudden  increase 
d^  d^  and  e^  e^  at  the  points  d  and  e  of  this  latter  portion  of  the 
equilibrium  polygon,  depends,  of  course,  on  the  peculiar 
transfer  of  power  to  the  shaft  at  C,  D  and  £,  already  explained 
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above,  and  it  is  therefore  necessary  to  so  conduct  the  con- 
struction gg^  g^  that  the  horizontal  perpendicular  gg^  shall 
equal  \Pt  between  the  points  r  and  d^  equal  to  \P^  between  d 
and  ^,  and  equal  to  Pt  between  e  and  /.  The  determination 
of  the  required  dimensions  now  follows  in  the  manner  so  often 
described,  by  means  of  the  formula : 

^         o  o 

the  right  member  being  given  by  the  ordinates  of  the  com- 
bined equilibrium  polygon. 

§  17.  Resistance  of  Shafts  to  Shocks. — It  is  often  neces- 
sary to  discuss  the  resistant  capacity  qf  shafts  to  living  forces. 
It  is  then  of  less  importance  that  the  greatest  stress  in 
the  fibres  or  the  angle  of  torsion  shall  not  exceed  certain 
values,  than  that  the  material  of  the  shaft  be  capable  of  tak- 
ing up  the  mechanical  work  due  to  the  change  of  form  within 
the  limit  of  elasticity. 

This  straining  of  the  shaft  by  living  forces  occurs  when- 
ever there  is  a  sudden  change  of  velocity,  /.^.,  whenever  there 
is  a  shock.  For  example,  when  the  axle  of  a  trip  hammer  in 
rapid  motion  is  struck  by  a  tappet  on  the  tail  of  the  hammer, 
the  axle  will  be  subjected  to  a  shock,  which  it  can  only  resist 
by  a  sufficient  mass.  Let  us  designate  by  J/ the  mass  of  the 
axle  and  that  of  the  water  wheel  reduced  to  the  point  at 
which  the  tappet  acts,  and  let  -^,  be  the  mass  of  the  hammer, 
helve  and  ring,  reduced  to  the  same  point,  and  let  c  be  the 
velocity  of  the  tappet  at  the  moment  of  impact ;  we  then 
have,  according  to  Vol.  I.,  §  335>  for  the  loss  of  mechanical 
work. 

^^   MM^     ^ 

""  J/  +  J/,  2  ' 

This  work,  which  tends  to  destroy  the  impinging  parts, 
must  in  every  case  be  absorbed  by  the  elastic  action  of  these 
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• 

parts.  Since  the  small  mass  in  the  helve  of  the  hammer  can- 
not take  up  a  large  amount  of  work,  the  shaft  must  take  up 
much  the  greater  part  of  the  mechanical  work,  and  is  conse- 
quently subjected  to  a  wrenching  strain.  We  will  therefore 
assume  that  the  total  loss  of  work  due  to  the  shock  is  to  be 
absorbed  by  the  shaft.  The  mechanical  work  necessary  to 
twist  a  prismatic  shaft  whose  length  is  /  and  whose  polar  mo- 
ment of  inertia  is  W^  is  expressed  by  (see  Vol.  I.,  §  262  and 
§  264) 

S^  Wl 

where  S  represents  the  greatest  working  stress,  and  C  the 
modulus  of  elasticity  for  shearing.  If  we  now  substitute  for 
5  the  greatest  permissible  shearing  stress  /,  we  shall  get  the 
equation 


/■-  -^^'    £'-?! 


Wl 

Jf+M,  2""C2^' 

which  will  serve  to  determine   W^and  /,  or  the  volume  V  oi 
the  shaft.     For  a  circular  cross  section,  in  particular,  we  have 

W=  - — ,    and    ^  =  -  , 
32  2  ' 

consequently  for  this  case 

32X2y 


Tt  d^ 
where  V\^  the  volume /  of  the  shaft. 


In  like  manner,  as  in  hammers,  a  shock  occurs  when  a 
shaft  at  rest  is  suddenly  connected  with  a  shaft  going  at  high 
speed,  by  means  of  a  rigid  coupling  (see  couplings),  and  the 
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calculation  is  to  be  made  in  precisely  the  same  manner.  A 
shock  occurs  also  when  a  rotating  axle  is  suddenly  checked 
by  a  great  resistance,  as  is  the  case  in  stamping  presses,  where 
the  resistance  which  the  metal  offers  to  the  punch  or  die 
absorbs  a  portion  of  the  living  force  of  the  stamping  appa- 
ratus, while  another  portion  twists  the  shaft,  etc. 

§  18.  Influence  of  Contractions. — From  the  above  for- 
mulas we  see  that  the  torsional  resistance  of  a  shaft  to  a  shock 

is  proportional  to  the  volume  F= /,  which  is  likewise 

4 

the  case  for  the  tensile  and  flexile  resistance  to  shock. 

We  must  here  remark  that  the  formula  L  =  —^  V  is  only 

true  for  the  condition  that  the  material  be  subjected  to  the 
same  stress  t  in  the  .outermost  fibres  of  all  the  cross  sections, 
which  can  only  be  the  case  when  the  shaft  is  cylindrical,  i.  ^., 
of  constant  diameter.  Every  deviation  from  the  cylindrical 
form,  namely,  every  diminution  caused  by  cutting  journals 
into  the  shaft,  as  is  so  often  done,  lessens  in  a  marked  degree 
the  resistance  which  the  shaft  can  oppose  to  the  action  of 
shocks.     To  illustrate  this  point  let  A  B^  Fig.  57,  be  a  cylin- 

FiG.  57. 
A  ^ ^Cf*— -li- — >iD  B 


drical  shaft,  whose  diameter  is  d  and  length  /.  If  this  shaft 
were  of  the  same  diameter  throughout  its  whole  length,  every 
fibre  on  the  surface  would  be  subjected  to  the  same  stress, 
say  the  greatest  permissible  one  /,  whenever  the  shaft  is 
twisted.  The  mechanical  work  necessary  to  cause  a  twisting 
which  will  produce  the  stress  t  in  every  fibre,  i.  e.,  the  me- 
chanical work  which  the  shaft  can  absorb,  is,  according  to 
what  has  preceded,  equal  to 
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4C    4  4C 

Now  let  us  suppose  that  the  shaft  is  turned  down  at  C Dy  for 
the  purpose,  say,  of  forming  a  journal,  the  turned-down  por- 
tion being  of  a  length  /„  and  having  a  diameter  d^  =  v d\  it 
will  then  be  much  less  capable  of  resisting  living  forces.  Let 
us  again  imagine  the  shaft  to  be  twisted  to  such  a  degree 
that  the  outermost  fibres  in  C D^  are  subjected  to  the  per- 
missible stress  /,  the  stress  in  the  stouter  portion  of  the  shaft 
will  then  not  be  /,  but  a  smaller  value  t\  which  may  be  cal- 
culated from  the  general  formula  for  torsion, 

16  16 

or 

The  mechanical  work  performed  by  the  shaft  during  this 
twisting  is  composed  of  the  work  performed  by  the  piece 
CjP,  with  diameter  ^/j  and  length  /„  when  subjected  to  the 
stress  /,  and  that  work  which  is  performed  by  the  rest  of  the 
shaft  A  C-\- D B :^\\\\  diameter  d  and  length  /— /„  when 
its  greatest  stress  is  t'  =  vV,  which  total  work  can  be  written 


^«-4C      4      '^aC  4         ^  ; 

Since  the  length  of  the  portion  C  D  -=■  l^  is  insignificant,  a^ 
compared  with  the  length  /  of  the  whole  shaft,  the  first  term 
of  the  equation  may  be  neglected,  and  in  the  second  term  we 
may  substitute  /  for  /  —  /„  and  will  then  get 
« 

4C     4  4c 

The  shaft  can  now  only  absorb  a  living  force  Z,  =  v*  Z. 
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If  we  assume  for  example,  d^  =  0.8  d,  the  shaft  will  have 
a  capacity  for  resisting  shock  which  is  0.8*  =  0.266  less  than 
the  original  shaft  before  being  partially  ^turned  down.  It  is 
an  interesting  fact,  that  the  diminution  of  the  shaft  at  one 
place  CD,  diminishes  its  resisting  capacity  even  more  than 
would  be  the  case  if  the  shaft  were  turned  down  along  its 
whole  length  to  the  diameter  d,  =  rd.  In  this  case  the  stress 
/  occurring  in  its  fibres,  would  take  place  simultaneously  in 
the  outermost  fibres  of  all  the  cross  sections,  exactly  as  in 
the  original,  and  the  diminution  of  its  capacity  for  resisting 
shocks  or  living  forces,  would  only  be  the  result  of  its  dimin- 
ished volume.  For  this  case,  therefore,  we  should  have  for 
the  living  force  absorbed : 


_  t'  n{^dyi_ 


4C 


■^  V; 


Z.  =  0.64  z.,. 

These  results  sufBciently  explain  the  importance  of  the 
rule,  that  in  all  shafts  subjected  to  the  action  of  shocks,  all 
changes  of  cross  section,  and   particu- 
Fio.  58.  ]j^j]y  jj]]  sudden    sharply  formed    cuts 

should  be  avoided,  and  that  the  shoul- 
ders on  the  journals  should  neverbemade 
iby  turning  down  the  shaft,  but  by  weld- 
ing or  screwing  on  collars.  An  example 
of  collar  fastened  by  set  screw  is  shown 
in  Fig.  58.  The  wrought-iron  collar  A  B 
is  cylindrical,  and  is  accurately  fitted  to 
the  shaft  C,  to  which  it  is  fastened  at 
the  proper  place,  by  means  of  a  steel  set  screw  D,  with 
hardened  point. 

§  19-  Arransement  of  Shaning,— In  arranging  the  shafts 
of  a  shop,  we  must  always  try  to  make  the  diameter  of  the. 
shaft   as   small   as   considerations   of   durability   will   allow. 
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Larger  shafts  not  only  increase  the  weight  of  the  shafting, 
bearings,  couplings,  etc,  thus  increasing  the  first  cost,  but 
also  consume  a  greater  amount  of  energy  by  the  greater 
amount  of  friction  due  to  the  larger  journals.  This  last  cir- 
cumstance is  of  the  greater  importance  because  the  shafting 
is  often  of  extreme  length  when  an  extensive  shop  is  to  be 
provided  with  power.  In  arranging  lines  of  shafting,  there- 
fore, all  the  circumstances  which  influence  the  diameter  of  the 
shaft  must  receive  due  consideration.  We  will,  in  what  fol- 
lows, consider  more  closely  the  conditions  which  most  influ- 
ence these  important  dimensions. 

First  of  all,  as  regards  the  material,  it  is  customary  to 
make  shafting  of  wrought  iron  ;  only  in  rare  cases,  say  where 
great  forces  are  to  be  transmitted,  is  cast-iron  shafting  used. 
This,  however,  is  to  be  avoided  if  possible,  for  its  larger  jour- 
nals cause  great  loss  of  work  by  friction,  and  the  small  resili- 
ence of  cast  iron  does  not  offer  sufficient  security  against 
shocks.  We  therefore  usually  find  cast-iron  shafting  only  in 
those  establishments  which  were  built  at  a  time  when  the  pro- 
duction of  rolled  iron  of  large  dimensions  was  accompanied 
by  great  difficulties  and  high  cost. 

Since  at  the  present  time  we  are  deviating  more  and  more 
from  the  formerly  popular  system  of  centralization,  in  which 
the  whole  power  for  an  extensive  establishment  was  obtained 
from  a  central  motor,  and  are  setting  up  several  motors  as 
near  as  possible  to  the  machinery  utilizing  the  power,  the 
causes  have  disappeared  which  necessitated  large  cast-iron 
shafting.  For  small  sizes  of  shafting  cast  iron  is  never  used, 
because  of  its  liability  to  break ;  and,  in  like  manner,  wemust 
regard  the  wooden  shafting  still  found  in  old  mills  as  histori- 
cal reminders  of  a  past  age. 

From  what  has  been  established  in  previous  paragraphs, 
we  see  that  the  size  of  the  shafting  mlist  usually  be  deter- 
mined with  reference  to  its  resistance  to  torsion,  since  the 
bending  forces  due  to  its  own  weight  and  that  of  the  machine 
parts  fastened  to  it  have  generally  little  influence.  It  is  only 
necessary  that  the  shafting  be  supported  by  bearings  in  a 
sufficient  number  of  places,  and  we  can  assume  that  the  distance 
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apart  of  the  bearings  should  be  from  2  to  2^  meters  [6.56 
to  8.2  feet].  Besides,  the  weight  of  the  shaft  and  such 
machinery  as  wheels,  pulleys,  etc.,  other  forces  tend  to  bend 
the  shafting,  for  example  the  pressures  exerted  at  the  circum- 
ference of  toothed  wheels,  and  the  tension  on  belts  and  ropes. 
With  reference  to  these  bending  forces,  it  will  be  well  to  put 
the  wheels,  pulleys,  etc.,  transmitting  the  larger  forces,  when- 
ever it  is  possible,  close  to  the  bearings ;  in  very  large  press- 
ures, such  as  occur  in  toothed  wheels,  the  particular  wheel  is 
oftei)  put  between  two  bearings  specially  made  for  it.  At  all 
events  we  should  never  put  a  coupling  (see  Couplings)  which 
unites  two  shafts  midway  between  two  bearings  at  the  ordi- 
nary distance  apart,  but  put  it  as  closely  as  possible  to  one  of 
the  bearings,  or,  when  the  forces  are  very  large,  put  a  bearing 
on  each  side  of  it. 

Sometimes  it  is  necessar>'  for  shafting  to  cross  long  spaces 
in  which  it  is  not  convenient  to  place  bearings,  as,  for  exam- 
•  pie,  in  leading  shafting  over  passageways,  or  through  open 
workrooms,  in  which  we  cannot  or  will  not  put  up  pillars; 
we  then  use,  in  order  that  the  shafting  be  not  too  large, 
trussed  shafts,  Fig.  59.  In  this  case  the  shaft  A  B  is  provided 
at  the  middle  of  the  unsupported  portion  with  a  star-shaped 
piece  having  from  four  to  six  arms  or  spokes,  the  ends  of 
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which  are  provided  with  rings,  through  which  the  tie  rods 
A  D  B  are  drawn.  This  arrangement  allows  the  shaft  to  be 
unsupported  for  a  considerable  distance,  but  power  cannot  be 
taken  from  it  between  the  points  A  and  B, 

§  20.  IMitribntlon  of  Power  by  Shafting. — According 
to  the  above  formulas  for  strength  and  stiffness  with  respect 
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to  torsion,  it  is  evident  that,  other  things  being  equal,  the 

N 
shaft  must  be  made  the  larger  the  greater  the  value  —  . 

ti 

Here  N  must  be  understood  to  represent  the  number  of 
horse-powers  which  are  to  be  transmitted  by  the  portion  of 
the  shafting  under  consideration,  but  not  the  whole  power 
received  by  the  shafting.  The  only  case  in  which  N  repre- 
sents the  whole  power  is  when  the  shaft  receives  at  one 
end  N  horse-powers,  and  transmits  them  all  to  the  other  end. 
In  this  case  the  shaft  is  subjected,  by  the  force  received,  to  a 
twisting  throughout  its  whole  length.  But  if  we  suppose  the 
shaft  to  receive  N  horse-powers  at  some  intermediate  point, 
and  of  this  amount  N^  horse-powers  be  transmitted  to  one 
end,  and  N^  —  N  —  N^  horse-powers  to  the  other  end,  then  of 
course  the  first  portion  of  shafting  will  be  subjected  to  a 
stress  measured  by  N^,  and  the  second  by  a  stress  measured 
by  N^  horse-powers.  This  gives  rise  to  the  practical  rule,  to 
arrange  shafting,  wherever  possible,  so  that  the  motor  will 
cojnmunicate  its  power  to  the  shaft  at  some  point  situated 
near  the  middle  of  the  latter,  thus  permitting  the  transmitted 
force  to  be  distributed  in  both  directions.  This  allows  a 
smaller  diameter  of  shaft,  and  cons.equently  the  weight,  the 
loss  of  work  through  friction,  wear  of  bearing  and  consump- 
tion of  lubricants  will  be  less  than  if  the  motor  communicated 
its  power  at  one  end  of  the  shafting. 

The  usual  requirements  of  technical  establishments  are 
such  that  the  power  received  from  the  shafting  b^  the  motor 
at  a  given  point  is  transmitted  to  each  side  of  the  latter,  and 
is  given  off  not  at  the  end  of  the  shaft,  but  at  intermediate 
points,  according  to*  the  arrangement  of  the  machinery  to  be 
driven.  In  this  case  different  portions  of  the  shaft  will  be 
subjected  to  different  moments  of  torsion,  and  the  diameters 
of  the  shafting  can  gradually  diminish  from  the  point  at 
which  the  power  is  received,  the  diminution  of  size  corre- 
sponding to  the  diminution  of  the  moment  of  force  occurring 
at  any  point.  For  example,  if  at  the  point  Ay  Fig.  60,  of  a 
shaft,  N  horse-powers  are  to  be  distributed  in  such  a  manner 
that  N^  horse-powers  will  be  received  by  A^  and  N^y  N^  and 

5 
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-A^4  horse-powers  successively  received  at  A^^  A^  and  A^y  for 
the  machinery  situated  at  these  points,  it  will  be  necessary 
to  calculate  the  size  of  A  A^,  for  a  twisting  moment  corre- 

FiG.  60. 


sponding  to  -A^„  the  size  of  A^  A^  for  iV^,  A^  A^  for  N^  +  ^4, 
and  A  A^  for  -A^a  +  ^3  +  ^4  horse-powers.  Each  of  these  por- 
tions of  shafting  could,  therefore,  be  made  of  a  different  diam- 
eter. In  order,  however,  that  there  be  not  too  great  diversity 
of  bearings,  hub  bores,  etc.,  it  is  usual  to  make  long  portions 
of  the  shaft  of  the  same  diameter,  and  this  is  particularly  de- 
sirable when  the  number  of  points  A^  A^A^  .  ,  .  ,  at  which 
power  is  taken  off,  is  very  great,  and  when  the  power  taken 
off  at  each  point  is  at  the  same  time  very  small  (as  in  the 
shafting  of  spinning  rooms,  etc.).  These  considerations  give 
us  another  practical  rule,  namely,  that  in  arranging  a  machine 
plant,  those  machines  requiring  the  greatest  amount  of  power 
should  be  placed  as  near  as  possible  to  the  motor ;  that  is,  to 
the  point  A,  Fig.  60,  receiving  the  power,  in  order  that  the 
diameters  and  weight  of  the  shafting  and  the  friction  be  re- 
duced as  much  as  possible.  Even  if  this  rule  cannot  be  al- 
ways strictly  followed,  on  account  of  the  requirement  that  the 
position  of  a  machine  shall  be  determined  with  reference  to 
convenient  manufacturing,  it  is  nevertheless  desirable  when 
possible  to  group  the  most  powerful  machines  nearest  the 
motor. 

We  consequently  find  the  stones  in  grist  mills  placed  in 
the  immediate  neighborhood  of  the  motor,  while  the  lighter 
machines,  such  as  sieves  and  hoists,  etc.,  are  driven  by  lines 
of  shafting  of  more  or  less  length.  In  like  manner  in  saw 
mills,  the  saws  absorbing  most  power  are  to  be  driven  as 
directly  as  possible  by  the  motor,  while  the  spaces  farther 
from  the  motor  must  be  used  for  setting  up  the  lightest 
frame  and  circular  saws.  Similar  remarks  are  applicable  to 
spinning  factories  and  other  technical  establishments. 
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§  21.  Speed  of  Shafting— The  speed  of  shafting,  or  num- 
ber of  revolutions,  «,  has  an  important  influence  on  the  diam- 
eter of  the  shaft,  as  may  be  seen  from  the  formula 


='\fi- 


where  the  diameter  d  becomes  smaller  the  gfreater  the  num- 
ber of  revolutions  «.  Although  the  speed  of  the  shafting  is 
partially  determined  by  manufacturing  considerations,  there 
remains  in  most  cases  considerable  choice  as  to  the  speed  at 
which  it  may  be  run.  In  order  to  determine  the  influence 
which  the  speed  has  on  the  transmission  with  respect  to  size  of 
shaft  and  loss  of  power  by  friction,  we  will  assume  that  shaft- 
ing transmitting  N  horse-powers  at  n  revolutions,  must  have 
a  diameter  </,  and  a  corresponding  weight  g.  Now  suppose 
that  the  arrangement  be  so  changed  that  the  shafting  makes 
V  times  as  many  revolutions  as  before,  and  therefore  r  n  revo- 
lutions per  minute ;  the  formula 

will  require  a  diameter 


Corresponding  to  this  diameter,  the  weight  of  the  shaft 
must  now  amount  to 

d-  ^y 

If  we  now  designate  the  friction  generated  by  the  weight  of 
the  shaft  itself  by  F  =  (p  Gy  where  q}  is  to  be  understood  as  the 
coefficient  of  friction,  the  friction  due  to  v  times  the  original 
speed  will  be 

F^-  (pG^-(p~^. 
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Finally,  the  work  Z,  due  to  this  friction  at  n  revolutions, 
will  be 

L  =  7t  dn  •  (p  Gf 

and  with  v  times  the  speed, 

L^=i  Ttd^vn  .  (pGi  =  ndn(p  G  J^  =  L  J^^ 

From  this  consideration  it  follows  that  the  diameter  and 
weight  of  shafting  are  diminished  by  an  increased  speed,  but 
that  the  work  of  friction  due  to  the  shaft's  own  weight  is  in- 
creased in  the  ratio 

I :  V^« 

It  must  be  remarked,  however,  that  the  friction  due  to  the 
shaft's  own  weight  is  but  a  small  part  of  the  total  friction,  the 
latter  being  principally  due  to  the  very  considerable  press- 
ures arising  in  toothed  gearing,  and  in  the  tensions  of  belts. 
Since  these  pressures  for  a  given  horse-power,  Ny  are  inversely 
proportional  to  the  speed  «,  we  see  that  when  P  represents  the 
sum  of  these  pressures,  the  friction  from  this  source  will  be 
expressed  by 

Lp  =  n dn  (p  P^ 
while  the  work  of  friction  due  to  v  times  the  speed  will  be 

Zy,  =  Pd^  ynq>  P^=^  ndn  q>P-i 


^  V 


We  see  from  this  that  the  work  of  friction  and  the  loss  of 
power  and  consumption  of  lubricants  will  generally  be  less  the 
more  the  speed  is  increased.  Since  an  increase  of  speed 
is  accompanied  by  other  advantages,  namely  lighter  and  less 
costly  wheels,  pulleys,  bearings,  and  transmission  pieces,  by 
smaller  pitches  for  the  teeth,  and  by  narrower  belts,  etc.,  it 
is  not  customary  to  run  shafting  at  speeds  below  a  certain 
limit. 
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It  is  usual  to  run  shop  shafting  at  90  to  120  revolutions 
per  minute,  but  still  higher  speeds  are  employed  for  rapidly 
running  machinery  ;  on  the  other  hand,  for  slow  running  ma- 
chinery, the  speed  is  sometimes  far  below  these  values.  Up- 
right shafting  in  particular,  when  it  extends  through  several 
stories,  is  usually  run  slowly,  seldom  more  than  60  revolu- 
tions per  minute.  Perfectly  general  rules  concerning  this 
matter  cannot,  of  course,  be  laid  down,  since  the  most  suita^ 
ble  arrangement  will  always  be  dependent  on  special  circum- 
stances. 

The  determination  of  the  diameters  of  shafting  must  be 
always  obtained  from  the  formula  for  stiffness  (§  15) : 

„  a^  d.C 

Pa  =  aooi/i  — j^—  . 

Since  shafting  is  generally  very  long,  the  angle  of  torsion 
a°  would  [a^  =  0.0063  /]  be  always  very  large  if  we  were  to 

assume  for  it  the  value  a°  = ,  above  given  for  shafts. 

4,000  ** 

In  order  that  the  angle  of  torsion,  even  for  long  transmis- 
sions, may  be  kept  within  moderate  limits,  Reuleaux  gives  the 
rule  that  the  angle  a°  for  shafting  should  be : 

This  assumption  should  give  the  same  value  for  a^ 
(namely,  a°  =  1°)  that  was  given  by  the  former  rule, 


4,000  '   L  160  J  ' 


when  /  =  2,000  mm  [  /=  78.74  ins.].  We  must  understand 
the  symbol  /  to  mean  the  whole  length  of  the  shaft  when  the 
force  is  received  at  one  end  of  the  shaft  and  given  out  at  the 
other.  But  it  must  be  understood  as  the  half  length  of  the 
shaft  when  the  delivery  of  power  is  uniform  along  the  shaft. 
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In  general,  /  is  the  distance  of  the  centre  deh'very  from  the 
point  of  admission  of  the  power,  u  e.y  that  centre  which  is 
obtained  by  considering  weights  as  acting  at  the  points  of 
delivery,  which  weights  are  proportional  to  the  moments  of 
the  forces  at  these  points.  This  point,  5,  Fig.  6o,  would  be 
given  by  the  equation  : 

A  c_/-  K.AA,  +  N^.AA^-\-N,.AA, 
This  length  being  understood  as  /,  and  substituting 


"•=|/8;45'  ["-"i/w]- 


we  get  for  wrought-iron  shafting  the  formula : 
from  which 


or 


d  =  1. 60^1/716,200—  'V^/  =  46.6  a/ — v^/, 

[^=  1.75  a/ —  V^ins.]. 

§  22.  Coupling*. — A  line  of  shafting  is  usually  of  con- 
siderable length,  and  must,  therefore,  be  composed  of  several 
pieces  suitably  united,  for  the  difficulties  of  construction, 
convenience  of  transportation,  and  of  setting  up,  forbid  its 
being  made  in  a  single  piece.  It  is  customary,  therefore,  to 
take  into  account  these  circumstances  of  construction  and 
transportation,  by  forming  the  shafting  of  several  pieces 
whose  length  is  usually  not  more  than  5  or  6  meters  [16  or 
19  ft.].    The  ends  of  the  different  pieces  are  united  by  means 
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of  couplings  ;  these  force  the  whole  shaft  to  rotate  whenever 
any  one  part  turns.  The  various  constructions  devised  for 
this  purpose  may  be  divided  into  fixed  and  movable  coup- 
lings ;  the  former  are  such  as  retain  their  position,  always 
uniting  the  shafts,  while  the  latter  permit  any  amount  of 
motion  or  disengagement  whenever  a  shaft  is  to  be  de- 
tached from  the  driving  shaft.  There  is  a  third  class  of  coup- 
lings which,  in  a  certain  sense,  lies  between  the  other  two, 
in  that  it  transmits  motion  only  so  long  as  the  force  to  be 
transmitted  remains  within  prescribed  limits,  the  action  of 
the  coupling  ceasing  whenever  these  limits  are  exceeded. 
These  couplings  are  called  friction  couplings,  because  the 
turning  of  the  driven  shaft  is  efifected  by  means  of  friction ; 
they  can  be  constructed  either  as  fixed  or  movable  couplings. 

The  fixed  couplings  may  be  divided  into  rigid  zxiAflexi-- 
bhy  of  which  the  former  unite  the  two  ends  of  the  shaft  into 
one  rigid  piece,  so  as  to  exclude  all  relative  motion  between 
them,  while  the  latter  do  permit  of  some  slight  motion  or 
sliding  of  the  shafts.  Rigid  couplings  can  only  be  applied 
when  the  axes  of  the  shafts  to  be  united,  lie  and  remain  ex- 
actly in  the  same  straight  line,  for  it  is  evident  that  the 
slightest  deviation  in  the  direction  of  the  shafts  would  cause 
great  pressures  whenever  the  shafts  were  turned,  if  they  were 
rigidly  connected,  and  that  these  pressures  would  not  exist 
if  the  union  of  the  two  permitted  a  certain  amount  of  mo- 
tion. If  we  cannot  be  sure  that  the  axes  of  the  two  shafts 
will  retain  their  position  unchanged,  as  is  the  case  for  exam- 
ple, in  rolling  mills,  where  the  motion  of  one  shaft  relatively 
to  the  other  is  unavoidable,  then  flexible  couplings  are  ap- 
plied, as  well  as  in  the  case  of  long  shafts  where  the  expan- 
sion due  to  changes  of  temperature  must  be  allowed  for. 

The  coupling  of  two  wooden  shafts  by  means  of  a  cast- 
iron  piece,  C,  provided  at  each  of  its  ends  with  crossed  ribs 
or  leaves.  Fig.  6i,  is  now  only  of  y\q.  6i. 

historic     interest,    since    wooden 
shafting  is  no  longer  constructed. 

To    unite   wrought-iron   shafts 
rigidly  by  allowing  one  end  to  lap 
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over  the  other,  and  then  uniting  them  by  a  bolt,  is  not  at  all 
advisable,  because  the  cross  section  of  the  shafts  is  thereby 
reduced  by  one  half.  If  we  seek  to  overcome  this  disadvan- 
tage by  a  corresponding  enlargement  of  the  ends  of  the 
shafts,  we  not  only  increase  considerably  the  cost  of  the 
shafts,  which  are  usually  turned  out  of  round,  bars,  but  also 
render  it  impossible  to  push  the  hubs  of  wheels  or  pulleys 
from  one  position  on  a  shaft  to  another.  For  the  same  rea- 
sons those  couplings  must  be  rejected,  in  which  one  end  of 
the  shaft  has  welded  to  it  a  wrought-iron  sleeve,  into  the 
square  aperture  of  which  the  end  of  the  other  shaft  is  fitted  ; 
it  is  only  for  very  small  forces,  or  for  cast-iron  shafts  in 
which  the  construction  of  the  sleeve  is  easily  accomplished, 
that  this  is  allowable,  although  even  in  this  last  case  it  were 
better  to  use  some  one  of  the  couplings  about  to  be  de- 
scribed. 

§  23-  Box  or  nuff  Conpllns. — Most  of  the  couplings 
occurring  in  practice  are  so  constructed  that  the  ends  of  the 
shafts  can  be  united  by  means  of  an  intermediate  piece  com- 
posed of  one  or  more  parts.  A  simple  and  consequently 
often  applied  coupling  is  shown  in  Fig.  62,  a  cast-iron  sleeve 
or  muff  A  B  is  passed  over  the  two  ends  of  the  shafts  C  and 

Fig.  63. 


D,  and  united  with  them  by  the  wedges  E  and  F.  These 
wedges  or  keys  are  of  rectangular  cross  section,  and  move  or 
lie  in  grooves  which  are  cut  partly  in  the  shafts  and  partly  in 
the  muff,  thus  preventing  all  turning  of  the  latter  with  refer- 
ence to  the  shafts.  When  the  shaft  C  is  turned,  the  key  E 
transmits  the  motion  to  the  muff  A  B,  and  this  transmits  the 
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rotation  by  means  of  the  key  F^  to  the  shaft  D,  A  union  of 
the  two  shafts  in  the  direction  of  their  length  does  not  ex- 
ist in  this  case,  and  is  not  necessary,  since  any  tendency  of 
the  shafts  to  move  in  the  direction  of  their  length  is  so  slight 
that  the  collars  or  shoulders  of  the  bearing  at  G  suffice  to 
overcome  it.  The  notching  of  the  two  ends  of  the  shaft 
within  the  muff,  which  is  sometimes  proposed,  is  unnecessary, 
and  is  not  advisable  because  of  the  diminished  strength  in- 
volved in  such  a  construction.  That  it  is  desirable  to  place 
such  a  coupling  as  near  as  possible  to  the  bearing  G,  has  been 
already  mentioned. 

The  sleeve  of  the  coupling  is  subjected  to  torsion  by  the 
force  which  twists  the  shafts,  and  it  is  therefore  permissible 

W 
to  determine  its  dimensions  by  placing  the  value  / —  for  the 

muff,  equal  to  that  for  the  shaft.  If  d  represents  the  diame- 
ter of  the  shaft  determined  by  the  formulas  for  torsion,  D 
the  external  diameter  of  the  muff,  /  the  greatest  stress  in  the 
wrought-iron  shaft,  and  /,  the  permissible  stress  in  the  cast 
iron,  we  can  put, 

i6         Z>  i6 

or,  since  we  may  assume 

/j  =  2.4,     /  =  4.8     [/,  =  3,400  and  /  =  6,800], 


that  is  /,  =  i  /,  we  have  : 

D 

or 

d 


—  2d\ 


D^ --j^d^  -  2d^  =  o. 

If  we  put  here  -r  =  y,  we  obtain  the  equation  : 

v^ 2=0, 

V 
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from  which  we  get  v  =  1.39.  But  the  muff  is  also  subjected 
to  a  shearing  or  tearing  stress  due  to  the  driving  in  of  the 
key ;  but  the  stress  thus  arising  cannot  be  determined  by  cal- 
culation, and  as  the  muff  is  also  weakened  by  the  keyway 
or  groove,  it  is  customary  to  give  the  muff  a  greater  thick- 
ness than  would  follow  from  the  above  calculation.  We  can 
make  the  thickness  ^  of  the  muff  equal  to  ^  ^/  +  5  to  10  milli- 
meters [or  I  rf  4-  .2  to  .4  in.],  consequently/?  =  1.67  df  +  10  to 
20  millimeters  [/>=  1.67 //  +  .4  to  .8  in.].  It  is,  moreover, 
usual  to  strengthen  the  muff  at  its  edges,  by  the  projecting 
collars  A  and  B^  in  order  to  prevent  the  breaking  of  the  edges 
during  the  driving  of  the  key.  The  keys  are  subjected  to 
shearing,  and  the  calculation  for  this  stress  can  be  made  so 
that  the  resistance  of  the  keys  to  shearing  shall  be  just  as 
great  as  that  to  twisting.  Representing  the  diameter  of  the 
shaft  by  d^  obtained  from  the  formula  for  strength, 


^=  1.02  y/Pa^     \d  =  .092  V  Pd] , 
we  get 

Pa  =  (7^5^)^=  0-94  d^     [^«  =  i>290  d^l , 

putting  a  =  — ,  we  get  for  the  force  tending  to  shear  the  key 
and  acting  at  the  circumference  of  the  shaft : 

P=  1.88  d\     [/>=  2,58s  //»]. 

We  have,  therefore,  when  the  length  of  the  key  /  =  //,  the 
breadth  b=  v  d^  and  when  k  represents  the  permissible  stress 
(4.8  for  wrought  iron  [6,830  lbs.]), 

P=  i.%%d*-lbkz=d .  vdx  4.8,     [P=6,83oyrf'], 

from  which  follows : 

1.88 
^  =  -^=^•392; 
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hence  the  key  must  have  a  breadth  b  —  .39  d.  This  case,  cal- 
culated  on  the  supposition  that  the  diameter  0/  the  shaft  was 
determined  with  reference  to  strength,  its  maximum  permis- 
sible stress  being  taken  at  /  =  4.8  kilograms  [6,830  lbs.],  is 
the  most  unfavorable  case,  and  is  not  applicable  to  shafting 
determined  from  the  formulas  for  stiffness,  (^  =  4. 1 3  -C  Pa 
\d  =  0.3  %//*«],  because  in  this  latter  case  the  maximum  stress 
in  the  shaft  is  much  smaller  than  (,  consequently  the  force 
/•acting  at  the  circumference,  which  tends  to  shear  the  key,  is 
also  much  less.  It  is  customary,  therefore,  to  determine  the  di- 
mensions of  keys  in  shafts  used  for  the  transmission  of  power 
from  empirical  rules.  The  following  are  given  by  Redtenbacher: 

S  =  \d  ■\-  5  mm    [(J  =  i  ^  +  .2  in.]  , 

/  =  2  rf  +  30  mm     [/  =  2  (/  +  1.2  ins.], 

b  =  0.9  ff  =  0.3  1^  +  4-S  mm     \b  =  O-^d  +  0.18  in.]. 

Thickness  of  key  =  i  b  =  0.1$  d  +  2  mm  [=0.15  d  +  0.08 
ins.]. 

§  24.  Flange  Coapllii(a. — The  objection  to  the  box  or 
muff  coupling  just  described,  is  that  the  shaft  cannot  be  put 
up  or  taken  down  without  shifting  the  muff  along  the  shaft. 

Fia  63. 


To  obviate  this  defect,  the  couplings  are  often  made  in  two 
parts  as  shown  in  the  following  examples.     Fig.  63  represents 
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a  flange  coupling,  it  consists  of  two  disk-shaped  pieces,  A  and 
B,  which  are  keyed  to  the  ends  of  the  two  shafts,  and  which 
touch  each  other  along  their  faces.  The  transfer  of  motion 
from  one  shaft  to  the  other  is  effected  by  bolts,  C  C,  passing 
through  both  disks,  the  number  of  bolts  varying  from  4  to  8, 
according  to  the  size  of  the  coupling.  The  heads  and  nutsof 
these  bolts  are  placed  in  circular  grooves  formed  by  the  rims 
and  hubs  of  the  coupling,  the  object  being  to  avoid  accidents 
that  might  arise  from  the  catching  of  belts  or  other  objects. 

Since  the  bolts  in  this  coupling  have  to  transmit  the  mo- 
ment of  the  force,  it  will  be  well  whenever  the  moments  are 
large,  to  avoid  putting  the  bolts,  too  near  the  axis,  for  by 
making  the  lever-arm  a  as  large  as  practicable,  the  force  P 
transmitted  through  the  bolts  and  tending  to  shear  them, 
will  be  diminished  as  much  as  possible.  In  order  to  relieve 
the  bolts  of  this  very  unfavorable  stress,  which  tends  to  make 
the  bolt  holes  oval,  and  diminish  the  rigidity  of  the  combina- 
tion, the  coupling  has  been  greatly  improved  and  made 
applicable  to  very  large  shafts,  by  turning  an  eccentric  de- 
pression D  into  the  face  of  the  part  A,  and  providing  the 
other  part  with  a  corresponding  projection  exactly  fitting  the 
depression.  The  transmission  of  the  moment  is  now  effected 
by  the  projection,  and  the  bolts  have  only  to  prevent  an 
accidental  separation  of  the  two  disks. 

Fro.  64. 


The  coupling  shown  in  Fig.  64  is,  in  many  respects,  an 
excellent  one.     In  this  case  the  union  of  the  shafts  is  effected 
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by  means  of  a  cast-iron  muff,  which  is  divided  into  two  parts, 
A  and  B,  which  are  fastened  to  the  shaft  by  means  of  the 
bolt  C.  The  keys  D  are  placed  in  grooves  and  transmit  the 
moment,  their  hook-shaped  heads  resisting  any  tendency  to 
separation  of  the  ends  of  the  shafts.  The  ease  with  which 
this  coupling  can  be  attached  to  or  removed  from  the  shaft- 
ing, and  the  possibility  of  very  accurate  construction,  consti- 
tute the  special  advantages  of  this  coupling,  and  render  it 
suitable  for  the  largest  shafting. 

§  2S.  Flexible  Coupling!. — The  couplings  hitherto  men- 
tioned all  belong  to  the  so-called  rigid  couplings,  and  can 
therefore  be  applied  only  when  it  is  reasonably  certain  that 
the  axes  of  the  shafts  will  always  fall  into  the  same  straight 
line.  If  for  any  reason  this  is  not  the  case,  a  flexible  coup- 
ling is  preferable,  because  it  avoids  the  pressures  and  cramp> 
ing  action  which  would  accompany  the  rigid  connection. 

A  favorite  form  of  flexible  coupling  is  shown  in  Fig.  65, 

Fig.  65. 


and  is  known  as  Sharp's  Claw  Coupling.*  In  this  case  also 
the  mufT  consists  of  two  parts,  ^  and  B,  who^e  faces  are  pro- 
vided respectively,  as  may  be  seen  from  the  figure,  with 
sector-shaped  projections  and  depressions  which  mutually 
clutch  each  other.  As  a  small  amount  of  play  has  been  left 
between  the  teeth,  the  slight  flexibility  desired  is  attained. 
\i  D  is  the  driving-shaft,  it  must  be  supported  by  a  bearing 
placed  close  to  the  coupling,  and  the  end  of  D  must  be 

•  For  table  ot  dimensions  of  this  coupling,  see   Wicbr :  Dit  Lthri  van  de* 
ttn/aiken  Mastkintntheilm,  p.  303. 
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allowed  to  extend  from  10  to  ij  mm  [0.4  to  aj  in.]  into  the 
socket  of  the  other  half  A  of  the  coupling,  so  that  it  may 
offer  some  support  to  the  free  end  of  the  shaft  C,  which  it 
would  not  otherwise  have,  on  account  of  the  play  left  be- 
tween the  sector-shaped  teeth. 

In  rolling  mills  the  cast-iron  journals  of  two  adjacent  rolls. 

Fig.  66, 


A  and  B,  Fig.  66,  are  united  by  an  intermediate  piece  C,  and 
two  muffs  D  and  E.  The  cross  section  of  the  interior  of  the 
muffs  is  star-shaped,  and  exactly  fits  the  exterior  of  the  pro- 
longations on  each  journal,  but  is  made  a  trifle  larger  than 
the  exterior  of  the  intermediate  piece,  so  as  to  allow  a  slight 
rise  and  fall  of  the  latter,  as  is  necessary  in  rolling-mill  work. 
The  muffs  are  prevented  from  shifting  by  strips  of  wood 
placed  between  the  muffs  and  upon  the  intermediate  piece, 
and  fastened  to  the  latter.  Here  we  may  incidentally  re- 
mark that  as  the  intermediate  piece  is  weaker  than  the  roll, 
it  greatly  diminishes  the  danger  of  breakage  of  the  latter, 
for  any  excessive  resistance  would  cause  the  intermediate 
piece  to  break  rather  than  the  roll.  In  like  manner  the  gen- 
eral principle  that  all  parts  of  a  machine  should  be  of  uni- 
form strength,  is  frequently  departed  from,  by  making  small 
and  easily  replaced  parts,  like  journals,  relatively  weaker  than 
those  difficult  to  replace,  such  as  working  beams,  connecting 
rods,  etc.,  whose  breakage  would  occasion  considerable  dam- 
age and  delay. 

Oldham  s  Coupling,  shown  in  Fig.  67,  possesses  great  flex- 
ibility. In  this  device  two  flat  circular  disks,  F F  3.nd  G  G, 
are  keyed  respectively  to  the  ends  of  the  two  shafts,  A  and 
B,  which   are  to  be"  united.     The  two  disks  are  connected 
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by  means  of  an  intermediate  disk  C  C,  which  connection  is 
effected    by   placing 

on  one  face  of  the  disk  '     ^* 

C  C,  and  along  its 
diameter,  a  prismatic 
bar  D  D,  and  upon 
the  other  face  of 
the  disk  a  similar  bar  j 
E  E,  which  is  nor- 
mal to  I>  D.  Since 
these  bars  fit  into  con 
responding  grooves 
on  the  disl^s  F  and 

G  fastened  to  the  shafts,  we  see  that  when  the  shaft  A  turns 
it  will  carry  with  it  the  bar  £>  D  of  the  disk  C,  that  the  latter 
then  communicates  this  motion  to  the  bar  E  £,  and  that  this 
transmits  the  motion  to  the  end  disk  G  of  the  other  shaft  £, 
and  thus  causes  the  latter  to  turn. 

This  coupling  possesses  the  peculiarity  that  the  transmis- 
sion of  motion  from  one  shaft  to  another  can  be  accomplished 
even  when  the  two  shafts  do  not  fall  into  the  same  straight 
line,  provided  that  they  are  parallel.  In  this  case,  moreover, 
the  motion  transmitted  will  be  uniform,  as  may  be  easily  seen 
from  Fig.  63.  In  this  figure,  A  and  B  are  the  intersections 
of  two  parallel  straight  lines,  rep- 
^°-  ^  resenting  the  axes,  with  a  plane 

y-^^       ^^  passing  through  the  middle  of  the 

/C/^  \  y^'--       coupling,  and  D  D  and  E  E  are 

//?<'^~""a  v^"'  ^^^  projections  of  the  centre  lines 

/  /  /\  ^\,/,  \^"^\  \  of  the  above-mentioned  bars  upon 
I  \      /7>^'    J  I   i  this  plane.  We  now  see  that  when 

\  \»'  -oof       Bc^        I  i   ^^^  shafts  turn,  the  intermediate 
V'C/^ —      \^  /    ^'^^  ^  *'^'  ''sve  such  a  motion 
Cns,  3^'''        ^^^^  ^^^  *^°   straight  lines   D  D 

^^--=rt:^-' E'  and  EE  drawn  upon  it,  perpen- 

dicular to  each  other,  will  pass 
through  the  fixed  points  A  and  B  respectively,  a  kind  of 
motion  which  has  been  more  fully  discussed  in  the  introduc- 


80  MACHINERY  OF   TRANSMISSION,  [§  2$. 

tion  (§  ii).  From  this  discussion  we  see  that  the  two  cen- 
troids  representing  this  motion  are  two  circles,  one  of  which 
belongs  to  the  connecting  line  A  B^  and  is  drawn  on  ^  ^  as 
a  diameter,  while  the  other  is  a  circle  d  e  belonging  to  the 
cross  bars  D  D  and  E  E,  having  a  diameter  equal  to  twice 
A  B  and  a  centre  C  at  the  intersection  ol  D  D  and  E  E.  In 
the  present  case  the  two  axes  A  and  B,  and  their  connecting 
line  A  B  must  be  regarded  as  fixed  unchangeably,  and  the 
motion  of  the  intermediate  disk  will  therefore  correspond  to 
the  rolling  of  the  larger  circle  C  d  e  upon  the  smaller  circle 
A  C  B,  During  this  rolling,  the  point  of  intersection  C  of 
the  two  bars  remains  constantly  upon  the  smaller  centroid  or 
circle  described  on  -^4  j5  as  a  diameter.  Now  let  us  suppose  the 
large  circle  C de  to  roll  a  little  way  on  the  smaller  one  A  B  Cy 
it  will  correspond  to  a  slight  turning  of  the  coupling,  the  point 
of  intersection  C  shifting  its  position  to  C\  and  the  straight 
lines  CD  and  C  E  changing  to  CD  and  C  E\  It  now 
follows  from  the  equality  of  the  two  angles  C  A  C  and 
C B  C\  that  the  two  axes  A  and  B  must  have  turned  through 
exactly  the  same  angle,  for  they  were  compelled  to  rotate 
with  D  D  and  E  E,  while  the  latter  were  turning  into  the 
positions  D'  D'  and  E'  E'  respectively.  When  the  two  axes 
are  in  the  same  straight  line,  A  will  coincide  with  -5,  the 
centroids  will  contract  to  a  mere  point  (the  centre  of  the 
shaft),  and  the  motion  of  the  cross-bar  disk  will  not  differ 
from  the  turning  motion  of  the  two  shafts. 

In  the  case  where  the  two  parallel  shafts  do  not  fall  into 
exactly  the  same  straight  line,  their  connection  may  be  effected 
as  shown  in  Fig.  69,  a  crank  being  placed  on  each  end  A  and 
B  of  the  shafts,  the  two  journals  of  the  cranks  being  joined 
by  a  link-bar,  C  D^  and  the  whole  combination  called  a  Knee 
Coupling.  This  arrangement  will  not  have  the  property  of 
transmitting  a  uniform  rotation  from  one  shaft  to  the  other. 
On  the  contrary,  if  the  driving  shaft  A  turns  uniformly,  the 
driven  shaft  B  will  alternately  move  faster  and  slower  than 
A.  The  mechanism  just  described  belongs  to  the  crank 
train,  and  there  it  will  be  more  fully  discussed. 

If  in  the  coupling  of  Fig.  69  we  give  to  the  crank  pins  and 
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their  bearings  spherical  forms,  the  transmission  of  motion 
will  still  be  possible  though  the  shafts  are  not  exactly  parallel 
but  form  a  slight  angle  with  each  other.  The  same  holds 
with   the   disk  coupling  shown  -g^^  .^ 

in  Fig.  70,  in  which  the  coupling 
bolts  A  are  keyed  to  the  disk 
which  is  fastened  to  the  shaft: 

Fig.  69. 


C,  their  pear-shaped  heads,  B,  fitting  loosely,  and  capable  of 
slightly  turning  in  the  disk  fastened  to  the  other  shaft,  D. 
When  there  are  greater  deviations  in  the  directions  of  the 
shafts,  the  devices  just  described.  Figs.  69  and  70,  cannot  be 
applied,  and  use  must  be  made  of  the  following  means : 

g  26.  Vhe  VnlTcnal  Joint. — This  device  is  also  known 
as  Hooke's  Coupling  or  Hooke's  Gimbal  Joint,  and  ts  shown  in 
Fig,  71,  where  C  represents  the  intersection  of  the  two  shafts 
D  and  E.  The  two  axes  are  provided  at  their  ends  with 
forks  A  A  and  B B  of  equal  size,  whose  bearings,  A,  A,  B,  B> 
fit  the  four  journals  of  the  cross  C,  the  arms  of  which  are  at 
right  angles.  When  the  driving  shaft  D  turns,  the  centre 
lines  of  the  bearings  A  A  of  the  fork 
attached  to  D  must  remain  in  a 
plane  perpendicular  to  the  shaft  D, 
the  middle  points  of  the  bearings 
describing  in  this  plane  a  circle,  J 
A  F  B  G,  Fig.  72.  At  the  same 
time,  by  means  of  the  coupling 
cross  C,  the  driven  shaft  E  must 
likewise  turn,  and  the  centres  of  the 
bearings  BB  of  the  fork  attached  to  E,  must  also  remain  in  a 
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plane  K  H  perpendicular  to  the  shaft  E  and  passing  through 

Cy  the  points  describing  in  this  plane 
another  circle,  H B  KA.  When  the 
fork  of  the  driving  shaft  is  in  the 
position  B  Ay  the  fork  of  the  driven 
shaft  will  be  at  K  H.  If  the  driving 
shaft  has  turned  through  90°,  that  is 
^  if  its  fork  has  reached  the  position 
G  Fy  the  fork  of  the  driven  shaft  will 
be  at  A  By  etc.,  for  the  angles  A  CHy 
FCByBCKy  and  (9  C-^,  are  right 
angles  equal  to  those  formed  by  the 
arms  of  the  cross.  As  may  be  easily 
seen,  the  two  circles  are  great  cir- 
cles of  a  sphere  whose  centre  is  at 
JF  the  intersection,  C,  of  the  two  axes, 
and  whose  diameter  is  the  width 
AA=BB  of  either  fork.  The  an- 
gle AT  CG^,  formed  by  these  planes,  is 
equal  to  the  angle  E  C  L=^Cy  formed 
by  the  axes.  The  cross  A  B  A  By 
Fig.  71,  connecting  the  forks,  has  a  motion  of  such  character 
that  the  centre  line  of  the  journals  A  A  is  constrained  to 
move  in  the  plane  A  FB  G,  and  the  centre  line  B  B  normal 
to  A  A  in  the  plane  HBKA.  Evidently  this  is  the  same 
kind  of  motion  which  was  more  fully  discussed  in  the  Intro- 
duction (§  24),  and  we  may  therefore  make  direct  use  here  of 
the  formulas  there  developed.  As  before,  let  us  designate  by 
a  the  angle  AGO,  representing  the  amount  of  turning  of  C  A 
in  its  plane  of  motion,  in  a  given  time,  from  its  initial  po- 
sition C A  ;  also  let  yff=  HCQ  be  the  angle  of  turning  of  the 
straight  line  G  B  oi  the  cross  in  its  plane,  estimated  from  the 
initial  position  H  G.  Then  we  shall  have,  as  before,  from  the 
spherical  triangle  GAOQ\ 

cos  O  G Q^  cos  A  G O  cos  A  G Q 


+  sin  AGO  sin  A  GQ  cos  O  {A  G)  Q 
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or 

COS  90°  =^0—  COS  a  COS  (50°  +  /3)  +  sin  a  sin  (90°  +  /?)  ^^5  r, 

which  may  be  reduced  to 

tan  6 
COS  c  =  - — ^ . 
tan  a 

The  ratio  of  the  paths  /?  and  a  of  the  centres  of  the  jour- 
nals of  the  cross  are  therefore  not  constant,  but  it  is  the  ratio 
of  the  tangents  of  their  angles  of  rotation  which  is  constant 
and  equal  to  the  cosine  of  the  angle  included  between  the 
axes.  Since  cos  c  is  always  a  proper  fraction,  we  shall  always 
have  tan  fS  <  tan  a ;  that  is  in  the  first  and  third  quadrants 
we  shall  have  fi  <  oCy  and  in  the  second  and  fourth  quadrants 

Accordingly,  the  velocity  of  the  two  axes  is  not  the  same, 
and  when  the  driving  shaft  D  turns  with  uniform  velocity, 
the  shaft  E  moves  with  greater  and  less  speed  alternately. 
In  §  24  of  the  Introduction,  the  ratio  of  the  angular  veloci- 
ties has  already  been  determined,  and  is  as  follows : 

<»a  _  (  I  +  ^^«  ^OL)  .cos  C   __  cos  C 

(»i  "~   I  +  tan^  a  .  cos^  c  "~  I  —  sin* a.  sin* c ' 

where  a?,  represents  the  angular  velocity  of  the  driving  shaft 
2?,  and  «,  that  of  the  driven  shaft  E. 

This  ratio  attains  its  greatest  value  when 

sin  or  =  ±  I, 
or 

a  =  - ,  and  ^ —  , 
2  '  2    ' 

that  is,  when  the  driving  fork  is  in  G  F^  and  the  driven  one 
in  A  By  which  obtains  whenever  the  cross  lies  in  the  plane 
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A  FB  G  perpendicular  to  the  driving  shaft  D.      For  this  posi- 
tion we  have : 


G7.  cos  c 

max.  — ^  = 


a:,       I  —  sin '  c       cos  c 


The  smallest  value  of  —  is  obtained  where  sin  a  =  o,  or 

for 

a  =  O  and  ;r, 

hence 

mm.  -—  =  cos  Cf 

which  corresponds  to  the  position  of  the  driving  fork  in  A  B, 
and  the  driven  one  in  UK,  that  is  when  the  plane  of  the  cross 
is  normal  to  the  driven  s/iaft  B. 

Finally,  the  two  velocities  coi  and  go^  will  be  equal,  when 

(l  +  tan  ^a)  cos  c  =  I  +  tan '  a  cos^  c, 

from  which  we  get 

tan ^ a  cose  {i  --  cos  c)=  I  --  cos  c, 


or 


tan 


y  cos  c 


and 


tan  /8  =  ^/cos  c . 

The  velocity  ratio  consequently  oscillates  between  the  two 

extreme  values and  cos  c ;  indeed  if  the  velocity  a?,  of 

cos  c  ^ 

the  driving  shaft  is  uniform,  the  driven  fork  attains  its  maxi- 
mum  angular  velocity  — ^  twice  in  every  revolution,  namely, 
when  it  is  in  the  positions  A  B^  and  its  minimum  velocity 
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03,  COS  c,  also  twice  in  every  revolution,  namely,  whenever  the 
driven  fork  passes  the  position  H  K,  Between  these  limiting 
positions  of  the  forks,  the  driven  shaft  is  subjected  alternately 
to  acceleration  and  retardation. 

The  variation  in  the  motion  of  the  driven  shaft  increases 
with  the  angle  of  inclination  c  of  the  two  shafts,  and  disap- 
pears when  this  angle  is  zero.  Consequently  the  universal 
joint  is  mostly  employed  when  the  directions  of  the  two 
shafts  deviate  but  slightly  (c  ~  30°),  otherwise  the  inequali- 
ties of  motion,  and  the  resulting  friction,  shocks,  and  other 
disadvantages  will  become  too  great.  The  universal  joint  is 
frequently  applied  in  agricultural  machinery  (for  example, 
threshing  machines)  whose  portable  character  does  not  per- 
mit of  their  being  set  up  with  the  care  demanded  when  rigid 
couplings  are  employed.  Recently,  Hooke's  joint  with  prop- 
erly increased  dimensions,  has  been  applied  to  war  vessels  for 
coupling  the  propeller  shaft  with  the  engine  shaft,  so  that 
the  screw  may  be  inclined  to  the  axis  of  the  ship,  and  thus 
effect  a  rapid  turning  of  the  same. 

The  details  of  the  universal  joint  may  be  seen  from  the 
two  views  given  in  Fig.  73.    The  cross  C,  and  the  tines  of  the 

Fio.  73. 


fork  are  of  wrought  iron,  and  the  journals  A  and  B  are  pro* 
vided  with  devices  for  taking  up  the  wear  in  the  bearings. 

Where  the  stresses  are  small,  as  in  agricultural  machin- 
ery, it  is  customary  to  reduce  the  first   cost  by  making  the 
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forks  and  the  cross  of  cast  iron,  but  the  journals  of  wrought 
iron,  the  forks  being  keyed  to  the  shafts.  To  connect  the 
forks,  a  wrought-iron  ring,  Fig.  74,  is  often  used  instead  of 
a  cross.  This  ring  contains  the  sockets  A,  A,  B,  B,  for  hold- 
ing the  journals,  one 
^^  7*  pair  of  which,  A  A,  are 

turned  on  a  bolt  pass- 
ing through  the  ring, 
while  the  other  pair  are 
made  of  two  shorter 
bolts  B  B,  but  if  de- 
sired, all  the  journals 
may  be  short  bolts  or 
pins.  This  ring  is  chos- 
en in  preference  to  the 
cross  whenever  it  is 
necessary  to  have  sev- 
eral systems  of  journals 
in  one  plane,  as  in  the  following  constructions. 

In  Taylor's  *  universal  joint,  one  of  the  shafts  is  provided 
at  its  end  with  a  cylindrical  sleeve  with  four  axial  grooves  on 
the  interior,  while  the  other  shaft  has  a  spherical-shaped  end 
with  four  corresponding  teeth  which  gear  into  the  grooves  of 
the  sleeve.  The  spherical-shaped  end  gives  the  desired  flexi* 
btlity  to  the  combination,  while  the  teeth  effect  the  driving. 

EXAHPLB. — In  ■  universal  joint  whose  axes  make  the  angle  e  =  30*  with  oao 
Another,  we  have,  for  Ihe  greateit  velocity  ratio  : 


and  for  the  smallest, 


and  hence  the  ratio  of  these  two  values  Is  ; 


"  0.866  i 


(;^"V)        3  ■ 


*  Dingk^i ptiyt.  Jtmtuil,  Bd.  173,  1B64. 
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Consequently,  if  the  driving  shaft  turns  with  the  uniform  velocity  as i,  the  ve- 
locity GOa  of  the  driven  shaft  will  vary  between  1. 155  <»i  and  0.866  «>i,  and  the 
measure  of  the  variation  will  be  1.155  —  0.866  =  0.289. 

The  two  shafts  will  have  the  same  velocity  of  rotation  when 


*  =  \/-£^  =  V^'55  =  1.074  . 


tan 

cos  30 


tan  fi  ^  ^/cos  30'  =^0.866  =  0.931. 

Since  these  values  give  a  =  47'  3'  aiyi  fi  =  42'  57'»  the  greatest  deviation 
will  be  a  —  /?  =  4"  6',  and  will  correspond  respectively  to  the  two  cases  when  the 
driven  shaft  moves  faster  and  slower  than  the  driving  shaft,  each  of  these  two 
cases  occurring  twice  m  every  revolution. 

§  27.  The  Double  Universal  Joint. — The  inequality  of 
motion  of  the  driven  shaft  resulting,  according  to  the  above, 
from  the  single  universal  joint,  gives  rise  to  many  disadvan- 
tages in  the  machines  driven  by  it.  For  instance,  the  driving 
shaft  has  to  overcome  widely  differing  resistances,  because  in 
accelerating  the  driven  shaft,  not  only  must  the  work  of  the 
machinery  be  performed  at  greater  speed,  but  work  is  also 
absorbed  in  accelerating  the  masses  the  living  force  of  which 
in  thq  following  period  of  retardation  acts  to  overcome  the 
resistance  due  to  the  work,  thus  still  further  diminishing  the 
load  on  the  driving  shaft,  and  increasing  the  difference  in  the 
amount  of  work  given  off  in  the  two  periods.  As  a  conse- 
quence of  this,  there  arises  in  the  whole  system  an  irregular 
jarring  action  producing  much  friction  and  wear.  The  result 
has  been  that  of  late  numerous  efforts  have  been  made  to 
construct  univei^al  joints  free  from  this  variation  of  angular 
velocity;  particular  mention  may  be  made  of  various  con- 
structions called  forth  by  a  prize  offered  by  the  Verein  zur 
Beforderung  des  Gewerbfleisses  in  Preussen!^ 

The  simplest  means  of  obtaining  a  uniform  transmission 
of  motion,  when  the  universal  joint  is  to  be  employed,  con- 
sists in  making  use  of  a  second  universal  joint  to  neutralize 

*  See   Verh,  d,    V.  «.  Bef,  d,  Gew,  in  Preussen.     Vol.  44,  1865. 
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the  inequalities  of  the  first ;  that  this  is  possible  will  appear 
in  what  follows. 

Fig.  75. 


In  Fig.  75,  let  C  be  the  centre  of  the  universal  joint  con- 
necting the  two  shafts  CA  and  CE^  the  driving  shaft  having 
the  direction  CA.  All  that  was  said  in  the  previous  article 
applies  to  the  motion  transmitted  from  CA  to  C E.  The 
driving  pins  move  in  the  plane  A  FB  C,  while  the  driven 
ones  move  in  the  plane  H QB KA,  and  in  such  manner  that 
the  rotation  of  the  driving  shaft  through  the  angle  A  C  O  =  a 
will  cause  the  driven  shaft  CE  to  rotate  through  an  angle 
IfC  Q  =  /^i  the  relation  between  the  angles  being  given  by 

'  fan  fi  =i  cos  €  tan  or, 


where  cos  c  represents  the  angle  LCE  =  FCH included  be- 
tween the  two  shafts.  Now  let  us  suppose  that  at  any  point 
E  of  the  driven  shaft  CE  a  third  shaft  E  N  is  so  connected 
with  CE,  that  it  makes  with  the  latter  an  angle  DEN  =-  c 
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and  equal  to  that  contained  by  the  first  and  second  shafts 
A  C  and  CE.  We  will  also  assume  that  the  three  shafts  lie 
in  the  same  plane  (that  of  the  paper).  The  two  shafts  at 
E  are  likewise  connected  by  a  universal  joint,  and  in  such  a 
way  that  the  fork  at  E  belonging  to  C£  is  parallel  to  the  fork 
at  C  on  the  same  shaft.  When  the  fork  at  C  takes  up  the 
position  C  Qy  the  fork  at  -£,  whose  pins  move  in  the  plane 
H^B^K^A^y  will  take  up  the  position  EQ^  parallel  to  CQ^ 
while  the  axis  of  the  pins  belonging  to  the  fork  of  the  shaft 
EN  and  moving  in  the  plane  A^F^B^G^  will  take  up  the 
position  ER  at  an  angular  distance  from  the  assumed  initial 
position  E B^,  represented  by  the  angle  B^ER  =  y.  In 
order  to  determine  y  we  must  make  use  of  the  expression 
deduced  from  the  spherical  triangle  E  Q^B^R  namely : 


cos 
+  sin 


Q^E  R=z  cos  a  E  B^  cos  B^ER 
Q,EB^  sin B^ERcos  Q,  (E B,) R, 


which  since 


Q,£R=.^',    Q,EB,=^^-fi, 


and 

Q,{EB,)R=z7t^c, 

reduces  to 

o  =  sin  fi  cosy  —  cos  fi  sin  y  cos  c^ 

whence 

tan  6 
cos  c  =  - — ^  . 
tan  y 

But  because  we  also  have 

_  tan  fi 


cos  c 


tan  a ' 


it  must  follow  that  tan  y  =  tan  a  or  y  =^  a.     Since  this  rela^ 
tion  holds  for  every  value  of  -^,  we  see  that  the  angle  y 
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through  which  the  third  shaft  has  turned,  must  at  every 
instant  be  equal  to  the  angle  of  rotation  a  of  the  first 
shaft.  Consequently,  if  the  driving  shaft  A  C  moves  with 
uniform  velocity,  the  third  shaft  will  also  so  move,  while  the 
intermediate  shaft  C  E  will  retain  the  inequality  of  motion 
belonging  to  a  simple  universal  joint  having  the  angle  of  in- 
clination c. 

The  assumptions  underlying  the  foregoing  calculation, 
show  us  that  if  the  uniform  rotation  of  the  driving  shaft  is  to 
be  transformed  into  a  uniform  rotation  of  the  driven  shaft,  it 
will  be  necessary  not  only  to  make  the  angles  of  inclination 
formed  by  these  two  axes  with  the  intermediate  axes,  equal, 
but  also  to  so  place  the  two  universal  joints  that  their  posi- 
tions relatively  to  the  shafts  will  be  similar.  By  similar 
position  we  here  understand,  that  when  the  fork  of  the  inter- 
mediate axis  coincides  with  the  plane  A  C  E  ol  the  two  axes 


Fig.  76. 
n 


A  C  and  C  E^  which  meet  at  C,  the  fork  of  the  intermediate 
shaft  at  £  will  also  coincide  with  the  plane  C  E  N  oi  the 
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shafts  intersecting  at  E^  or  that  the  two  forks  of  the  inter- 
mediate shaft  at  C  and  E  must  be  simultaneously  perpen- 
dicular to  the  planes  of  the  intersecting  shafts  just  mentioned. 
That  is  to  say,  the  forks  must  always  form  equal  angles  with 
these  planes. 

This  last  condition,  and  also  the  one  requiring  that  the 
angles  of  inclination  at  C  and  E  should  be  equal,  by  no 
means  prescribe,  however,  that  all  three  shafts  should  lie  in 
one  and  the  same  plane,  as  is  assumed  in  Fig.  76.  For,  if  we 
imagine  two  conical  surfaces  to  be  generated  about  the  in^ 
termediate  shaft  C  E^  with  their  vertices  at  C  and  -£,  the  gen- 
eration being  effected  by  revolving  the  lines  of  direction  A  C 
and  E  N  about  C  Eva  such  a  way  as  to  maintain  the  constant 
angle  of  inclination  c^  then  any  two  elements  of  these  conical 
surfaces  may  be  taken  for  the  direction  of  the  shafts  A  C 
and  EN.  These  two  directions  need  not  intersect  nor  be 
parallel,  they  will'  nevertheless  transmit  uniform  motion  be- 
tween the  two  shafts  which  they  represent,  provided  only 
that  the  universal  joints  have  similar  positions  in  the  sense 
defined  above. 

§  28.  ITnlverial  Joints  for  TraniiniltUnff  llntrorni  Mo- 
tion.— The  property  of  the  double  universal  joint  just  deter- 
mined also  underlies  other  constructions  whose  object,  is  to 
transmit  motion  without  change  of  velocity. 

Since  the  length  of  the  intermediate  shaft  C  E^  Fig.  j(>^  is 
wholly  without  influence  on  the  transmission  of  motion,  we 
can  reduce  this  length  as  much  as  we  please,  and  even  shorten 
it  so  far  that  two  forks  at  CJ?  will  fall  into  one  and  the  same 
plane.  The  two  fork-pins  or  bolts  will  therefore  be  reduced 
to  a  single  one,  for  we  know  from  what  has  preceded  that  the 
forks  must  be  parallel. 

For  the  sake  of  brevity  we  will  call  this  resultant  bolt,  the 
driving  bolt.  It  is  evident  that  its  motion  must  be  confined 
to  a  plane  which  is  parallel  to  the  planes  H  K  and  H^K^^ 

and  hence  must  make  equal  angles ^with  the  driving  and 

the  driven  shaft,  that  is,  it  must  bisect  the  angle  A  C  B 
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formed  by  the  shafts  A  C  and  B  C,  Fig.  'j'j  and  Fig.  78,  The 
shafts  must  now 
be  provided  with 
forks  similarly 
placed,  i.  c,  the 
fork  a  a  must  be 
so  fastened  to 
the  shaft  A,  and 

'  the   fork  bb,  to 

the  shaft  B,  that 
they  will  simul- 
taneously lie  in 
the  plane  of  the 
shafts,  as  shown 
by  Fig.  ;;. 

Fig.  78. 
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If  we  suppose  the  shafts  to  turn  through  90",  these  forks 
will  take  the  position  shown  in  Fig.  78,  and  their  bolts  or 
joint-pins  will  be  perpendicular  to  the  plane  of  the  shafts, 
and  will  be  projected  at 

C.     In  this   construction  ^'°-  79- 

the  bolts  do  not  pass 
across  the  forks,  but  are 
merely  short  joint-pins  fit- 
ting the  eyes  of  the  forks. 
In  the  construction  shown 
in  Fig.  79,  however,  one 
fork  has  a  through  bolt. 
Each  of  the  forks  a  a 
and  b  b  must  be  properly 
united  by  a  cross  with 
the  driving  bolt,  which 
represents  the  contracted 

form  of  the  forks  of  the  intermediate  shaft  C  E  o(  Fig.  76. 
Since  this  driving  bolt  moves  in  the  plane  If  E  bisecting 
the  angle  of  the  axes,  it  is,  of  course,  always  perpendicu- 
lar to  the  fork  bolts  a  a  and  b  b ;  consequently,  in  Fig.  80, 
Fig,  80.  it  is   perpendicu- 

lar to  the  plane 
of  the   shafts   at 
C,  while  in  Fig. 
81  it  lies  in  this 
bisecting  plane  at 
D  E.     This  driv- 
ing bolt  need  not 
extend     entirely 
through  the  fork, 
but  may  consist 
1  of  two  short  joint- 
'  pins  lying  at  cc. 
Fig.  81,  connect- 
ed by  a  wrought-iron  ring  D  E.    The  two  short  joint-pins 
shown  in  projection  at  c  c  Fig.  80,  must  also  be  jointed  to 
the  crosses  of  the  forks  aa  and  bb.    As  in  Fig.  79,  these 
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crosses  are  transformed  into  rings,  which  are  shown  z,tffasid 
gg.  Fig.  80.  A  comparison  of  the  construction  thus  obtained 
with  Fig.  ^6,  shows  that  all  the  parts  of  the  former  exist  in 
the  latter,  a  a  and  b  b  being  the  forks  of  the  driving  and  the 
driven  shafts,  //and^^the  crosses  in  the  form  of  rings,  while 
the  ring  D  E  corresponds  to  the  driving  bolts  of  the  two  forks 
at  C  and  E  Fig.  yd.  For  this  driving  bolt  or  ring  D  E  per- 
mits the  rings //and  gg  to  turn  as  freely  as  the  crosses  of 
the  forks  on  the  shafts  C  E,  Fig.  "jCi.    Here,  as  there,  trans- 

FiG.  Si. 


mission  of  motion  without  change  of  velocity  can  take  place 
if  we  assume  the  ring  or  driving  bolt  to  remain  always  in  the 
plane  which  bisects  the  angle  of  the  axes.  In  Fig.  "jd  the 
intermediate  shaft  and  its  forks  fulfil  this    condition,  for 
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the  position  of  this  axis  is  unchangeably  fixed  by  the  two 
points  C  and  E^  but  in  Fig.  8o  these  two  points  coincide  at 
C,  and  the  driving  ring 
D  E  will  not  remain  in 
the  bisecting  plane  un- 
less special  means  are 
provided  for  keeping  it 
there.  For  this  pur- 
pose various  devices 
may  be  employed,  one 
of  which  is  due  to  Reu- 
leaux^*  and  consists  of 
a  circular  groove  C^  C^  C©,  which  guides  the  driving  ring,  D  E. 

In  the  construction  given  by  Bredty\  the  same  object  is 
attained  by  the  arrangement  shown  in  Fig.  8i,  which  consists 
of  two  equal  connecting  rods  e  e  jointed  to  the  two  forks  a  a  and 
^  ^  at  equal  distances  from  the  axes  of  the  shafts,  and  attached 
to  a  sleeve  €j^  sliding  on  the  guiding  rod  d  fixed  to  the  driv- 
ing ring  D  E,  It  is  evidently  the  symmetrical  arrangement 
of  aee^eby  which  of  course  takes  part  in  the  rotation,  which 
prevents  the  driving  ring  from  leaving  the  bisecting  plane  of 
the  axes. 

The  universal  joint  devised  by  Blees  %  has  a  somewhat  dif- 
ferent arrangement,  but  is  also  constructed  in  such  a  way 
that  the  two  shafts  have  forks  so  united  by  a  driving  bolt 
that  this  driving  bolt  must  remain  in  the  plane  bisecting  the 
angle  of  the  axes.  An  idea  of  the  arrangement  may  be  ob- 
tained from  Fig.  83.  The  two  shafts  A  and  B  have  ring- 
shaped  ends  D  and  E^  having  the  intersection  C  of  the  axes 
for  their  common  centre.  These  rings,  the  outer  of  which 
cannot,  of  course,  be  completely  closed,  are  united  by  a  bolt 
FCF,  whose  axis  bisects  the  angle  AC  B.  It  is  evident  from 
what  has  preceded,  that  a  uniform  transmission  of  motion 
will  be  obtained  if  we  make  sure  that  the  driving  bolt  FF 


♦  Verh,  d.  Ver,  f.  Bef,  d.  Gewerbfl,^  Vol.  44^  1865. 

t  Civil  IngMeur,  Vol.  11, 1865. 

%  Vtrhandl  d.  Ver,  t.  Bef,  d,  Gewerbjl.    Vol  44,  1865. 
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during  the  rotation  of  the  shafts  remains  continually  in  the 
plane  which  bisects  the  angles  A  C  B  oi  the  shafts.    The 
bisecting  plane  is 
^'°-  **  perpendicular  to 

the  plane  of  the 
paper  at  F  F. 
To  maintain  FF 
in  this  bisecting 
plane,  it  is  not 
sufficient  to  pro- 
vide the  ring- 
shaped  ends  D 
andJ?  with  round 
holes  for  the  driv- 
ing bolt,  but  we 
must  give  to  them 
long   slits,  dd  in 

"  and  ee  va  E, 

jrderthat  they 
y    move   rela- 
ely  to  the  driv- 
■  bolt.  To  keep 
the    bolt   in  the 
bisecting  plane,  small  bevel  wheels,  //,  whose  vertices  are 
at  C,  are  fastened  to  the  bolt  FF,  and  one  side  of  the  slit 
in  each  ring  is  provided  with  teeth  which  gear  into  these 
bevel  wheels.     Since  the  point  at  which  the  bevel  wheel  is 
acted  upon  by  the  teeth  of  the  inner  ring  E  is  diametrically 
opposite  to  the  point  at  which  the  bevel  wheel  is  acted  upon 
by  the  exterior  ring  D,  and  since  the  motion  of  the  rings  rela- 
tively to  each  other  corresponds  to  a  rotation  about  a  perpen- 
dicular at  C,  it  follows  that  the  bevel  wheels  of  the  driving 
bolt  FF  will  roll  upon  the  toothed  portions  of  the  slits,  and 
in  such  a  way  that  the  axis  of  the  driving  bolt  will  continu- 
ally remain  in  the  bisecting  plane  which  is  perpendicular  to 
the  plane  of  the  drawing  at  FCF.     It  is  evident  that  instead 
of  employing  this  toothed  mechanism,  we  may  make  use  of 
some  other  arrangements,  for  example,  of  that  given  in  Fig, 
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8i  or  Fig,  82.  It  follows,  from  what  has  been  previously 
established,  that  when  the  driving  bolt  constantly  makes 
€^ua/  angles  with  the  two  axes,  the  uniform  motion  of  one 
shaft  may  be  transmitted  to  another. 

§  29.  WsengaclnB  Cear. — It  often  happens  that  one 
shaft  must  be  coupled  with  another  in  such  a  way  that  they 
can  be  easily  disconnected  at  any  moment.  The  couplings 
used  for  this  purpose  are  called  /oose  couplings,  or  simply 
clutches.  They  generally  consist  of  two  parts,  one  of  which 
is  fixed  to  the  driving  shaft,  while  the  other  has  such  a  motion 
on  the  driven  shaft  (usually  a  sliding  one)  as  will  start  or  stop 
the  latter,  according  to  the  position  of  the  second  part 
relatively  to  the  first.  As  the  movable  part  has  a  groove 
which  fits  a  feather  on  the  driven  shaft,  the  latter  must  neces- 
sarily partake  of  the  rotation  communicated  to  the  movable 
or  sliding  part  of  the  coupling. 

A  simple  disengaging  gear  is  shown  in  Fig.  84.    The  driv- 

FiG.  84. 


ing  shaft  A  is  supported  by  a  bearing  placed  as  closely  as 
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possible  to  the  coupling,  and  has  keyed  to  its  end  a  crQss- 
piece,  C.  The  driven  shaft  B  carries  a  fork  D,  which  slides 
on  the  shaft,  permitting  the  tines  of  the  fork  D  to  be  acted 
upon  or  withdrawn  from  the  arms  of  the  cross-piece  C,  as 
may  be  desired.  The  feather  E  of  the  shaft  fits  into  the 
groove  of  the  nave  D,  and  in  all  couplings  of  this  class  causes 
the  shaft  B  to  turn  with  the  fork.  The  sliding  of  the  fork 
along  the  shaft  B  for  the  purpose  of  throwing  the  latter  in 
and  out  of  gear,  is  effected  by  a  lever  G,  which  has  a  forked 
end  embracing  the  nave  D,  the  tines  carrying  two  pins  H, 
which  fit  into  a  groove  turned  on  D,  so  that  when  the  lever 
turns  on  F  by  moving  from  H  F  \o  H,  F,  the  nave  D  is  com- 
pelled to  slide  without  preventing  the  rotation  of  B.  Such 
forked  levers  are  common  to  all  disengaging  gear.  For  large- 
sized  couplings  transmitting  great  forces,  it  is  always  well  to 
support  the  driven  shaft  5  by  a  second  bearing  placed  close 
to  the  coupling.  Sometimes  when  the  forces  are  small  the 
same  object  is  attained  by  fitting  the  end  of  the  driven  shaft 
to  a  conical  depression  in  the  driving  shaft,  as  shown  in  the 
Fic.  85.  figure. 

The  c/ulc/tcs  shown  in  Fig. 
85  and  Fig,  86  are  much  used, 
the  coupling  parts  consisting 
'  of  disks^andZ),  whose  faces 

cany  one  (Fig.  85)  or  more 
(Fig,  86)  helical  shaped 
teeth  which  fit  each  other, 
and  act  as  drivers.  The  slid- 
ing part  of  the  clutch  is 
moved  back '  and  forth  by 
means  of  a  groove  and  a 
forked  lever,  as  in  Fig.  84, 
the  arrangement  in  Fig.  85 
differing  a  little,  however, 
because  of  the  differently 
placed  fulcrum. 
It  is  evident,  from  the  oblique  form  of  the  teeth  of  these 
couplings,  that   motion   can    be    transmitted   from  A  to   B 
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only  in  one  direction,  as  shown  by  the  arrow,  for  an  oppo- 
site rotation  of  A  would  throw  the.  shafts  out  of  gear. 
This  is  sometimes  desirable,  for  example,  when  the  shaft  B 
drives  machinery  whose  direction  of  motion  must  not  be 
reversed.  On  the  other  hand,  however,  this  property  may 
become  troublesome  ;  for  example,  when  the  driven  shaft  B 
by  virtue  of  its  own  living  force  or  that  of  the  masses  fastened 
to    it     moves     more  p^^   gg 

quickly  than  the  shaft 
A,  and  thus  causes 
disengagement  of  the 
shafts.  If  a  clutch  is 
used  in  such  a  case, 
the  teeth  must  be 
straight,  similar  to 
those    in    Sharfie's 

clutch,  Fig.  87.  The  rigid  coupling  there  used  becomes  a 
loose  or  movable  one  when  the  half  A,  instead  of  being 
keyed  to  its  shaft,  is  provided  with  a  groove  and  feather  for 

Fic.  87. 


sliding,  and  with  a  circular  groove  for  a  disengaging  lever. 
Couplings  with  straight  teeth  cannot  be  thrown  into  gear  as 
easily  as  those  with  oblique  ones. 

The  couplings  in  Fig.  85  and  Fig.  86  also  diflfer  in  their 
action,  in  that  more  time  is  required  to  throw  the  single- 
toothed  coupling  into  gear  than  the  one  that  has  several 
teeth.  For  since  the  driving  does  not  begin  until  the  tooth 
C  touches  the  tooth  D,  it  may  take  a  whole  revolution  to 
throw  a  single-toothed  clutch  into  gear,  while  it  will  at  most 
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require  only  -th  of  a  revolution  to  throw  into  gear  a  clutch 

having  n  teeth.  This  is  of  little  consequence  in  high  speeds, 
but  in  slow  speeds  it  is  better  to  use  clutches  having  several 
teeth,  particularly  where  it  is  often  necessary  to  throw  the 
machine  in  and  out  of  gear. 

Clutches  having  a  great  number  of  teeth  are  also  em- 
ployed where  it  is  necessary  that  the  driven  shaft  should  be 
started  promptly,  as  in  self-acting  spinning  machinery,  where 
the  faultless  action  of  the  individual  parts  largely  depends 
on  the  promptitude  with  which  they  obey  the  reversing  ap- 
paratus. 

If  the  forces  and  speeds  transmitted  are  small,  these 
clutches  may  be  thrown  in  and  out  of  gear  when  the  ma- 
chine is  running  as  well  as  when  it  is  at  rest.  But  if  the 
force  transmitted  is  considerable,  it  will  be  difficult  to  disen- 
gage the  clutch  because  of  the  sliding  friction  between  the 
teeth  and  along  the  feather.  If  the  shafts  move  rapidly,  care 
must  be  taken  while  engaging  the  clutch,  otherwise  break- 
ages  will  be  very  apt  to  occur,  particularly  if  the  mass  of  the 
parts  fastened  to  the  driven  shaft  is  large.  For  if  we  sup- 
pose the  driven  shaft  B  to  be  at  rest  while  the  driving  shaft 
moves  rapidly,  then,  at  the  moment  of  engagement,  a  shock 
will  occur  between  the  teeth  of  the  coupling,  attended  by  a 
loss  of  living  force  whose  magnitude  is 

# 


(see  Vol  I.,  §  335),  Mj^  and  M^  representing  the  masses  of  the 
driving  and  driven  shafts  reduced  to  the  teeth  of  the  clutch, 
and  c  the  velocity  of  the  teeth  at  the  moment  of  engage- 
ment. This  loss  of  living  force  corresponds  to  the  mechani- 
cal work 

and  is  expended  in  molecular  work,  and  consequently  not 


/ 
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only  the  teeth  of  the  clutch,  but  the  shafts  and  other  trans- 
mitting parts,  wheels,  etc.,  must  absorb  this  living  force.  It 
follows  from  this,  that  suddenly  starting  a  shaft,  when  fhe 
driving  shaft  moves  quickly,  is  very  apt  to  cause  fractures, 
particularly  if  the  mass  to  be  set  in  motion  is  large.  On  this 
account  the  machinery  of  a  flour  mill  driven  by  toothed 
gearing  is  never  thrown  into  gear  while  the  driving  shaft  is 
running,  because  with  the  great  mass  of  the  millstone  (30  to 
40  hundred  weight),  and  high  speed  (about  120  revolutions 
per  minute),  the  mill-spindle  or  some  other  part  would  surely 
break.  Such  machinery  is  therefore  thrown  into  gear  only 
when  the  driving  wheel  is  at  rest.  On  the  other  hand,  when 
machines  move  slowly,  they  may  be  started  while  the  driving 
shaft  is  running,  as  in  vertical  grinding  mills,  although  the 
stones  to  be  set  in  motion  are  much  heavier.  The  very 
low  speed  (3  to  4  revolutions  per  minute)  is  the  reason  why 
this  may  be  done  without  special  danger,  the  violence  of  the 
shock  not  being  sufficient  to  cause  fracture.  Such  a  proced- 
ure is,  however,  always  dangerous  when  clutches  or  other 
other  rigid  couplings  are  used,  for  it  is  always  attended  by  a 
shock. 

§  30.  Friction  Couplings. — It  often  happens  that  resist- 
ances arise  in  a  machine  which  far  exceed  the  average  resist* 
ance  existing  under  normal  circumstances.  For  example, 
this  occurs  when  a  comparatively  large  stone  gets  between 
the  rolls  of  an  oil  mill,  or  when  the  bucket  of  a  dredging  ma- 
chine takes  hold  of  a  stone  or  stick  which  is  larger  than  the 
breadth  of  the  aperture  through  which  the  bucket  must  pass. 
If  the  motion  is  produced  by  moderate  forces,  confined  within 
very  narrow  limits,  as  is  the  case  when  animal  power  is  em- 
ployed, then,  as  a  rule,  the  motion  will  cease  because  of  the 
sudden  great  resistance,  and  the  obstacle  can  be  removed. 
But  when  the  driving  force  is  not  confined  within  narrow 
limits,  as  is  the  case  when  a  little  oil  mill  receives  its  motion 
from  a  large  steam  engine,  or  when  the  chain  of  the  dredging 
machine  is  driven  by  an  engine  possessing  heavy  fly-wheels 
which  contain  a  large  amount  of  stored-up  energy  always 
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available,  then  damage  will  result  in  both  these  cases.  In 
the  first  case,  the  stone  \vill  be  forcibly  drawn  between  the 
rol]s,  and  will  either  spoil  their  smooth  surfaces  by  the  dents 
which  it  makes,  or  will  break  some  other  part,  while  in  the 
second  case,  there  is  danger  of  badly  bending  or  tearing 
the  chain. 

To  meet  such  accidents  it  is  common  to  employ  couplings 
which  will  only  transmit  motion  so  long  as  the  pressure  pro- 
ducing motion  does  not  exceed  the  strength  of  the  machine 
parts.  In  dredging  machines*  this  coupling  consists  of 
wooden  keys  having  a  particular  cross  section  and  conse- 
quently a  definite  shearing  strength,  the  keys  being  cut 
through  when  the  resistance  exceeds  the  upper  permissible 
limit.  Friction  couplings  are  also  often  employed  for  this 
purpose,  and  are  constructed  in  various  ways.  But  whatever 
the  arrangement,  the  essential  features  of  a  friction  coupling 
are  two  parts  fitting-  into  and  touching  each  other  along  a 
certain  surface  of  revolution,  the  parts  being  kept  in  contact 
by  a  given  pressure,  Q.  If  one  of  these  parts  is  set  in  mo- 
tion, the  other  will  move  with  it  as  long  as  the  moment  of 
resistance  to  be  overcome  is  less  than  the  moment  of  friction 
existing  at  the  surface  of  contact  when  the  driven  shaft  is  at 
rest  and  the  driving  shaft  in  motion.  With  such  friction 
couplings  the  hurtful  effects  described  in  previous  paragraphs 
as  attending  the  throwing  into  gear  of  rigid  couplings  at  high 
speeds,  are  avoided.  We  consequently  find  them  in  frequent 
use,  for  example,  in  pile  drivers  driven  by  engines.  Again, 
let  us  imagine  that  the  driving  shaft  turns  with  any  desired 
velocity,  (w,  and  that  the  friction  coupling  is  thrown  into  gear 
by  pushing  one  part  against  the  other  with  a  pressure,  Q. 
Let  <p  be  the  coefficient  of  friction  at  the  surface  of  contact 
of  the  parts  of  the  coupling,  then  the  greatest  pressure  which 
can  be  transmitted  from  one  part  to  the  other  will  be 
Pzzi  <pQ^  that  is,  it  will  be  equal  to  the  friction.  Correspond- 
ing to  this  force,  P-=z  (pQ^  there  will  still  be  a  shock  at  the 


♦  See   Dampfbaggermaschine   in  Hagen's  Handbuch  <Ur   Wasserbaukunst. 
Vol.  IV.,  Part  3. 
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moment  the  coupling  is  thrown  into  gear,  but  no  harm  will  be 
done,  because  P  is  under  control,  and  it  is  evident  that  this 
shock  will  be  wholly  independent  of  the  mass  of  the  driven 
shaft.  The  latter  will  not  at  once  assume  the  velocity  of  thfe 
driving  shaft.  A  knowledge  of  the  time  needed  to  bring  this 
about  would  be  of  no  practical  value,  but  could  be  ascertained 
by  supposing  the  mass  M  of  the  driven  shaft  reduced  to  the 
point  of  application  of  the  force  of  friction  and  then  sub- 
jected to  the  influence  of  an  accelerating  force,  P=^  qy  Qy  till 
the  driven  shaft  had  the  same  speed  as  the  driving  one. 
Until  the  driven  shaft  has  attained  this  speed  the  two  disks 
will  slide  on  each  other,  the  one  belonging  to  the  driving 
shaft  moving  faster  than  the  other.  It  is  also  possible  that 
this  sliding  may  not  cease,  for  instance,  when  the  force  7^=  (p  Q, 
necessary  to  turn  the  driven  shaft,  is  reached  before  the  two 
shafts  have  attained  the  same  velocity.  Then  this  slower 
motion  of  the  driven  shaft  will  be  accompanied  by  a  sliding 
of  the  disks,  the  amount  of  sliding  corresponding  to  the 
excess  of  the  velocity  of  the  driving  shaft  over  that  of  the 
driven  one.  But  such  a  condition  is  not  a  normal  one,  for 
the  work  of  friction  at  the  disks  causes  an  unnecessary  loss  of 
energy.  In  such  a  case  we  may  increase  P  by  increasing  Q 
or  (pi  or  both  at  once,  or  we  may  so  far  diminish  the  work  of 
the  driven  shaft  (by  giving  the  grinding  or  crushing  mill  less 
to  do)  that  both  shafts  will  turn  with  the  same  velocity,  and 
consequently  have  no  sliding  of  the  disks. 

§  31 — Friction  couplings  may  be  divided,  according  to 
their  design,  into  two  classes,  the  first  class  consisting  of 
those  in  which  the  friction  is  generated  by  a  pressure  acting 
in  the  direction  of  the  axis,  and  the  second  of  those  in  which 
the  pressure  is  exerted  in  a  plane  normal  to  the  axis.  An 
arrangement  of  the  latter  kind  is  shown  in  Fig.  88.  Here  a 
circular  disk  C  is  keyed  to  the  driving  shaft  A,  the  disk  hav- 
ing a  groove  in  its  circumference.  Two  semicircular  wrought- 
iron  straps  D  D  are  set  into  this  groove,  and  are  firmly 
pressed  against  the  disk  C  by  means  of  the  bolts  E  E^  thus 
generating  friction  between  them  and  the  disk  C     On  the 
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driven  shaft  B  is  fastened  a  fork-shaped  claw  F,  whose  arms 
press  against  the  beveled  heads  of  the  bolts  of  the  straps, 


and  move  with  them.    If  the  coupling  is  to  be  made  so  that 

it  can  be  thrown  out  of  gear,  the  nave  of  the  fork  must  slide 

on  a  feather  H,   and   be  provided   with   the  usual   groove 

G.     By  means  of  the  bolts  B 

'  ^  we  may  tighten  the  straps  more 

or  less,  and  thus  regulate  the 

magnitude  of  the  force  trans- 

mitted. 

Those  couplings  in  which 
the  friction  is  generated  by  a 
pressure  acting  in  the  direction 
of  the  axis,  are  either  disk  or 
cone  couplings,  according  as 
the  pressed  portions  are  flat  or 
conical.  A  disk  coupling  is 
shown  in  Fig.  89.  Here  the 
disk  D  is  keyed  to  the  driving 
shaft  A,  the  disk  having  pro- 
jecting washers  K  of  wood  on 
both  sides.  By  means  of  the 
ring  F  and  screw-bolts,  the  sliding  disk  E  of  the  shaft  B  is 
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pressed  against  the  wooden  washers  K,  If  Q  represents  the 
force  with  which  the  screws  press  the  disk  E  and  ring  F 
against  the  wooden  washers,  then  before  sliding  can  take 
place,  the  friction  q}  Q  must  be  overcome  along  each  of  the 
two  wooden  washers,  so  that  the  whole  resistance  may  be 
expressed  by  P  =  2<pQ.  Since  the  breadth  of  the  wooden 
washers  is  narrow  in  comparison  with  their  radius,  we  can 
assume  that  the  friction  acts  at  the  middle  of  the  washers, 
but  if  these  are  of  greater  breadth,  we  must  take  for  the 
lever  arm  of  the  friction 


2  f^-^,» 
"  3  r,'-r,'' 


(see  Vol.  I.  §  188),  where  r,  and  r,  are  the  inner  and  outer 
radius  respectively  of  the  surface  subjected  to  friction. 

So  long  as  the  resistance  to  the  driven  shaft,  reduced  to 
the  point  of  application  of  the  friction,  does  not  exceed  the 
above  value  2  <p  Q,  the  coupling  will  be  effective. 

As  shown  in  the  drawing,  the  coupling  is  not  a  disengag- 
ing one ;  to  make  it  such,  it  would  be  necessary  to  remove 
the  ring  F^  and  press  the  disk  £  against  the  disk  D  by  some 
arrangement  for  producing  pressure,  for  instance  the  disen- 
gaging fork.  But  this  is  not  to  be  recommended,  for  even  if 
we  ignore  the  fact  that  the  pressure  Q  which  must  be  ex- 
erted is  twice  as  great  as  before,  because  the  driving  is 
effected  by  friction  on  one  side  only,  the  fact  remains  to  be 
considered  that  the  collar  of  the  shaft  A,  the  pins  of  the  dis- 
engaging fork,  and  the  side  of  the  disengaging  groove  are 
subject  to  great  friction,  which  causes  considerable  loss  of 
work.  It  is  principally  this  circumstance  which  renders  the 
friction  couplings  with  axial  pressure  unsuitable  for  disen- 
gaging gear,  at  least  for  horizontal  shafts.  It  is  otherwise 
with  upright  shafts,  whose  own  weight  and  that  of  the  parts 
fastened  to  them,  suffice  to  generate  the  necessary  friction. 

In  such  cases  it  will  be  advantageous  to  employ  cone 
couplings.  Fig.  90  giving  one  form  used  in  grinding  mills  for 
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driving  the  stones.*     Here  /I  is  a  spindle  driven  by  the  spur 
wheel  C,  which  gears  into  a  toothed  wheel  on  the  main  driv- 
ing shaft.     This  spindle 
^'•'-  90-  keeps  the  stone,  resting 

on  the  short  shaft  B,  in 
rotation  as   long  as  the 
moment  due  to  the  re- 
sistance of  the  work  be- 
tween the  grinding  sur- 
faces is  smaller  than  the 
friction      between      the 
cone  D  and  the  hollow 
cone  turned  on  the  in- 
side  of  the   rim  of   the 
wheel  C.    The  weight  of 
the  stone  will  generate   sufficient  friction   between  D  and  C, 
and  will  moreover  permit  the  grinding  wheel  to  be  thrown  in 
and  out  of  gear  while  the  main  shaft  is  running,  without 
danger  of  shock  or  breakage. 

The  determination  of  friction  follows  here  from  the  theory 
of  the  wedge,  in  a  manner  exactly  similar  to  that  employed 
in  finding  the  normal  pressure  due  to  the  fastening  of  conical 
pivots  (§  1 1).  Let  Q  again  represent  the  weight  of  the  shaft 
B  and  the  stone,  a  the  angle  at  the  vertex  of  the  cone,  and/" 
the  surface  of  contact  of  the  cone,  then  we  again  have,  as  in 
§  1 1,  for  the  normal  pressure  per  unit  of  surface  of  contact : 


/  [sin 


<J>Q 


and  for  friction, 

F=  g,p/=  - 


In  some  of  the  text-books  the  normal  pressure  between 
the  conical  surfaces  is  erroneously  given  as 

•  See  mitt :  Die  MahlmUhlen. 
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.a 
Sin  — 

2 

which  gives  approximately  correct  values  for  large  values  of 
the  angle  «,  and  very  incorrect  values  for  small  values  of  the 
angle  ot.  For,  according  to  this  formula,  very  small  values 
of  a  would  make  /  extraordinarily  large  and  even  equal  to 
infinity  when  «  =  o,  whereas  §  1 1  shows  that  the  maximum 
value  of  p  at  the  limit  {a  =  o)  is : 

max.  /  =    ^ 


9^r 

or, 

The  maximum  of  friction  can^  therefore^  wJun  the  cones  are 
very  pointed^  reach  the  amount 

max.  F  =  (pfmdi^,  p  —  Q, 

while  for  plane  disks  we  have 

max.  F^  <p  Q. 

Friction  couplings  play  a  very  important  part  in  limiting 
the  tension  in  the  manufacture  of  thread,  and  this  is  true 
with  regard  to  the  manufacture  of  all  such  articles  as  are 
subjected  to  only  a  given  slight  tension — for  example,  paper 
and  textile  fabrics. 

§  32.  Coapllngt  for  Motort. — It  often  happens  in  prac- 
tice that  two  or  more  motors  are  employed  simultaneously 
to  run  the  works,  both  acting  upon  the  same  line  of  shafting. 
If  these  motors  are  connected  with  the  shafting,  and  conse- 
quently with  each  other,  by  rigid  couplings,  fractures  and 
other  undesirable  incidents  will  occur.  For  example,  one 
motor  may  move  more  slowly  than  another,  as  in  the  case  of 
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a  water-wheel  with  a  diminished  supply  of  water  ;  now  if  the 
motors  are  joined  by  a  rigid  coupling,  the  slower  one  will  be 
dragged  along  by  the  more  quickly  moving  one,  a  steam 
engine,  for  example,  and,  consequently,  the  intermediate 
shafting  must  be  of  sufficient  size  and  weight  to  stand  such  a 
stress.  This  form  of  coupling  also  causes  considerable  hurt- 
ful resistance  in  the  steam  engine,  due  to  the  dragging  of  the 
water-wheel,  which  greatly  reduces  the  economy  of  power  of 
the  combination.  Many  measurements  of  power  made  for 
this  purpose  show  that  the  sum  of  the  work  produced  by  two 
or  more  motors  taken  separately^  is  greater  than  the  total 
power  exerted  when  they  are  connected  by  a  rigid  coupling.* 
Whenever  it  is  practicable,  therefore,  it  is  customary  to  avoid 
coupling  several  motors,  giving  to  each  motor  some  special 
work  instead.  This  is  in  the  direction  of  the  now  growing 
tendency  to  give  up  the  formerly  popular  system  of  centraliza- 
tion of  power,  in  which  the  most  extensive  works  were  driven 
from  one  place,  and  to  use  instead,  whenever  it  is  practicable, 
several  independent  motors.  Nevertheless,  cases  may  occur 
where  it  is  desirable  to  couple  several  motors,  and  for  such 
cases  couplings  are  so  constructed  as  to  obviate  the  difficul- 
ties invariably  attending  a  rigid  connecting  of  the  motors. 
These  constructions  are  usually  of  a  character  that  will  per- 
mit each  motor  to  act  on  the  common  shaft  only  so  long  as 
the  power  of  the  leading  motor  is  sufficient  to  move  the 
shaft  at  its  normal  speed.  If  for  any  reason  one  motor  runs 
slower,  it  will  disengage  from  the  common  shaft,  which  will 
then  be  entirely  driven  by  the  others.  This  latter  condition 
will  last  until  the  disengaged  motor,  by  reason  of  its  dimin- 
ished work,  has  accelerated  its  motion  to  the  normal  speed  of 
the  shaft,  when  it  will  again  act  upon  the  latten  On  the  other 
hand,  if  the  leading  motor,  by  reason  of  a  greater  supply  of 
water,  or  a  diminution  of  its  usual  work,  acts  with  greater 
power  and  tends  to  accelerate  the  shaft,  the  other  motors  will 
disengage,  and  the  whole  work  will  be  done  by  the  first  motor. 


♦  See  article  by/.  Kochlin^  in  Bulletin  de  la  Socicte'  de  Mulhouse,  No.  io8, 
1850. 
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This  will  last  until  the  condition  of  equilibrium  is  re-estab- 
lished, in  which  all  the  motors  again  take  part  in  driving  the 
shaft.  It  is  evident  that  if  the  couplings  act  in  the  manner 
supposed,  such  an  arrangement  will  conduce  to  greater  econo- 
my in  running ;  for  example,  if  a  water-wheel  has  a  larger  sup- 
ply of  water,  the  steam  engine  will  be  partially  unloaded  and 
the  governor  will  act  to  economize  steam.  A  dragging  of  the 
steam  engine  cannot  now  occur  as  when  rigid  couplings  were 
used,  nor  is  there  the  loss  of  power  which  would  result  if  the 
motors  were  separate  and  a  part  of  the  abundant  supply  of 
water  were  wasted.  There  are  two  excellent  couplings  used 
for  these  purposes,  one  by  Pouyer-Quertier,  of  Bordeaux,  and  ■ 
the  other  by  G.  UlUkorn,  of  Grevenbroich,  which  will  now  be 
described. 

In  Pouyer-Quertier's  coupling,  Fig.  91,  the  driven  shaft  A 
has  a  ratchet  wheel  C  keyed  to  it,  the  nave  of  which  contains  a 
circular  groove  for  holding  the  wrought-iron  strap  E.    Since 

■    Fig.  91. 


the  two  halves  of  the  strap  can  be  tightened  more  or  less 
by  the  screws  e,  we  may  generate  the  desired  friction  in 
the  groove  of  the  nave.  To  the  driving  shaft  B  is  fastened 
the  nave  /?  of  a  disk  carrying  two  bolts  H  and  jointed  to 
these  bolts  two  pawls  J  J.  These  pawls  J,  which  work  with 
the  teeth  on  the  ratchet  wheel  C,  are  also  provided  with  the 
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little  lever-arms  K^  carrying  pins  F  fitting  in  between  the  two 
halves  of  the  strap.  If  we  imagine  the  shaft  B  to  move  in  the 
direction  of  the  arrow,  the  pawls  y  will  drive  the  ratchet  wheel 
C  and  consequently  the  shaft  A^  the  strap  E  moving  with  the 
nave  of  C  as  if  the  two  parts  were  one.  But  if,  as  described 
above,  the  shaft  B  slows  down,  together  with  its  disk  D  and 
pawls  y,  then  by  means  of  the  strap  E  and  the  pins  /%  the 
more  rapidly  moving  shaft  A  will  lift  the  pawls  out  of  the 
ratchet  wheel,  and  will  bring  them  into  the  positions  shown 
by  the  dotted  lines.  A  pin  prevents  further  motion  of  the 
pawls,  consequently  the  strap  kept  back  by  the  pins  i^  will 
move  with  the  slower  velocity  of  the  shaft  J5,  while  the  nave  C 
slides  in  the  strap  with  a  velocity  corresponding  to  the  excess 
of  motion  of  A  over  B.  The  motor  B  no  longer  acts  on  the 
shaft  Af  and  therefore  its  velocity  increases.  As  a  result  the 
work  of  friction  between  Cand  E  will  constantly  grow  smaller, 
and  will  cease  at  the  instant  in  which  the  velocity  of  B  again 
becomes  equal  to  that  of  A.  The  slightest  further  increase 
in  the  velocity  of  B  and  D  will  cause  the  bolts  H  to  move 
faster  than  the  pins  Fy  which  are  held  back  by  the  strap,  con- 
sequently the  pawls  y  will  gear  into  the  ratchet  wheel,  and 
the  shaft  B  will  again  take  part  in  driving  the  shaft  A. 

Uhlhorns  coupling*  is  shown  in  outline  in  Fig.  92. 
Here  the  driving  shaft  A  has  a  keyed  disk  B  carrying  two 
jointed  pawls  C  These  pawls  enter  into  suitable  slits  in  the 
ring  D  fastened  to  the  driven  shaft  and  drive  this  ring  and 
the  shaft  in  the  direction  of  the  arrow.  If  the  shaft  A  and 
the  disk  B  slow  down,  the  more  quickly  moving  ring  Z7,  by 
means  of  the  inclined  surfaces  of  its  slits,  will  cause  the 
pawls  to  fall  into  the  position  shown  by  the  dotted  lines, 
where  they  will  remain  till  the  shaft  A  again  moves  with  a 
somewhat  greater  velocity  than  the  ring  Z>,  when  they  will 
once  more  rise  and  enter  the  slits.  The  springs  E  inside  of 
the  ring  D  help  the  pawls  to  rise  and  enter  the  slits.  The 
covering  strips  G  serve  to  guide  the  pawls  C  while  they  are 
turning, 

*  Dinger's  Polyt.  Journal,  Vol.  144,  p.  461,  1857,  and  Vol.  179,  p.  419, 1866. 
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Each  of  the  motors  is  to  be  united  with  the  shafting  by 
some  such  coupling  as  has  been  de<icnbed  ;  it  is  not,  however, 
necessary  that  the  motors  should  act  at  the  end  of  the  shaft- 
ing,  for  they  may  act  at  any  point  whatever.  For  example, 
if  A  B,  Fig.  93,  is  a  line  of  shafting  which  is  to  be  driven  by 
three  motors  whose  shafts  are  E,  F,  and  G,  the  couplings^, 

FIG.  93. 


^rtr 


C,  and  D  may  be  so  placed  that  e,  /,  and  g  will  be  their  driv- 
ing parts  (the  disk  D  with  the  pawls.  Fig,  91,  or  the  disk  B, 
Fig,  92).  The  part  e  may  be  directly  fastened  to  the  shaft 
of  the  motor  E,  while  the  driving  parts/  and  g  are  so  placed 
as  to  turn  loosely  on  the  shafting  A  B,  and  provided  with 
teeth  which  gear  into  the  toothed  wheels  on  the  shafts  F 
and  G  of  the  other  motors. 

Other  couplings  for  motors  have  been  designed,  which 
act  by  friction,  for  example,  a  toggle-jointed  brake  effecting 
the  union  of  the  shafts  when  they  are  running  normally,  the 
brake  becoming  ineffective  when  the  motor  in  question  lags. 
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(See  Reimanns  Coupling,  in  Dingl.  polyt.  Journal,  Vol.  i88, 
p.  452,  1868.) 

§  33.  BeariBffi. — Each  journal  is  enclosed  by  a  machine 
part  which  serves  to  support  the  journal,  or,  as  is  the  case 
with  axles  for  railway  carriages,  to  support  the  load  borne  by 
the  journal.  This  part  is  called  the  bearing.  In  every  case 
the  internal  form  of  the  bearing  is  geometrically  the  same  as 
the  external  form  of  its  journal,  that  is,  it  must  be  the  whole  or 
a  part  of  a  surface  of  revolution.  Cases  in  which  the  bearing 
only  partially  encloses  the  journal  may  be  found  in  the  jour- 
nals of  heavy  water-wheels,  which  only  need  to  be  supported 
from  below,  and  also  in  the  axle-boxes  of  railway  rolling 
stock,  in  which  only  the  upper  half  of  the  journal  is  enclosed 
by  the  bearings.  We  will  now  consider  only  bearings  for  fixed 
axes,  leaving  the  others  for  future  treatment  under  the  head 
of  carriages. 

The  external  form  of  a  bearing  depends  principally  on  the 
ease  and  firmness  with  which  it  may  be  fastened  to  founda- 
tions or  other  supports,  and  also  upon  the  ease  with  which  it 
may  be  constructed.  Within  these  limits  manifold  forms  are 
possible  and  current.  The  dimensions  of  the  bearing  natu- 
rally depend  on  the  length  and  diameter  of  the  journal  to 
be  supported,  the  proportions  of  the  individual  parts  of  the 
bearing  being  determined  from  the  forces  acting  upon  them, 
according  to  the  principles  governing  the  strength  of  mate- 
rials. We  will  not  give  the  formulas  for  determining  the 
dimensions  of  the  bearings,  since  they  belong  specially  to 
machine  design,  and  will  only  give  a  few  typical  and  fun- 
damental  forms  of  the  many  possible  and  current  con- 
structions. 

In  order  that  the  shaft,  while  in  motion,  may  be  well  sup- 
ported by  the  bearing,  it  is  necessary  for  the  bearing  to  fit  the 
journal  as  accurately  as  possible,  thus  avoiding  all  play  be- 
tween them,  for  when  there  is  play  the  journal  runs  very  un- 
steadily, and  at  high  speeds  causes  shocks  and  vibrations  and 
consequent  loss  of  power  and  rapid  wear.  Since  the  most 
accurate  constructions  will  wear  with  use,  we  must  make  the 


§33-]  BEARINGS.  113 

bearing  in  two  or  more  parts,  which  can  be  moved  so  as  to 
diminish,  as  much  as  possible,  the  dead  space  or  play  caused 
by  the  wear.  A  bearing  is  sometimes  simply  a  hole  bored 
through  a  piece,  but  this  is  done  only  in  comparatively  unim- 
portant machines,  when  the  forces  are  small  and  the  turning 
speed  is  low.  In  more  substantial  constructions,  whole  (/.  e. 
undivided)  bearings  are  rarely  used  except  with  joint  pins 
which  are  subject  to  but  slight  oscillating  motions,  also  in 
regulating-gear  and  stop-gear  which  are  seldom  set  in  motion 
and  then  only  for  very  brief  periods. 

The  material  of  the  bearing  must  be  chosen  with  special 
reference  to  diminishing  the  friction  at  the  circumference  of 
the  journal  as  much  as  possible,  thus  reducing  not  only  the 
loss  of  work,  but  the  wear  of  the  material  of  the  bearing. 
We  must  also  make  the  interior  of  the  bearing  of  a  soft  ma- 
terial which  will  wear  the  journal  but  slightly,  for  a  rapid 
wear  would  in  time  cause  a  fracture  of  the  shaft  and,  besides, 
it  would  generally  be  more  difficult  to  renew  the  journal  than 
to  renew  the  interior  of  the  bearing.  In  order  that  the  worn 
part  may  be  readily  renewed,  the  bearings  are  provided  with 
easily  exchanged  boxes  or  brasses  which  surround  the  journal, 
have  a  small  coefficient  of  friction,  attack  the  journal  but 
slightly,  and  can  be  adjusted  so  as  to  take  up  the  wear,  thus 
fulfilling  all  the  conditions  enumerated  above.  These  boxes 
or  brasses  are  usually  metallic  alloys,  the  most  common  being 
gun-metal  or  bronze^  composed  of  different  proportions  of  cop- 
per, zinc,  and  tin.  Brass,  which  consists  of  copper  and  zinc, 
is  less  suitable  for  the  so-called  brasses  on  account  of  its  hard- 
ness and  rigidity.  Neither  are  cast-iron  boxes  often  employed 
except  in  rough  work,  for  the  hard  cast  iron  rapidly  cuts 
away  a  wrought-iron  journal,  although  the  coefficient  of  fric- 
tion between  them  is  small.  Besides  bronze,  certain  easily 
fused  alloys  known  as  Babbitt,  or  white  metal,  are  much 
used:  they  contain  principally  tin  and  antimony,  and  some- 
times a  little  copper.  One  advantage  of  these  alloys  is  that, 
on  account  of  their  fusibility,  they  may  be  poured  directly 
into  the  space  between  the  journal  and  the  body  of  the  bear- 
ing, and  thus  readily  take  their  required  form.     On  the  other 

8     • 
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hand  there  is  danger  that  the  material  will  melt  when  the  jour- 
nal is  running  at  high  speed  and  the  lubrication  is  imperfect. 

Certain  hard  woods  are  also  used  for  bearing  surfaces, 
namely  white  beech-wood  and  lignum  vitae.  The  first  of  these 
makes  a  passable  bearing  surface,  while  the  very  hard,  firm 
lignum  vita  is  an  excellent  material  for  this  purpose,  and  is 
preferable  to  the  metallic  bearings  where  the  latter  are  in- 
clined to  heat.  The  pitchy  character  of  this  wood  seems  to 
be  conducive  to  smooth  running. 

The  greater  the  velocity  of  the  journal  the  more  necessary- 
it  is  to  keep  the  bearings  lubricated.  By  this  means  the  fric- 
tion and  the  heating  may  be  greatly  diminished,  and  the  wear 
of  the  material  reduced  to  a  minimum.  Sometimes  solid 
material,  like  lard,  tallow,  etc.,  is  used  for  lubricants,  but 
most  often  fluid  substances  like  animal  or  mineral  oils,  are 
employed.  In  general  the  rule  will  hold  that  the  fluidity  of  a 
lubricant  should  increase  with  the  velocity  of  the  journal  and 
the  diminution  of  the  pressure  on  the  lubricated  surfaces. 
Consequently  solid  lubricants  are  to  be  recommended  only  in 
cases  where  the  motion  is  slow  and  the  pressure  considerable ; 
at  all  events  it  must  be  regarded  as  a  defect  of  solid  lubri- 
cants that  they  must  be  melted  before  they  can  get  between 
the  surfaces  in  contact.  This  presupposes  sufficient  heat  to 
melt  the  lubricant,  although  one  of  the  principal  objects  of 
lubrication  is  to  prevent  heating.  There  are  many  different 
devices  for  effecting  the  lubrication  continuously  and  auto- 
matically. Such  devices  should  not  waste  the  costly  lubri- 
cant, but  should  renew  it  as  rapidly  as  it  is  rendered  useless 
by  the  oxidation  of  its  pitchy  constituents,  and  by  becoming 
thick  with  the  worn-off  dust  of  the  metal.  A  good  and  regu- 
lar supply  of  oil  is  necessary,  especially  for  high  speeds,  if  the 
bearings  and  their  journals  are  to  be  kept  in  good  condition, 
for  the  wear  which  results  when  heating  takes  place  is  extra- 
ordinarily large,  and  very  rapidly  leads  to  the  total  destruc- 
tion of  the  one  part  or  the  other.  Sometimes  the  journals  of 
very  heavy  axles,  such  as  are  used  in  rolling  mills,  are  kept 
sprinkled  with  water,  the  object  being  not  so  much  to  lubri- 
cate them  as  to  keep  them  cool. 
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An  important  requirement  of  all  bearings  is  that  they 
shall  be  easily  set  up  and  adjusted  to  their  correct  position. 
That  this  is  a  necessary  condition  is  evident  from  the  follow- 
ing considerations.  Let  A^  B^  and  C  be  three  bearings  on  a 
line  of  shafting,  and  let  us  suppose  that  they  have  been  in- 
correctly set  up  so  that  they  are  not  in  line.  It  is  evident 
that  the  axis  of  the  middle  bearing  at  B  is  subjected  to  a  lat- 
eral deflection  at  A  and  C,  and  consequently  the  shaft  will 
react  against  the  bearing  B  with  a  force  corresponding  to  the 
amount  of  deflection,  and  will  cause  considerable  friction 
there.  During  every  revolution,  all  of  the  individual  fibres 
of  the  shaft  are  alternately  stretched  and  compressed,  for  the 
bending  always  takes  place  in  the  same  direction.  If  the  line 
of  shafting  is  supported  at  many  points,  the  same  observa- 
tion holds  with  reference  to  any  three  successive  bearings, 
and  we  see  that  the  shaft  will  be  subject  to  periodical  bend- 
ings  in  all  directions.  As  a  result,  particularly  when  the 
shaft  is  run  at  high  speed,  hurtful  vibrations  will  occur,  which 
will  cause  the  bearings  to  heat  and  the  shafts  to  squeak. 
This  produces  a  great  loss  of  power,  for  it  is  well  known  in 
practice  that  considerable  power  is  required  to  run  a  line  of 
shafting  that  has  been  imperfectly  set  up,  even  when  the  load 
is  thrown  off,  and  that,  on  the  other  hand,  when  a  long  line 
of  shafting  is  easily  set  in  motion,  it  is  a  sure  sign  that  all  the 
bearings  are  very  nearly  in  the  same  straight  line. 

In  order  to  meet  this  last  requirement  as  conveniently  as 
possible,  it  is  customary  to  arrange  the  foundation  plates  of 
the  bearings  so  that  they  can  be  slightly  shifted  in  one  or 
more  directions,  and  thus  adjusted  to  their  correct  positions. 
In  some  good  designs  this  matter  of  adjustment  has  been 
carried  still  further,  the  outside  of  the  boxes  being  made  to  fit 
a  spherical  seat,  which  is  concentric  with  the  centre  of  the 
journal.  This  arrangement  securely  supports  the  box  and 
permits  the  cylindrical  bearing  surface  of  the  latter  to  adjust 
itself  accurately  to  the  direction  of  the  journal.  In  this  man- 
ner is  removed  all  that  lateral  stress  on  the  journal  which 
would  exist  if  the  boxes  or  brasses  were  fixed  to  the  body 
of  the  bearing  and  their  axis  did  not  coincide  with  the  axis 
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of  the  journal.  These  bearings  are  particularly  desirable  for 
long  lines  of  high-speed  shafting;  they  are,  however,  more 
costly  than  the  ordinary  constructions,  and  this  is  probably 
why  they  are  not  more  commonly  used.  After  these  general 
remarks  concerning  bearings,  we  will  proceed  to  describe 
their  most  common  forms. 

g  34,  Bearings  for  Horizontal  Sbafls. — The  arrangement 
of  bearings  for  the  journals  of  horizontal  water-wheels  has 
been  frequently  illustrated  in  Vol.  11,  of  this  series.  We  also 
know  from  the  preceding  paragraph  that  such  journals  are 
not  always  completely  enclosed  by  their  bearings,  the  upper 
part  being  absent,  as  in  Fig.  94.  Here  ^  is  a  cast-iron  bear- 
ing which  is  provided  with  two  ribs  a  that  fit  into  correspond- 
ing grooves  of  the  wooden  block  B  B.  The  block  B  B  is 
fastened  to  a  larger  wooden  block 
j^  C  C  hy   keys   6  6.     By    drawing  or 

driving  these  keys,  the  bearing  may 
be  adjusted.     Such  uncovered  bear- 
ings are  now  seldom  used,  and  occur 
principally  in  wooden  water-wheels, 
where  there   is  no  upward  pressure 
on  the  journals  and  the  weight  of  the  wheel  is  sufficient  to 
keep  the  Journals  in  contact  with  their  bearings.     Evidently 
the  bearing  cannot  be  open  above  when  the  journal  is  sub- 
jected to  an   upward  pressure,  such  as  often  obtains  when 
toothed  gearing  is  employed  to  transmit  the  water  power  to 
a  line  of  shafting.     In  these  cases  closed  bearings  are  em- 
ployed, that  is,  such  as  have  covers  or  caps,  and  this  construc- 
tion is  in  common  use  for  all  other  shafts. 

Fig.  95  is  a  top  and  side  view  of  a  closed  bearing  designed 
by  Redtenbacher^  which  is  much  used.  The  base  B  of  the 
cast-iron  casing  of  the  bearing  rests  on  the  cast-iron  bed- 
plate A,  which  is  bolted  to  the  foundation.  To  fasten  the 
bearing  to  the  bed-plate,  screw  bolts  are  used  which  pass 
through  elongated  holes  in  the  base  B,  and   permit  a  slight 


§  34-]  BEARINGS  FOR  HORIZONTAL   SHAFTS.  WJ 

lateral  shifting  of  the  bearing  on  the  bed-plate.     When  the 
bearing  has  been  correctly  placed,  it  is  secured  to  the  bed- 
plate by  wrought  iron  or  wooden  keys  driven  in  between  the 
Fig.  95- 


base  B  and  the  shoulders  G  of  the  bed-plate.  The  casing  of 
the  bearing  consists  of  the  lower  part  C  and  the  cap  D,  and 
is  hollowed  to  fit  the  brasses  E  E,  The  cap  D  is  likewise 
united  to  the  lower  part  C  by  two  or  four  bolts,  two  for 
small  and  four  for  large  journals  (the  top  view  shows  one 
arrangement  of  cap-bolts  on  the  right,  and  the  other  on  the 
left).  The  figure  shows  a  small  space  left  between  the  lower 
part  C  and  the  cap  D,  as  well  as  between  the  two  brasses 
EE.  This  allows  the  wear  on  the  brasses,  caused  by  the 
friction  of  the  journals,  to  be  taken  up  by  screwing  down  the 
caps.  Unless  some  provision  is  made  for  taking  up  the  wear, 
the  journal  will  soon  run  unsteadily.  The  cup  F  on  the  cap 
contains  the  oil  for  lubricating. 

It  is  especially  important  that  the  brasses  EE  be  carefully 
.  fitted  to  the  casing  C,  otherwise  they  will  wabble  or  vibrate 
when  the  journal  turns  rapidly,  and  thus  cause  heating  of  the 
journal,  with  all  its  injurious  consequences.  If  this  fitting  is 
done  upon  the  lathe  it  will  be  more  accurate  than  when  done 
by  hand,  and  much  more  quickly  and  easily  done  than  by  the 
planer.  Consequently  those  bearings  having  brasses  whose 
exteriore  are  surfaces  of  revolution  are  decidedly  preferable  to 
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those  without  this  advantage.  The  brasses  of  some  bearings 
are  prismatic  (Fig.  96),  the  object  being  to  prevent  their  turn- 
ing in  the  casing,  which  must  correspond  in  shape;  but  the 
fitting  of  such  brasses  is  always  difScul^  and  generally  less 
accurate  than  when  the  surfaces  to  be  fitted  can  be  turned. 
Brasses  can  be  kept  from  turning  in  their  bearings  either  by  a 
pin  (i  in  Fig.  97),  or  by  a  pair  of  lugs  {k,  Fig.  98),  which  must 
fit  corresponding  depressions  in  the  casings. 

Fic  96,  Fic  97.  Fig.  98. 

\J\J\J 

Experience  shows  that  brasses  must  be  thus  locked  if 
their  turning  is  to  be  prevented,  although  the  friction  be- 
tween the  brasses  and  casing  is  greater  and  has  a  lai^r  lever 
arm  than  the  friction  between  journal  and  brasses.  When, 
however,  lignum  vitse  is  used  for  the  bearing  surface,  the 
nature  of  the  material  renders  the  form  given  by  R.  Werner 
(Fig.  99)  a  desirable  one. 

In  connection  with  this  matter  of  easily  and  accurately 

turning  the  brasses,  the  bearing  given  by  v.  Retcke  deserves 

special  mention.     Fig.  100  gives  a  top  view  of  this  bearing 

with  the  cover  removed,  and   another  view 

Fig.  99.  which   is  partly  front  and  partly  sectional. 

Here  the  exterior  of  the  brasses  EE  has  the 

form  of  a  vertical   cylinder,  consequently  if 

the  base  A  of  the  casing  is  fastened  to  the 

face  plate  of  a  lathe,  the  lower  half  B  of  the 

bearing  can  be  accurately  bored  to  fit  the 

brasses.     In  like  manner  the  upper  half  or 

cap  of  the  casing  can  be  turned,  and,  since 

little  handwork  is  needed,  the  construction  is 

comparatively  a  simple  and    accurate   one. 

Another  advantage  of  this  form  of  bearing  is 

that  its  lower  brass  is  provided  with  i.fiat  surface  which  rests 
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on  the  casing,  thus  permitting  the  lining  of  the  bearing,  )'.  e., 
the    putting    of  a    thin 

plate    under    the   brass,  ^^^-  ^**' 

when  its  axis  has  been 
lowered  by  wear.  The 
rest  of  the  construction 
is  clear  from  the  draw- 
ing. To  be  sure,  the  large 
brasses  in  this  bearing 
require  considerable  of 
an  expensive  material, 
bronze  (or  gun-metal). 

§35,_We  have  al- 
ready  mentioned  that 
bearings  for  long  high- 
speed shafting  are  some-  \ 
times  made  so  that  their 
brasses  have  a  certain 
freedom  of  motion  in  the 

casing  which  permits  them  to  take  the  direction  o(  the  joui^ 
nal.  Such  a  bearing  with  spherical  brasses  is  given  by  Red- 
tenbaclier*  and  is  shown  in  Fig.  lOl.  This  bearing  differs 
from  that  shown  in  Fig.  95  chiefly  in  that  the  brasses  D  are 
surrounded  by  ribs  or  bosses  BE,  which  are  turned  to  the 
form  of  a  sphere  whose  centre  coincides  with  that  of  the  jour- 
nal. As  the  casing  and  cover  are  turned  to  correspond,  the 
brasses  have  a  slight  motion,  enabling  them  to  support  the 
journal  uniformly  through  its  entire  length,  while,  with  fixed 
and  inclined  brasses,  the  whole  weight  is  concentrated  on  one 
edge.  In  any  case  the  motion  required  is  but  slight.  The 
exterior  of  the  brasses  will  not  be  exactly  spherical  after  the 
cover  is  screwed  down  to  take  up  the  wear. 

It  is  an  important  rule  in  machine  design  to  so  arrange  a 
bearing  that  the  resultant  pressure  to  which  its  journal  is 
subjected  shall  be  directed,  if  possible,  against  the  base  of  the 

* Redlmbachtr.     ResulUIe  fUr  den  Maschinenbau.     Pl.'xiV. 
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bearing,  or,  if  that  cannot  be  done,  against  its  cover,  but  not 
against  the  joint  between  the  brasses.    The  reasons  for  this 


rule  are  that  the  joint,  that  is  the  edges  of  the  brasses,  is 
never  as  firm  and  strong  as  the  solid  part,  and  because  the 
wear  which  takes  place  in  the  plane  of  the  joint  cannot  be 
taken  up  by  bringing  the  brasses  closer  together.  In  some 
cases,  placing  the  joint  of  the  bearing  perpendicularly  to  the 
resultant  pressure  inclines  the  joint,  as,  for  example,  in  cranes, 
where  the  bearing  for  the  axle  of  the  drum  is  at  right  angles 
to  the  inclined  chain.  Inclined  bearings  are  also  found  on 
the  shafts  of  horizontal  steam  engines,  because  this  inclined 
position  corresponds  better  to  the  variable  direction  of  the 
resultant  pressure  than  an  upright  position.  In  this  case  the 
pressure  on  the  journals  is  composed  of  the  vertical  pressure 
due  to  the  weight  of  the  fly-wheel  and  the  horizontal  pressure 
acting  on  the  two  sides  of  the  piston  alternately. 

It  frequently  happens  that,  in  cases  like  the  last,  bearings 
are  employed  which  differ  from  those  hitherto  described  in 
having  moie  than  two  brasses,  in  order  to  take  up  the  wear 
in   several   directions.      Such   bearings   have   three   or   four 
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brasses ;  Fig.  102  representing  one  with  three  brasses,  which  is 
given  by  Reuleaux.*  Here  the  journal  is  enclosed  by  three 
brasses,  A,  A  and  B,  of  which  the  two  A,  A,  have  a  horizon- 
tal adjustment  controlled  by  two  set  screws  C,  C,  acting  upon 


the  plates  />.  By  this  means  the  wear  in  the  bearing  doe 
to  the  horizontal  pressure  on  the  piston  can  be  removed. 
Moreover  the  lower  brass  B  rests  on  two  parallel  and  adjacent 
wedges  £,  which  are  guided  by  grooves  in  the  bearing. 
These  wedges  are  drilled  and  tapped  so  that  they  act  as  nuts  to 
the  two  set  screws  F.  When  these  are  turned  they  cause  the 
wedges  £  to  slide,  and  thus  lift  the  lower  brass  B.  In  other 
designs  the  side  brasses  are  similarly  adjusted,  the  wedges 
moving  vertically,  however, 

§  36.  Wall-boxe*,    Tremlc-benrlnca,    and     Hnngera, — 

Bearings  for  horizontal  shafts  cannot  always  be  bolted  to 
horizontal  bed-plates,  but  must  frequently  be  fastened  in 
other  ways  to  buildings  or  frames.  In  such  cases  the  body 
of  the  bearing  is  changed  into  forms  prescribed  in  each  case 
by  the  particular  position  occupied  by  the  shaft.  For  ex- 
ample, if  a  shaft  is  placed  parallel  to  and  at  a  short  distance 
from  a  wall,  we  must  give  to  the  casing  of  the  bearing  a  ver- 

•  Xiuleaux.     Der  Constnicieur. 
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tical  walUplate,  by  means  of  which  it  can  be  fastened  to  the 
wall.     In  this  w^y  wall-boxes   are  obtained,  of  which  one 
is  shown   in  Fig;  103.*     The  fastening  is    here  effected  by 
four  bolts  yJ,  and  ^„  which  pass    through  the  wall,    on  the 
other  side  of  which  their  heads 
press    against    washers,  transfer- 
ring the   pressure   to  as  lai^e  a 
surface  as  possible.     The  vertical 
pressure  exerted   upon  the  bear- 
ing by  the  shaft  is  resisted  by  the 
friction  between  the  plate  B  and 
wall,  and  consequently  the  bolts 
A   must  press   the  plate  B  with 
sufficient     pressure    against    the 
wall  to  generate  the  required  fric- 
tion.     If   the   friction   were   not 
sufficient    to    resist    the   vertical 
pressure   of  the   journal,  the  ex- 
cess of  the  latter  would  tend  to  shear  the  bolts  A.     To  avoid 
such  an  unfavorable  straining  action  on  the  bolts,  it  is  well 
when  the  pressure  is  considerable  to  provide  the  plate  B  with 
shoulders,  such  as  are  shown  by  the  dotted  lines  bb,  project- 
ing into  the  masonry,  which  thus  directly  resists  the  vertical 
pressure  by  its  compressive  strength.      The  bolts,  moreover, 
are    protected    from    any  shearing   tendency  due  to  lateral 
forces  in  a  manner   similar   to  that  employed  for  ordinary 
bearings,  Fig,  95  for  example,  where  wedges  are  placed  be- 
tween the  plate  B   and  the  shoulders  G.      In   gfeneral,  we 
may  say  that  bolts   should    be    strained   only  in  the  direc- 
tion of  their  length,  that  is,  subjected  to  tensile  stress  only, 
as  they  are  little   suited    for   resisting  bending  or  shearing 
forces. 

The  bolts  A,  Fig,  103,  are  subjected  to  tensile  stress 
whose  amount  depends  on  the  magnitude  of  the  turning  mo- 
ment of  the  force  acting  on  the  journal,  about  an  edge  of  the 
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wall-plate  B.     Let  P  represent  the  total  force  on  the  journal,    ^ 
/  the  distance  between  the  direction  of  this  force  and  the 
edge  of  By  a^  and  a^  the  distances  of  the  bolts  from*  the  same 
edge,  and  A^  and  A^  the  tensile  forces  on  'the  bolts,  then 
there  will  be  equilibrium  when  ^ 

Pp  =  A^^^  ^  A^a^. 

Since  a^  is  small,  we  may  neglect  the  effect  of  the  bolts 
A„  and  then 

Pp  =  A,a,\ 

and  from  this  we  get  the  total  stress  in  the  two  upper  bolts 
equal  to 

« 
From  this  we  see  that  A^  will  be  smaller  as  a^  is  larger, 

and  therefore,  that  under  all  circumstances  it  will  be  an  ad- 
vantage to  place  the  bolts  as  closely  as  possible  to  the  edge 
of  the  plate.  For  the  same  reasons  which  require  the  dis- 
tance a^  of  the  upper  bolts  from  the  lower  edge  of  the  plate 
to  be  as  large  as  possible,  require  that  the  distance  of  the 
lower  bolts  A^  from  the  upper  edge  of  the  plate  be  as  large 
as  possible  when  the  force/  acts  in  the  opposite  direction. 

These  remarks  concerning  the  fastening  of  wall-boxes  are  - 
applicable  to  all  cases  in  which  it  is  a  question  of  fastening  a 
machine  part  to  a  wall,  when  the  part  projects  from  the  lat- 
ter and  is  acted  upon  by  an  excentric  force.  The  pull  of  the 
bolts  can  of  course  only  be  resisted  by  the  wall,  and  too 
great  care  cannot  be  taken  in  fastening  wall  boxes  iand 
brackets. 

When  the  moment  of  the  force  Pp  is  large,  because  of 
a  large  pressure  P ox  considerable  overhang/  of  the  bracket, 
and  the  thickness  of  the  wall  small,  it  is  almost  unavoidable 
that  the  portion  of  wall  grasped  by  the  bolts  will  loosen  it- 
self from  the  rest. 
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This  is  particularly  liable  to  occur  when  the  pressures,  as 
in  cranks,  continually  change  in  direction  and  magnitude, 
producing  vibrations  which  crumble  the  mortar.  Sufficient 
thickness  of  wall  and  large  washers,  as  well  as  the  best  ce- 
ment, are  indispensable  conditions  of  substantial  construc- 
tion. The  firmness  of  the  fastening  will  also  be  much  in- 
creased if  the  wall  extends  considerably  above  the  bracket, 
for  the  superincumbent  weight  will  increase  the  friction  in 
the  lower  part  of  the  wall,  and  thus  resist  any  tendency  to 
tear  out  a  portion  of  the  latter.  The  attaching  of  brackets 
for  heavy  shafting  in  the  lower  stories  of  buildings  is  much 
less  hazardous  than  in  the  upper  stories.  If,  however,  one  is 
compelled  to  put  up  heavy  bracket-bearings  or  wall-boxes  on 
low  walls,  sufficient  security  may  in  some  circumstances  be 
attained  by  passing  vertical  bolts  down  through  the  wall,  and 
thus  compelling  the  wall  below  the  bracket  to  share  the 
strain. 

Fig.  104  likewise  represents  a  wall-box,  but  it  is  only  used 
when  the  direction  of  the  shaft  is  perpendicular  to  the  wall. 
The  cast-iron  plate  B  B  is  placed  normal  to  the  axis  of  the 
bearing  and   fastened  to  the 
wall  by  bolts  A  in  the  same 
manner  as  the  wall-box  pre- 
viously   described.       If   the 
shaft  passes  through  the  wall 
to  which  it  is  perpendicular, 
an  ordinary  bearing  like  that 
shown  in  Fig.  95  is  usually 
preferred,   because    it   offers 
more  solid  support.      In  this 
case  a   rectangular  aperture 
is  made  in  the  wall  and  fitted 
with    a    corresponding   cast- 
iron  frame,  whose  lower  plate 
acts  as  a   bed-plate  for   the 
bearing,   while   its    upper  plate   supports    the    wall    above. 
The  solidity  of  the  bed-plate  may  be  increased  by  fastening 
it  with  vertical  bolts  passed  down  through  the  wall. 
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If  a  shaft  is  to  be  placed  at  a  certain  height  above  the 
floor,  a  trestle-bearing,  Fig.  105,  may  be  employed.  Here  the 
foundation  bolts   /},  p,p 

A,  fasten  the  base 
£  B  firmly  to  a  block 
of  masonry,  whose 
weight  must  suffice 
to  prevent  the  frame 
from  upsetting.  If 
H  represents  the 
horizontal  pressure 
exerted  by  the  shaft 
upon  the  bearing,  k 
the  height  of  the 
shaft  above  the 
bearing,  Q  the 
weight  of  the  ma- 
sonry, and  b  its  half 
breadth,  then  for  stability  we  must  at  least  have 


But  it  will  always  be  well  to  make  Q  considerably  latter 
than  this,  say  once  and  a  half  or  twice  as  large.  In  this  case 
also  the  foundation  bolts  should  be  provided  with  sufficiently 
large  washers  to  distribute  the  pressure  evenly  on  the  ma- 
sonry, and  for  the  same  purpose,  when  the  tipping  moment  is 
large,  it  is  better  to  increase  the  number  than  the  size  of  the 
bolts. 

Finally,  if  a  shaft  is  to  be  hung  at  a  certain  distance  from 
the  ceiling,  hangers  may  be  employed.  These  may  be  di- 
vided into  one-armed  and  two-armed  hangers.  A  good  idea 
of  the  latter  may  be  obtained  by  supposing  the  bearing  in 
Fig.  105  to  be  inverted,  and  its  base  fastened  to  the  ceiling. 
For  light  shafting  one-armed  bearings  are  used,  a  very  com- 
mon form  being  shown  in  Fig.  106.     In  this  case  the  method 
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of  fastening  the  cover  D  is  peculiar,  the  cap  being  pressed 
down  upon  the  upper  brass  and'the  journal  by  the  key  E,  and 
then  fastened  by  the  horizontal  cap-bolt  F.  It  is  evident 
from  the  figure  that  the  vertical  pressure  V  oi  the  shaft  sub- 
jects  the  arm  of  the  hanger  to  a  bending  strain  as  well  as  to  a 
tensile  strain.  Vc  is  the  bending  moment  for  any  cross  sec- 
tion whose  centre  of  gravity  is  at  the  distance  c  from  the 
vertical  force  V.  A  resultant  stress  on  the  arm  is  therefore  to 
be  determined  according  to  the  rules  established  for  eccentric 
loads  in  Vol.  I.,  §271.  Let  (T,  and  rt,  represent  the  distance 
of  the  bolts  A,  and  /J,  from  the  direction  of  the  vertical  com- 
ponent V,  then  the  tensile  force  exerted  upon  the  bolts  will 
be: 
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To  these  must  be  added  the  tensile  stresr»  due  to  the  hori- 
zontal  component  //,  whose  moment  H  h  is  to  be  deter- 
mined in  the  same  manner  as  for  the  bolts  of  the  wall-box  in 
Fig.  103. 

In  the  examples  hitherto  given  we  have  always  assumed 
that  the  bearing  proper  and  its  support  (bracket,  frame,  or 
arm)  are  cast  in  one  piece.  This  design  avoids  inconvenience 
in  construction  or  setting  up  only  so  long  as  the  distance  of 
the  shaft  from  the  supporting  surface  is  small.  When  the 
bearings  overhang  considerably,  it  is  customary  to  bolt  an 
ordinary  bearing  to  a  separate  c:ist-:ron  frame.  The  forms 
and  dimensions  of  these  frames  diiler  widely,  according  to 
circumstances,  though  in  general  they  correspond  to  the 
typical  elementary  f6rms  given  in  Figures  103  to  106.  Fre- 
quently these  frames  must  simultaneously  support  the  bear-, 
ings  for  two  or  more  parallel  or  intersecting  shafts,  conse- 
quently there  is  much  variety  in  the  forms  of  the  compound 
b§d-plates.  For  further  examples  of  these  forms,  reference 
may  be  made  to  works  on  machine  design.* 

In  constructing  such  bed-plates  cast  iron  is  aln^ost  always 
used,  both  because  complicated  pieces  can  be  easily  cast,  and 
because  the  material  is  so  rigid,  yielding  less  than  wrought 
iron.  Sufficient  rigidity  and  invariability  in  the  supports  of 
bearings  are  absolutely  necessary  for  the  safe  and  smooth 
running  of  machinery.  In  designing  these  frames,  economy 
of  material  would  require  that  ribbed  cross  sections  be  chosen, 
whose  moment  of  inertia  is  as  large  as  possible.  But  in  frames 
subject  to  shocks  and  vibrations,  as,  for  example,  in  the 
housing  frames  of  rolling-mills,  sufficient  security  against 
shocks  is  not  to  be  sought  in  a  large  moment  of  inertia  of  the 
cross  sections,  but  in  their  having  as  large  an  area  as  possible ^ 
that  is  the  frames  must  be  massive.  See  also  Vol.  I.,  §  348 
to  351,  on  Resistance  to  Impact,  etc 

§  37,  Bearings  for  IJprlfht  Shafts. — Foot-step  bearings 
are  usea  to  support  the  pivots  of  upright  shafts.     They  usu- 

•  For  bed  plates,  frames,  etc.,  see  Redtenbacher^  Resultate  f.  der  Maschinen- 
bau  ;   Wiebe^  die  einfachen  Maschinen theile  ;  ReuUaux^  der  Constructeur,  etc. 
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ally  contain  a  plate  of  steel  or  chilled  iron,  which  directly 
supports  the  pivot.  This  plate  is  bedded  in  a  casing  ordi- 
narily of  cast  iron,  either  fixed,  or  admitting  of  a  certain 
amount  of  adjustment  in  a  horizontal  or  vertical  direction. 
Since  the  lower  surface  of  the  pivot  is  apt  to  be  flat  or  slightly 
curved,  as  is  the  case  with  the  larger  sized  shafting,  the  plate 
is  naturally  flat  or  slightly  curved  also,  and  consequently  the 
pivot,  particularly  when  it  is  subjected  to  a  sensible  lateral 
pressure,  must  be  restrained  laterally  by  a  bronze  bushing  or 
socket. 

An  ordinary  foot-step  bearing,  as  it  is  used  in  turbines  and 
non-adjustable,  is  shown  in  Fig.  107.  Here  E  is  the  ex- 
tremely hard  steel  plate  upon  which  rests  the  flat  end  of  the 
pivot,  the  bronze  socket  G  G  serving  to  guide  it.  The  plate 
E  and  the  socket  G  are  driven  fast  into  the  cast-iron  pivot- 
box  B,  which,  in  turn,  is  fastened  to  the  bed-plate  A  by  the 
bolts  C,  The  pin  a  prevents  the  plate  E  from  turning  in  the 
casing  B.  When  this  bearing  is  not  submerged  it  is  lubri- 
cated from  above,  the  flare  of  the  socket  G  serving  to  hold 

Fig.  107. 


the  oil.  When  the  bearing  is  submerged,  as  frequently  hap- 
pens in  turbines,  oil  must  be  supplied  by  a  special  tube,  see 
Vol.  If..  Fig.  481,  486,  487,  or  through  a  hole  drilled  in  the 
vertical  shaft,  see  Vol.  IL,  Fig.  514. 

If  the  shaft  deviates  at  all  from  its  vertical  position — say 
on  account  of  its  upper  bearing  yielding — the  fixed  non- 
adjustable  socket  will  be  inevitably  subjected  to  a  binding 
action,  and  the  flat  pivot  will  exert  a  one-sided  pressure  upon 
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its  plate.  When  the  shaft  turns  rapidly,  as  is  the  case  in 
centrifugal  machines,  this  will  not  only  cause  much  wear,  but 
also  heating  of  the  journal,  thus  leading  to  its  rapid  destruc- 
tion.   The  bearing, 

Fig.    108,  given  by  ^"*  "8* 

Redtenbacker  *  is  de- 
signed to  avoid  this 
evil.  The  shaft  A 
has  a  steel  pivot  B 
set  into  its  lower  end 
and  resting  on  the 
flat  plate  C.  The 
lower  part  of  the  lat- 
ter is  spherical  and 
fits  a  corresponding 
depression  in  the 
pivot- pot  E.  This 
gives  a  freedom  of 
motion  to  the  pivot- 
plate,  which  enables 
it    to   keep    perfect 

contact  with  the  pivot  when  there  is  a  slight  oscillation  of 
the  shaft.  The  lower  part  of  the  pot  E,  which  contains  the 
bronze  socket  D  for  guiding  the  pivot,  is  likewise  spherical,  so 
that  it  can  follow  the  motion  of  the  shaft  and  avoid  binding 
of  the  neck  A  in  the  socket  D.  The  oil  here  enters  from 
above  through  the  tube  a,  passes  between  A  and  D  into  the 
space  b,  and  from  thence  to  the  lower  surface  of  the  pivot  by 
means  of  two  intersecting  grooves  on  that  surface.  A  cen. 
tral  hole  in  the  pivot  plate  connects  with  the  channel  c  and 
the  discharge  pipe  d,  thus  permitting  continual  renewal  and 
removal  of  the  new  and  old  oil  respectively. 

In  all  upright  shafts  very  much  depends  upon  their  being 
exactly  vertical,  consequently  foot-steps  are  frequently  so 
constructed  that  the  pivot-plate  and  cup  are  capable  of  a 
slight  adjustment  by  set  screws.  This  furnishes  a  simple  and 
certain  means  of  making  the  shaft  plumb  when  it  is  set  up, 

*  Rcdteaiacher,  Resullaten  fUr  den  Maschinenbau. 
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and  correcting  any  deviation  from  this  vertical  position  which 
may  occur  afterward.  Such  arrangements  have  already  been 
mentioned  in  Vol,  II.,  Fig.  514.  A  common  bearing  of  this 
kind  is  shown  in  Fig.  109;  the  pivot-plate  A,  which  is  carried 
by  the  pivol-tup  B,  is  adjustable  in  the  somewhat  latter  pivot- 
box  C. 

When,  in  the  course  of  time,  the  pivot  and  its  plate,be- 
come  sensibly  worn,  the  machines  connected  with  the  shaft 
are  in  danger  of  greater  evils  than  mere  wear.  For  example, 
if  the  shaft  belongs  to  a  turbine,  the  wear  of  the  pivot  will 
cause  a  sinking  of  the  wheel,  and  the  space  between  the 
wheel  and  the  guides,  in  Fontaine  and  Henschel  Turbines, 
will  become  greater,  and  thus  increase  the  loss  of  water.  On 
the  other  hand,  in  a  grinding  mill,  the  runner  sinks,  and 
there  is  danger  that  it  will  get  too  near  the  bed-stone  and 
thus  cause  grinding  of  the  stones.  On  this  account  foot- 
steps are  also  constructed,  so  that  the  pivot-plate,  the  shaft, 
Fig   100.  and  the  parts  rigidly  connected 

with  the  latter  can  be  raised  or 
lowered  together.  In  this  way 
the  space  between  the  wheel 
and  the  guides  of  the  turbine 
can  always  be  regulated,  and  in 
grinding  mills  it  also  enables  us 
to  regulate  the  action  of  the 
stbnes  on  the  grain.  Frequent- 
ly pivot  bearings  are  provided 
with  a  vertical  as  well  as  a  hori- 
zontal adjustment  (see  Vol.  II., 
Fig.  507,  where  there  is  a  tur- 
bine bearing  by  Laurent,  which 
has  both  kinds  of  adjustment ; 
in  Vol.  II.,  504,  a  turbine  bear- 
ing by  Fourneyron,  is  capable  of 
vertical  adjustment  only).  Fig. 
1 10  is  a  design,  by  Wicbe,*  of  a 
bearing    for   a    grinding    mill, 

■  Witif,  die  Lehre  von  den  einfachen  Maschinenlheilen. 
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whose  pivot-plate  is  adjustable  horizontally  and  vertically. 
An  arrangement  for  raising  and  lowering  the  mill<spindle 
and  runner  is  called  the  millstone  regulator,  and  its  object 
is  not  only  to  diminish  the  wear  on  the  pivot,  but  also 
to  regulate  the  grinding  process.    The  cup  A,  cylindrical 

Fig.  1 10. 


within  and  octagonal  without,  is  adjustable  in  the  pivot-box 
C,  by  means  of  the  four  set  screws  B.  The  box  C  has  two 
grooves,  which  guide  it  along  the  ribs  D  on  the  standards 
EE  of  the  frame  F.  The  vertical  adjustment  of  the  pivot- 
box  and  the  mill-spindle  with  its  heavy  stone,  is  effected  by 
the  screw  G,  which  moves  up  and  down  when  its  nut  H  is 
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turned.  This  nut  is  easily  and  safely  turned  by  means  of  a 
worm-wheel  J  fastened  to  it,  and  worm  K  keyed  to  the  arbor 
N  oi  2.  hand  wheel  L, 

Other  designs  for  pivot  bearings  when  the  shaft  is  sus- 
pended from  the  bearing,  as  is  sometimes  the  case  in  turbines, 
may  be  seen  in  Vol.  II.,  Figs.  488,  512,  and  521.  Fig.  488 
also  shows  how  little  change  is  made  in  the  design  when  a 
collar-journal  (see  §  5)  is  used  instead  of  the  ordinary  pivot. 

Every  upright  shaft  must  have  besides  its  pivot  bearing  a 
neck  bearing  to  guide  it,  which,  in  general  differs  but  little 
from  the  bearings  for  ordinary  shafts.  Any  ordinary  bearing, 
such  as  is  shown  in  Fig.  95,  can  be  used  as  a  neck  bearing, 

Flo.  III.  Fig.  ii3. 


provided  it  is  suitably 
set  up ;  that  is,  so  fast- 
ened   to    the    support  &  - 
that  the  bore  or  axis  of 

the  bearing  is  vertical.  Frequently,  however,  neck  bearings 
are  designed  somewhat  differently.  Fig.  Ill  is  an  example. 
Here  the  three  brasses  C  which  guide  the  shaft,  are  moved 
in  the  body  of  the  bearing  by  the  set  screws  B.  The  bolts 
D  fasten  the  three-cornered  base  of  the  bearing  to  its  sup- 
port, which  is,  of  course,  provided  with  a  central  opening  for 
the  shaft. 

Fig.  112,  taken  from  Reuleaux's  Constructeur,  is  likewise  a 
neck  bearing  for  upright  shafts.  The  two  brasses  E  and  F 
can  be  adjusted  in  the  frame  of  the  bearing  by  the  bolts  and 
their  nuts  C  and  D.  The  brasses  can  also  be  taken  out  of  the 
frame  without  taking  off  the  cover  of  the  bearing,  the  open- 
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ings  in  the  frame  on  each  side  of  the  brasses  permitting  thi?. 
The  bolts  A  B  have  threads  at  the  two  ends,  and  are  provided 
with  collars  G  G,  which  fit  into  corresponding  recesses  in  the 
casing.  By  means  of  the  nuts  on  ^f,  the  bearing  maybe 
fastened  to  its  support,  and  the  nuts  A  A  will  unite  the  cap 
H H  to  the  part  G  G  o(  the  bearing.  By  this  arrangement, 
which  is  occasionally  found  in  other  bearings,  it  is  possible  to 
take  oH  the  cap  without  removing  the  part  GG  from  its 
support. 

A  peculiar  kind  of  neck  journal  is  found  in  grinding  mills. 
Here  an  upper  portion  of  the  mill-spindle  is  guided  in  a  bear- 
ing which  is  set  into  a  corresponding  eye  of  the  lower  station- 
aryniillstone{V(/-f/ow).  Fig.  113  shows  such  a  bearing,  and  is 
taken  from  Wiebe's  Lehre  von  den  einfachen  Maschinentheilen. 
The  spindle    A   is  here 

guided   by  three  brasses  ^"^  "3- 

B,  set  between  the  ribs 
of  the  cast-iron  holder  C, 
and  moved  radially  by 
keys  D  sliding  on  the 
backs  of  the  brasses.  The 
holder  C  is  fastened  by 
its  lower  rim  £  to  a  pro- 
jection on  the  cylindrical 
pivot-box  F,  which  latter 
is  firmly  cemented  to  the 
eye  of  the  bed-stone  G. 
The  disk  H  serves  to  fix 
the  holder  C  and  to  guide 
the  upper  journals  of  the 
three    sets    crews  J,  by  I 

the  turning  of  which  the  ' 

above  mentioned  keys 
D  can  be  shoved  so  as 
to  press  the    brasses  B  _ 

against  the  spindle.    The 

screws  can  be  conveniently  turned  from  below,  thus  avoiding 
the  Ufting  of  the  runner  from  the  bedstone.     To  prevent  the 
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grist  from  getting  into  the  bearing,  the  disk  K  is  set  on  the 
pivot-box  F,  The  three  recesses  L  in  the  holdei  serve  as 
receptacles  for  felt,  cow  hair,  or  any  other  oil-absorbing  sub- 
stance, thus  insuring  smooth  running  of  the  spindle. 

§  38.  liUbrlcanti. — ^The  necessity  of  the  careful  lubrica- 
tion of  journals  has  already  been  referred  to,  §  33.  The  ob- 
ject of  lubrication  is  to  diminish  the  coefficient  of  friction 
by  suitable  means,  for  the  loss  of  work  caused  by  the  friction 
of  journals  is  proportional  to  this  coefficient,  and  we  can 
assume  that  the  wear  of  the  bearing,  as  well  as  the  heating,  is 
directly  proportional  to  it.  All  substances  which  diminish 
friction  when  they  are  placed  between  rubbing  surfaces,  are 
suitable  for  lubricants,  their  action  probably  consisting  in  fill- 
ing up  the  little  depressions  which  exist  on  the  surfaces  of  all 
solid  bodies.  For  this  purpose  it  is  in  general  necessary  that 
the  lubricant  be  in  a  fluid  or  at  least  pasty  condition.  Ex- 
perience shows  that  among  fluids  all  animal  and  vegetable 
oils,  without  exception,  as  well  as  many  mineral  oils,  possess 
in  a  very  high  degree  the  property  of  diminishing  friction. 
Water  also,  in  some  circumstances,  diminishes  the  coefficient 
of  friction,  but  it  is  used  less  as  a  lubricant  than  as  a  means 
of  cooling  the  journal  and  bearing  by  constant  sprinkling. 
We  have  already  mentioned  its  use  for  this  purpose  in  the 
journals  of  rolls.  On  the  whole,  watery  fluids  are  little  used, 
their  rusting  effect  rendering  them  undesirable.  Semi-fluid 
and  pasty  substances,  tars,  fats,  and  certain  soft  soaps,  are  also 
in  common  use  as  lubricants ;  those  melting  at  higher  tem- 
peratures, as  tallow,  needing  a  certain  amount  of  heating  of 
the  bearing  before  they  will  act.  •  This,  to  be  sure,  is  a  draw- 
back common  to  all  solid  lubricants,  but  there  is  this  advan- 
tage: that  the  lubricant  is  consumed  only  while  the  machine 
is  running,  which  is  not  the  case  with  fluid  lubricants,  as 
they  continue  to  flow  when  the  machine  is  at  rest,  unless 
stopped  by  some  special  device.  Moreover,  when  solid  lubri- 
cants are  employed,  they  to  a  certain  extent  regulate  their 
flow,  an  increase  of  heat  causing  an  increased  melting  of  the 
material. 
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A  fluid  lubricant  will  the  more  completely  fulfil  its  func- 
tion of  diminishing  friction  the  thinner  it  is  and  the  longer 
it  can  be  kept  in  its  thin  fluid  state,  and  consequently,  for 
certain  circumstances  and  machines,  we  can  determine  the 
value  of  an  oil  with  respect  to  its  greater  or  less  fluidity 
and  durability.  In  fact,  it  is  upon  this  that  the  oil  test 
given  by  Nasmyth  is  based.  This  test  consists  in  placing 
drops  of  the  oils  to  be  compared  in  as  many  grooves  on  a 
slightly  inclined  iron  plate  2  metres  \(>]^  feet]  long.  Owing 
to  the  slight  inclination  of  these  grooves  the  drops  will  flow 
very  slowly  and  with  velocities  varying  with  their  different 
degrees  of  fluidity.  The  distances  traversed  by  two  different 
oils  in  the  same  time,  say  a  day,  measure  their  fluidity,  while 
the  time  during  which  the  oil  remains  in  motion  furnishes  a 
means  of  judging  of  its  unchangeable  character.  These  two 
properties  must  be  considered  in  choosing  oils  for  particular 
purposes. 

In  clocks  and  instruments  which  are  only  occasionally 
oiled,  it  is  especially  important  that  the  fluidity  of  the  oil  be 
as  unchangeable  as  possible ;  for  such  purposes,  therefore,  a 
very  pure  neat's-foot  oil  is  generally  to  be  preferred.  On  the 
other  hand,  for  swiftly  running  and  constantly  inspected  ar- 
bors, such  as  the  spindles  of  a  spinning  machine,  that  lubri- 
cant is  best  which  is  most  fluid,  and  thus  reduces  the  friction 
to  a  minimum.  When  a  factory  contains  many  thousand 
spindles,  the  saving  of  power  which  is  effected  by  a  good 
lubricant  is  considerable,  and  will  well  pay  for  itself  in  the 
saving  of  coal  used  for  generating  steam.  For  such  cases 
the  very  fluid  natural  and  artificial  mineral  oils  are  well 
suited,  and  have  recently  been  extensively  used  on  account 
of  the  high  price  of  neat's-foot  and  rape-seed  oil. 

The  greater  or  less  fluidity  which  may  be  determined  by 
Nasmyt^is  test  is  not  always  the  measure  of  the  usefulness  of 
a  lubricant  for  a  particular  purpose.  Too  great  fluidity  may 
even  in  some  cases  be  detrimental  to  lasting  lubrication. 
This  happens  when  the  surfaces  to  be  lubricated  are  pressed 
together  with  much  force ;  then  there  is  danger  that  a  thin  oil 
will  be  rapidly  forced  out  and  lubrication  cease.     For  this 
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reason  the  axles  of  carts  are  lubricated  with  tar,  a  much  more 
viscous  material  than  oil.  In  some  circumstances  it  is  an  ad- 
vantage to  thicken  such  lubricants  as  tallow,  palm  oil,  etc.,  by 
adding  to  them  solid  substances  like  graphite,  gypsum,  etc. ; 
for  example,  the  lubricant  used  for  the  teeth  of  wheels  con- 
tains graphite. 

Consequently  for  the  comparison  of  lubricants  other 
methods  and  apparatus  have  been  employed  which  measure 
the  friction  between  two  surfaces,  under  a  given  pressure, 
when  lubricated  with  different  materials. 

The    essential    features   of   the   apparatus   designed    by 
MacNaught*  for  testing  oils,  are  shown  in  Fig.  114-     On  the 
frame   A     is    placed    a   vertical 
spindle  B,  which    is    driven  by 
means  of  a  grooved  pulley  C.    On 
the  upper  end  of  the  spindle  is 
fastened  a  smoothly  turned  dish 
D.     In   this   dish   lies  the  metal 
disk  E,  which  is  likewise  smoothly 
turned  and  is  ground  to  fit  D.    By 
means  of  a  movable  weight  G  and 
a  lever  H,  a  definite  pressure  can 
be  exerted  through  E  on  the  dish 
D.    If,  now,  a  small   quantity  of 
the  oil  to  be  examined  is  placed 
between  the  disk  and  dish,  and 
the  latter  set  in  motion  by  means  of  its  spindle  B,  the  friction 
between  the  surfaces  in  contact  will  turn  the  disk  E  till  its 
pin  F  hits  the  vertical  arm/  of  a  bent  lever  turning  about 
L.     The  other  arm  of  this  lever  is  usually  horizontal  and  car- 
ries a  sliding  weight  K,     This  can  be  fixed  at  such  a  distance 
a  from  the  axis  L  that  the  lever  arm  jWwill  remain  horizon- 
tal under  the  influence  of  the  weight  K  and  the  pressure  of 
the  pin  F  against  the  arm  J.     Let  b  be  the  length  of  the  lever 


•Mechanic's  Mag"inei  No.  774,  p.  154;  Dingl.,  Vol.  70,  p.  108,  iSjS. 
See  also  Witbe.  die  einfachen  Maschinentbeilen,  and  Zeilschr.  Deutsch.  Ing., 
Vol.  v.,  p.  3or,  iS6l. 
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arm  /  between   the   axis  L  and  the  pin  F,  and  let   P  be 
the  pressure  exerted  by  the  latter  upon  the  lever  J,  then 

P  —  —.-  will  evidently  be  a  measure  of  the  friction  between 


the  surfaces  of  disk  and  dish  when  reduced  to  the  pin  F,  and 
will  therefore  serve  to  measure  the  value  of  the  lubricant. 

In  the  apparatus  designed  by  Thurston  (Fig.  115),*  the 
resistance  of  the  friction  is  measured  by  a  weight,  but  the 
arrangement  of  the  apparatus  is  different.  Here  the  frame 
A  carries  the  spindle  B,  which  is  uniformly  turned  by  the 
belt    pulley    C. 

The  front  of  the  Fig.  115. 

spindle   B   car- 
ries a  journal D 
enclosed  by  two 
brasses  £■,  which 
can  be  pressed 
against     the 
journal  D  after 
oil  has  been  ad- 
mitted   to    the 
journal,  the  he- 
lical  spring    F 
and    the   screw 
G    produ  c  i  n  g 
any  pressure  re-  ] 
quired.     An  in- 
dex /  which  passes  through  a  slit  in  the  tube  H,  shows  on 
a  scale  attached  to  H,  the  pressure  exerted   by  the  screw. 
There  is  besides  on  the  arm  //  a  weight  K,  which  can  be  set 
by  means  of  a  screw  at  a  definite  distance   from   the  journal 
D.     When  the  spindle  5  turns  in  the  direction  of  the  arrow, 
the    friction  on    the  journal  D  will  carry  the  rod //'into  a 
position  in  which  the  moment  of  the  loaded  arm  equals  that 
of  the  friction  on  the  journal.     Let  Q  be  the  total  weight  of 

•Jour.  Frank.  Inst.,  p.  1,  July,  1873,  and  DJngl.  polyl.  Journal,  Vol.  209. p. 
411,  1873. 
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arm,  spring,  screw  and  load  K  \\tX,  a  be  the  distance  of  •the 
centre  of  gravity  of  all  these  parts  from  the  axis  B ;  r  the 
radius  of  the  journal,  and  F  the  friction  at  the  circumfer- 
ence, then  will 

r.      jn,  a  sin  a 

where  a  is  the  angle  of  deflection  of  the  rod  H  from  its  verti- 
cal position.  This  angle  may  be  easily  read  off  from  a  grad- 
uated arc  fastened  to  the  frame.  The  upper  brass  inclosing 
the  bearing  contains  a  recess  for  a  thermometer  bulb  for  as- 
certaining the  heat  developed  by  the  journal. 

Lubricants  have  also  been  tested  by  detennining  the  number  of  revolutions 
necessary  to  produce  a  certain  rise  of  temperature,  that  lubricant  being  the  best 
which  requires  the  greatest  number  of  revolutions  for  a  given  rise.  According  to 
Zeitschrift  deutscher  Ingenieure,  187 1,  the  following  relations  were  obtained  for 
three  kinds  of  oil.  A,  B,  and  C. 


KIND  OP  OIL. 

PRICB  PBR  CWT. 

RBVOLimONS. 

RBLATIVB  COST 
FOR  6AMB  BP- 
PIOBNCY. 

A,  Refined  rape-seed  oil 

$11.25 

7-50 
9.60 

69,975 
41,850 
26,392 

100 

B,  Mineral  oil 

III. 4 
225.9 

C.  Adulterated  rabe-seed  oil 

§39.  l<ubrieator»« — ^The  simplest  and  most  common  means 
for  lubricating  journals  with. oil  consists  of  an  oil  cup  A^  Fig. 
116,  placed  on  the  cap  of  a  bearing.  A  wick  B  placed  in  the 
cup,  by  its  capillarity,  continually  furnishes  oil  through  the 
hole  C  in  the  cap  to  the  inner  surface  of  the  upper  brass 
D.  By  means  of  the  diagonal  oil-grooves  E  E^  and  F F^^ 
and  the  longitudinal  grooves  G  G^  H H  and  KKy  the  oil  is 
uniformly  distributed  over  the  whole  surface  of  the  journal. 
This  oil  cup  is  much  used  because  of  its  simplicity  and  satis- 
factory working,  but  is  open  to  the  objection  that  lubrica- 
tion takes  place  when  the  journal  is  not  running,  thus  causing 


Fig.   1 1 6. 
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a  waste  of  the  lubricant.  There  have  been  many  attempts  to 
devise  contrivances  free  from  this  objec- 
tion. In  one  of  these  the  supply  of  oil 
from  the  reservoir  to  the  bearing  is  reg- 
ulated by  the  periodical  opening  and 
closing  of  a  cock,  this  periodical  motion 
being  imparted  to  the  cock  by  the  ro- 
tating shaft,  by  gear  wheels,  or  by  some 
other  means.  As  a  consequence  oil  can 
only  be  supplied  while  the  shaft  is  in 
motion.  Many  such  contrivances*  have 
been  designed  and  may  be  used  to 
advantage  in  some  cases,  where  there 
is  a  question  of  lubricating  important 
parts,  for  example  the  shafts  of  large 
steam  engines.  They  arc,  however, 
too  complicated  and  therefore  too 
costly  to  be  generally  used.  To  at- 
tain the  same  object  by  simpler  means 

many  very  differently  constructed  mechanical  lubricators 
have  been  devised,  few  of  which  have  come  into  com- 
mon use ;  of  these  we  will  give  a  few  examples.  In  the 
lubricator  by  Lacolonge,  Fig.  117,  a  little  bucket  is  fastened 
to  the  journal  A  Bhy  3.xi  arm  FG,  and  is  carried  around  by 
the  journal,  so   that  at  every  revolution  it  dips  a  little  oil 

Fio.  117.  Fig.  118, 


from  the  lower  part  H  of   the  casing,  and  empties  it  into  a 
trough  K,  from  which  it  passes  to  the  journal.     With  rap- 

*See  Wieie,A\K  Lehrevon  den  einFachcn  MuchiiMnlfaeilen. 
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idly  running  shafts  the  number  of  dips  can  be  reduced  by 
gearing,  which,  of  course,  considerably  complicates  the  appa- 
ratus. 

In  the  lubricator  shown  in  Fig.  118  the  journal  A  B  carries 

a  disk  CD,  which  dips  into  the  lubricant  E,  and  at  every 

revolution  takes  up  some  oil  by  adhesion,  and  delivers  it  to 

the  journal  as  shown  in  the  figure.    To  increase  the  adhesion, 

the  disk  is  serrated  at  the  edge,  or  provided  with  little  holes. 

The  lubricator  in  Fig.  119  causes  continuous  lubrication 

of  the  journal  by  means  of  the  hollow  cylinder  B,  which  Boats 

on  the  oil  DD  va.  the  lower 

Fig-  "9-  ^      c  ^\.  J   ■ 

part    of  the    casmg,    and  is 

constantly  pressed  up  by  the 
fluid  against  the  journal  A. 
When  the  latter  turns,  the 
cylinder  also  turns,  and  thus 
lubricates  the  journal.  To 
avoid  using  a  float,  some  of 
the  designs  are  so  arranged 
that  the  journal  dips  wholly 
or  partially  into  the  oil,  in  which  case  care  must  be  taken 
that  oil  is  not  wasted  by  flowing  ofF  laterally. 

None  of  these  lubricators,  however,  are  sufficiently  simple 
for  bearings  in  common  use,  such  for  instance  as  are  used  for 
shafting. 

A  simple  arrangement,  shown  in  Fig.  120,  and  first  exhib- 
ited at  the  Paris  Exposition  in  1867  under  the  name  of  Pneu- 
matic Lubricator,  is,  however,  much  used.  It  consists  of  a 
glass  globe  A,  whose  neck  B  is  fitted  with  a  wooden  tube  C. 
The  diameter  of  the  bore  of  the  tube  varies  from  1  to  2  milli- 
meters [0.04  to  0.08  inch].  The  bore  gradually  increases 
in  diameter,  being  widest  below.  The  tube  is  placed  in  the 
cap  so  that  its  lower  end  D  rests  on  the  journal.  When  the 
shaft  is  at  rest,  the  oil  cannot  flow  out  on  account  of  the 
pressure  of  the  air  at  the  opening  D,  but  when  the  shaft 
turns,  the  oil  gradually  flows  out  of  its  tube  by  adhering  to 
the  surface  of  the  journal.  The  emptying  process  is  of 
course  a  very  slow  one,  but  the  lubrication  seems  to  be  good. 
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It  19  said  to  be  a  special  advantage  of  this  device  that  the 
supply  of  the  lubricant  is  proportioned  to  the  speed  of  the 
journal.  At  any  rate  the  arrangement  is  very  simple,  and 
the  exchange  of  an  empty  globe  for  a  full  one  is  easily  made 
without  spilling  oil. 

With  all  lubricators  the  oil  finally  becomes  thick,  sticky, 
and  useless.  This  is  due  to  the  natural  tendency  of  the  oil 
to  gum  when  exposed  to  the 

air,   and   to    the    absorption        ^"■'-  ^^-  .     ^^'  "^• 

of  dust  and  particles  worn 
off  from  the  journals  and 
brasses.  Care  must  therefore 
be  taken  that  the  oil  is  re- 
moved as  fast  as  it  becomes 
useless.  In  horizontal  bear- 
ings this  takes  place  of  itself, 
the  material  escaping  later- 
ally  and  then  trickling  down. 
In  pivot  bearings,  however, 
it  is  in  many  cases  necessary 
to  provide  special  channels 
for  the  worn-out  oil.  This  is 
particularly  necessary  when  the  velocity  of  the  shaft  is 
great,  as  in  centrifugal  machines,  for  then  the  lubrication 
must  be  most  carefully  attended  to.  In  this  connection 
we  may  refer  to  the  pivot  bearings  shown  in  Fig.   108. 

A  peculiar  lubricating  arrangement  is  shown  in  Fig,  121, 
which  is  due  to  Blandin,  of  Rouen,  and  is  intended  for  a 
lubricant  of  the  consistency  of  butter.  Here  the  tin  vessel 
A  and  its  tubes  B  are  filled  with  the  fatty  mass,  whose 
composition  is  kept  secret  by  the  inventor.  The  tube  B 
is  then  closed  below  by  the  finger  and  a  peculiar  system 
of  tubes  C  pressed  into  the  mass,  the  system  being  com- 
posed of  three  small  tubes  c  united  below  by  a  ring  E  and 
above  by  a  pierced  disk  D.  As  in  the  pneumatic  lubrica- 
tor, the  lower  end  of  the  tube  in  this  apparatus  rests  on 
the  journal.  Its  action  may  be  explained  as  follows:  the 
journal  makes  an  air-tight  joint  at  the  opening  E  of  the 
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tube,  and  as  fast  as  the  lubricant  is  consumed  at  this  point 
fresh  material  takes  its  place,  being  forced  downward  by  the 
atmospheric  pressure  from  above.  From  time  to  time  the 
fatty  mass  in  the  vessel  A  must  be  compressed  and  re- 
newed. Although  thi^  apparatus  was  reported  *  to  have 
given  excellent  results,  it  does  not  seem  to  have  fulfilled 
the  expectations  created  at  the  time  of  its  appearance. 

The  following  works  treat  of  lubricators  :  Wiebe^s  Lehre  von  den  einfachen 
Maschinentheilen,  Vol.  II.,  Berlin,  i860  ;  Armengaud,  Vignola  de  Mecaniciens, 
Paris,  1S63,  in  the  article,  Paliers  graisseurs.  The  technical  journals  also  contain 
many  shortei  communications. 

*Zettscfar.  deutsch.  Ingenieure,  1864,  p.  70,  and  elsewhere. 


CHAPTER    II. 

GEARING. 

§  40.  Wheel*. — ^The  shafts  or  axles  mentioned  in  the  pre- 
ceding chapter  receive  their  rotation,  unless  they  are  directly 
driven  by  the  Prime  Movers,  from  similarly  moving  shafts, 
and  can  then  communicate  their  rotation  to  other  shafts. 
Wheels  are  universally  used  for  this  purpose.  Like  all  other 
machine  parts,  wheels  never  occur  singly,  but  always  in  pairs. 
This  is  not  altered  by  the  fact  that  frequently  a  wheel  A  is 
found  working  with  two  or  more  other  wh'eels,  ByCy  etc., 
for  in  such  a  case  we  must  distinguish  as  many  pairs  A  By 
A  C,  etc.,  as  there  are  other  wheels  working  with  -^,all  the 
pairs  having  the  member  A  in  common. 

The  action  of  all  kinds  of  wheels  may  be  characterized 
geometrically  as  the  moving  upon  one  another  of  two  bodies 
with  certain  ideal  surfaces,  and  this  motion  may  be  either  a 
purely  rolling  one  without  sliding,  or  it  may  be  rolling  com- 
bined with  simultaneous  sliding  along  the  straight  line  of 
contact.  From  this  it  is  evident  that  these  surfaces  have  the 
character  ascribed  to  axoids  in  §  26  of  the  Introduction. 

When  there  is  both  rolling  and  sliding,  these  surfaces  are 
hyperboloids,  on  each  of  which  there  is  a  system  of  straight 
lines,  of  such  a  nature  that  each  straight  line  of  one  system  co- 
incides with  a  corresponding  straight  line  of  the  other  system 
at  the  instant  when  each  of  the  two  lines  is  at  the  line  of  con- 
tact. It  has  likewise  been  explained  in  the  article  just  men- 
tioned that,  when  there  is  no  sliding  along  the  line  of  contact, 
these  surfaces  are  of  such  a  character  that  they  may  be  devel- 
oped one  upon  another,  and  that  they  reduce  to  the  particular 
case  of  two  conical  surfaces  with  a  common  vertex  when  the 
two  shafts  which  are  to  be  united  by  the  wheels  intersect.  The 
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point  of  intersection  of  the  shafts  is  then  the  common  centre 
of  the  conical  surfaces,  and  from  this  it  follows  that  these 
cones  will  become  cylinders  when  the  shafts  are  parallel. 
These  conical  and  cylindrical  surfaces  are  of  course  to  be  un- 
derstood as  having  a  perfectly  general  character,  and  though 
in  practice,  normal  and  circular  cylinders  and  cones  are  usu- 
ally employed,  the  general  surfaces  are  not  excluded,  for 
example,  in  parallel  shafts,  elliptical,  heart  and  spiral-shaped 
wheels  frequently  occur.  The  consideration  of  wheels  as  the 
connecting  links  of  two  shafts  is  simplified  by  treating  them; 
as  rotations  were  treated  in  the  Introduction,  under  the 
three  following  heads : 

a)  Parallel  axes, 

V)  Intersecting  axes, 

r)  Axes  which  cross  without  intersecting. 

These  different  positions  of  the  shafts  prescribe  certain 
essential  differences  in  the  mode  of  action  and  arrangement 
of  their  wheels,  and  therefore  constitute  a  natural  geometri- 
cal basis  for  a  corresponding  classification.  There  is,  how- 
ever, another  more  physical  point  of  view  from  which  a  classifi- 
cation may  be  taken,  which  depends  on  the  pGCulisir  manner  of 
transmitting  or  communicating  the  motion.  On  the  one  hand, 
this  communication  of  motion  may  take  place  directly  between 
the  two  surfaces  represented  by  material  forms,  these  forms 
coming  into  immediate  contact  and  fixing  the  distance  be- 
tween their  shafts ;  on  the  other  hand,  motion  may  be  trans- 
mitted indirectly  by  a  flexible  intermediate  link,  say  a  belt, 
having  the  ability  to  adapt  itself  to  the  form  of  the  oft-men- 
tioned surfaces,  and  thus  permitting  a  certain  freedom  of 
arrangement  in  choosing  the  distance  between  the  shafts. 
Each  of  these  two  cases  permits  of  a  subdivision  into  two 
classes,  according  as  the  transmission  of  motion  from  one 
body  to  another  is  effected  by  friction  between  the  surfaces, 
u  c.  their  natural  inequalities,  or  according  as  the  surfaces  are 
provided  with  ^r/Z/faV?/ inequalities,  or  teetky  for  the  transmis- 
sion of  motion.  Consequently  all  wheels  may  be  brought 
into  the  following  four  classes  : 


§41-]  WHEELS  FOR  PARALLEL  SHAFTS.  I45 

1.  Friction  wheels,  with  direct  transmission  by  friction  ; 

2.  Belted  wheels,  with  indirect  transmission  by  friction ;  . 

3.  Toothed  wheels,  with  direct  transmission  by  teeth  ; 

4.  Chain  wheels  with  mediate  transmission  by  teeth. 
Although  this  difference  in  the  action  of  the  wheels  upon 

each  other  is  of  the  utmost  importance  with  respect  to  their 
construction  and  application,  and  although  the  hurtful  resist- 
ances, friction  for  instance,  essentially  depend  on  this  differ- 
ence, it  is  nevertheless  clear  that  this  does  not  necessitate  a 
difference  in  either  their  kinematic  of  dynamic  connection. 
The  changes  of  motion  as  well  as  of  velocity,  and  conse- 
quently the  changes  of  force,  if  we  neglect  hurtful  resist- 
ances, are  independent  of  the  manner  in  which  motion  is 
transmitted,  and  therefore  for  the  groups  i  to  4  these  changes 
are  the  same. 

In  what  follows,  this  kinematic  and  dynamic  connection 
of  the  wheels  will  first  be  investigated,  and  it  will  be  clear 
from  the  preceding  remark,  that  the  results  obtained  will  be 
as  valid  for  friction  wheels  as  for  toothed  wheels,  and  as  valid 
for  belt  gear  as  for  chain  gear.  After  this  investigation  of 
the  geometrical  connection,  we  will  examine  the  transmission 
of  motion  from  its  physical  side. 

§  41.  WlieelB  for  Parallel  fiiiallf. — The  simplest  and 
most  frequently  occurring  arrangement  of  wheels  is  to  have 
a  shaft  A^  Fig.  122,  turn  with  uniform  velocity  and  transmit 
a  uniform  rotation  to  a  second  and  parallel  shaft  B.  Let  a 
be  the  angular  motion  of  the  shaft  ^  in  a  given  time,  and  fi 

the  angle  of  rotation  of  ^  in  the  same  time,  then  the  ratio   - 

of  these  two  motions  must  always  be  constant,  if  a  uniform 
rotation  of  A  is  to  cause  a  uniform  rotation  of  B.  It  has 
already  been  fully  explained  in  §27  of  the  Introduction,  that 
this  kind  of  motion  is  represented  by  two  cylindrical  axoids 
whose  geometrical  axes  coincide  with  those  of  the  shafts  A 
and  Bj  and  whose  radii  a  and  b  have  the  relation 

aa  z=ib  fiy 
10 
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or 


a  I  b  =z  fi  I  a. 


The  centroids  of  this  motion  are  therefore  two  circles  A  O 
and  BO   described  about  A  and  B  respectively*  Fig.  122 


Fig.  122. 


Fig.  Z23. 


and  Fig.  123^  and  touching  each  other  in  O*  This  point  O^ 
found  from  the  relation 

AO  \  BO  =  fi  :  a, 

lies  either  between  the  centres  A  and  B  when  the  shafts 
have  opposite  rotations.  Fig.  122,  or  outside  of  that  straight 
line  A  B  when  the  rotations  are  in  the  same  direction.  In 
the  latter  case  it  is  evident  that  O  must  lie  on  the  pro- 
longation ol  A  B  which  starts  from  the  centre  of  the  more 
rapidly  running  shaft.  In  Fig.  123  the  point  of  contact 
O  can  only  have  the  position  shown  when  a  >  /?,  because 
BO>AO. 

In  practice  these  axoids  are  cylindrical  constructions,  the 
cases  represented  by  Fig.  122  and  Fig.  123  corresponding  to 
toothed  or  friction  wheels  in  external  or  internal  gear  respect- 
ively. When  these  wheels  effect  the  transmission  by  teeth, 
they  are  called  spur-wheels.  In  indirect  transmission  of  mo- 
tion by  belts  or  chains,  the  fundamental  form  of  the  axoids 
and  wheels  will  not  change,  but  only  their  distances  from 
each  other,  and  it  is  evident  that  for  the  case  in  which  the 
direction  of  rotation  of  the  two  axes  is  the  same,  an  open 
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belt  must  be  employed  as  in  Fig.  124,  while  for  opposite  ro- 
tations a  crossed  belt,  Fig.  125,  must  be  used.  For  all  these 
arrangements,  we  may  deduce  from  the  fundamental  equa- 
tion aa  =:  b  fi  the  following  proposition  :  the  number  of  revo- 
lutions of  two  shafts  connected  by  two  wfiecls  is  inversely  propor^ 
tional  to  the  radii  of  the  wheels.  The  smaller  wheel  will  always 
have  the  larger  number  of  revolutions,  the  circumference  of 
the  two  wheels  moving  at  the  same  speed. 

For  the  case  of  direct  transmission  of  motion  the  distance 
a  -k-  b  between  the  axes  may  be  represented  by  d^  and  if  we 

represent  the  velocity  ratio  —  =  ^  by  «,  we  shall  have 


aaz=.{d  ^  d)fiy 


and 


a  =  d 


p 


a  +  /3 


n 


b^d 


In  like  manner 

d 


a 


a  -if  fi       I  +  » 


It   IS   evident   from 

this  that  the  wheels  not 

only  serve  to  transmit, 

but  to  modify  motion, 

by  altering  its  direction  and  changing  its  velocity.     It  is  thi:; 

last  property  in  par- 
ticular which  causes 
wheels  to  be  so  exten- 
sively used,  for  the  ne- 
cessity of  varying  the  ve- 
locity of  rotations  is  one 
that  meets  the  designer 
almost  everywhere. 
It    has  been    s  u  f- 

ficiently  explained  in  the   second   part  of  this  work,    that 
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motors  act  most  efficiently  when  the  prime  movers  run  at 
certain  velocities.  Since  these  velocities  are  included  between 
narrow  limits,  and  since,  on  the  other  hand,  special  machinery 
must  also  have  that  velocity  which  is  most  advantageous  for 
its  particular  work,  it  is  evident  that  there  must  be  some 
means  of  transforming  one  velocity  into  another,  as  it  will 
rarely  happen  that  the  velocity  most  favorable  for  the  prime 
mover  will  be  the  same  as  that  most  favorable  for  the  special 
machinery.  Every  change  in  the  velocity,  of  course,. inti- 
mately depends  on  a  change  in  the  relations  of  the  acting 
forces,  a  consequence  which  follows  from  the  principle  of  vir- 
tual velocities  (Vol.  I.,  §  82).  If  a  force  P  acts  at  the  end  of 
a  lever  arm-^  C-=p  fixed  to  the  driving  shaft  A^  Fig.  122 
and  Fig.  123,  its  moment  will  be  Pp^  then  if  for  the  instant 
we  neglect  all  hurtful  resistances,  as  friction,  etc.,  it  will  fol- 
low from  the  general  principles  of  equilibrium  that  when  uni- 

Pp 
form  motion  obtains,  a  force  K  =  — ^  must  be  exerted  at  the 

a 
point  of  contact  O  of  the  wheels.  This  force  appears  at  the 
point  of  contact  of  the  two  wheels,  as  an  action  of  the  wheel 
A  upon  B^  and  as  a  reaction  of  B  upon  A,  These  two  actions 
are  equal ;  for  example,  in  toothed  wheels  the  pressure  of  the 
teeth  upon  one  another  is  equal  if  we  neglect  the  influence  of 
the  friction  of  the  teeth.  When  the  motion  is  uniform,  the 
force  K  with  the  radius  B  O  =  b  oi  the  wheel  B  for  a  lever 
arm,  will  be  in  equilibrium  with  the  resistance  Q  at  the  end 
of  the  lever  arm  B  D  =  q^  and  we  shall  have  Kb  =  Qq.     If 

we  here  substitute  for  K  the  above  value  -^ ,  we  shall  get 

a 

Q=ptK 
q  a 

m 

If  the  resistance  Q  acted  directly  on  the  shaft  A  with  the 
same  lever  arm  q,  we  should  have  the  relation  Qq  =  Ppy  and 

then  Q  =  P— .     By  inserting  two  wheels,  and  transferring 

the  resistance  Q  to  the  shaft  5,  we  are  thus  able  with  the 

same  force  P  to  overcome  —  times-  as  great  a  resistance  <2>  as 
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would  be  possible  if  the  resistance  acted  directly  on  the  shaft 
A,  This  explains  the  importance  of  wheels  for  windlasses 
and  hoisting  gear  whose  object  is  to  overcome  a  large  resist- 
ance with  a  small  force  P.  In  general  this  object  is  attained 
by  inserting  one  or  more  pairs  of  wheels  between  the  shaft 
at  which  the  force  Pacts,  and  that  at  which  the  load  Q ^cXs. 
Such  a  combination  of  pairs  of  wheels  it  is  customary  to  call 
a  train  ;  we  may  also  speak  of  windlasses  and  other  machines 
as  single,  double,  or  triple-geared,  according  to  the  number 
of  pairs  of  wheels  inserted.  The  action  of  each  elementary 
combination  in  the  above  cases  is  to  diminish  the  velocity, 
and  thus  to  increase  the  force  in  the  ratio  b  :  a,  from  which 
it  follows  that  whenever  it  is  desirable  to  increase  the  force 
as  much  as  possible,  the  wheel  b  must  be  made  as  large  as 
is  practicable  relatively  to  a.  Practical  considerations  of 
smooth  running  and  possible  construction  principally  deter- 
mine the  upper  limit  to  which  —  may  be  extended,  as  will  be 
more  fully  explained  hereafter.    The  largest  values  given  to 

the  ratio  -  in  windlasses,  seldom  exceeds  8,  while  for  shaft- 
a 

ing  and  machinery  in  general,  the  ratio  is  apt  to  be  much 
smaller,  not  usually  exceeding  4  or  5.  It  is  evident  that,  if  it 
were  only  a  question  of  transmitting  motion  without  change 
of  velocity,  a  must  =  b.  It  is  clear  that  increasing  the  resist- 
ance Q  to  be  overcome  by  the  force  /*,  does  not  cause  an  in- 
crease or  gain  of  mechanical  work,  for  every  increase  of  force 
is  secured  at  the  expense  of  the  distance  to  be  traversed 
by  that  force.  On,  the  contrary,  the  addition  of  even  neces- 
sary machine  parts,  such  as  wheels,  brings  with  it  new 
resistances,  friction,  etc.,  involving  a  corresponding  loss  of 
mechanical  work,  the  amount  of  which  will  be  determined 
later.  In  general,  we  may  say  that  the  perfection  of  a 
mechanism,  from  a  dynamic  point  of  view,  will  be  greater 
the  fewer  the  movable  parts  and  the  simpler  the  whole 
mechanism. 

Examples,     i.  The  shaft  ^  of   a  steam  engine  makes  36  revolutions  per 
minute,  and  drives  a  shaft  B  making  90  revolutions  per  minute,  by  means  of  a 
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toothed  fly-wheel  4  meters  [13.12  feet]  in  diameter,     "What  is  the  diameter  of 
the  wheel  on  the  shaft  B  ? 

The  required  diameter  2  ^  of  this  wheel  is  obtained  from 

90  :  36  =  4  :  %b  \  2^  =  1.6  meters  [5,25  feet]. 


2.  The  spindle  of  a  grinding-mill  carries  a  pulley  0.8  meter  [2.62  feet]  in 
diameter,  and  receives  its  motion  from  a  2-meter  [6.56  feet]  pulley  on  an  upright 
shaft  making  50  revolutions  per  minute.     Required  the  speed  of  the  stone  ?^ 

The  number  of  revolutions  n  of  the  spindle  may  be  obtained  from 

0.8  :  a  =  50  :  «  ;  or  »  =  125. 

3.  A  windlass  having  a  drum  300  millimeters  [11. 81  inches]  in  diameter  car- 
ries on  the  drum  shaft  a  wheel  1.2  meters  [3.94  feet]  in  diameter,  which  gears 
into  a  180-millimeters  [7.09  inches]  pinion  on  the  arbor  of  the  crank.  What 
force  must  be  exerted  by  a  laborer  at  the  end  of  a  0.4-meter  [1.31  feet]  crank, 
in  order  to  lift  a  load  of  250  kilograms  [551  pounds],  hurtful  resistances  being 
neglected  ? 

We  have 

qa 


or,  after  substituting : 


,5o=/>^:i5? 


1.2 


0.150    0.180' 


from  which  follows  i'  =  14.1  kilograms  [31  pounds]. 


Fig.  126. 


§  42.  Train  of  Wheel-work. — When  the  velocity  ratio 
of  two  shafts  is  too  great  to  be  accomplished  by  a  single  pair 

of  wheels,  several  pairs  are 
employed,  as  shown  in  Fig. 
126.  Here  the  motion  of 
the  shaft  A  is  transmitted 
to  B  by  the  wheels  n^  and 
^x,  and  from  B  to  C  by  the 
wheels  a^  and  ^,.  If  the 
shaft  A  has  an  angular  ve- 
locity a,  we  will  find  for 
the    shaft    B  the    velocity 


a. 


/?  =  a?  -T^,  and  for  the  axis  C, 

^1 
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For  the  relation  of  the  force  P  to  the  resistance  Q  acting 
at  C  we  have : 

while  forces  acting  at  O^  and  O^  are 


and 


It  is  evident  from*  this,  that  in  a  train  of  wheel-work  the 
velocity  ratio  of  the  whole  combination  is  equal  to  the  product 
of  the  velocity  ratios  of  all  the  individual  pairs.  The  same 
may  be  said  of  the  forces. 

All  that  was  said  in  the  previous  article  concerning  the 
reversal  of  the  direction  of  motion,  of  course  holds  here  for 
each  individual  pair,  and  it  is  also  evident  that  a  shaft  like  C, 
Fig.  126,  which  receives  its  motion  from  another  shaft  ^  after 
two  reversals,  must  move  in  the  same  direction  as  A.  The 
total  velocity   ratio   of  a  combination   of  several   pairs  is 

_  :^  '  '  *  '  *  and  is  evidently  greater  the  smaller  the  driv- 
a      ^x  ^a  •  •  • 

ing  wheels  rt,  ^7, .  .  .  and  the  larger  the  driven  wheels  b^b^.  ,  . 
If  we  assume  for  the  velocity  ratio  of  a  single  pair,  the  maxi- 
mum velocity  ratio  8  allowed  in  windlasses,  then  will  the  use 
of  two  pairs  of  wheels  give  a  velocity  ratio  64,  and  three  pairs 
a  velocity  ratio  of  about  500.  More  than  three  pairs  of 
wheels  probably  do  not  occur  in  windlasses,  and  though  more 
do  occur  in  some  special  machinery,  the  object  is  less  to  ob- 
tain a  great  velocity  ratio  than  to  transmit  motion  to  differ- 
ent shafts. 

Although  the  arrangement  shown  in  Fig.  126,  where  the 


IS3 


MACHINERY  OF   TRANSMISSION. 


B43. 


Fig.  137. 


shafts  are  placed  side  by  side,  is  much  used,  especially  in 
hoisting  gear,  the  double-geared  arrangement  of  Fig.  127  is 
also  much  used  in  metal-work- 
ing machinery,  as  lathes ;  here 
the  axis  of  the  driving  shaft  A 
coincides  with  that  of  the  driven 
shaft  C.  To  accomplish  this,  of 
course  one  of  the  shafts  must  be 
hollow  and  turn  loosely  on  the 
other.  In  this  case  it  is  the 
driving  shaft  A  in  the  form  of  a 
^  cone  pulley  which   turns  freely 

on  C.  This  pulley  is  rigidly 
connected  to  the  wheel  a,,  the  latter  driving  the  wheel  *, 
on  the  shaft  B,  which  in  turn  communicates  motion  to  the 
wheel  b  on  the  spindle  C,  by  means  of  its  pinion  u.  The 
same  law  of  motion  holds  for  this  arrangement  as  for  the  one 
in  Fig.  126,  consequently  if  the  shaft  A  has  a  rotation  equal 

to  or,  that  of  C  will  be  y  =  ajr-r-  "^his  compact  arrange- 
ment is  chosen  principally  because  the  wheels  of  the  shaft  B 
may  be  easily  thrown  out  of  gear,  and  the  pulley  A  easily 
fastened  to  the  wheel  b^    For  ^        ^ 

increasing  the  velocity,  a  simi- 
lar arrangement  has  been  em- 
ployed by  Pinct  *  in  the  horse 
power.  Fig.  128,  in  which  the 
levers  2  are  drawn  by  horses, 
thus  turning  the  wheel  a,  fast- 
ened to  2  but  turning  freely 
on  the  cast-iron  pillar  A,  in 
the  midst  of  which  stands 
the  driven  shaft  C.  The  shaft 
B  is  in  this  case  a  bolt  fast- 
ened to  the  base-plate,  and 
carries  the  wheels  b,  and  n,. 


•  See  Polyt.  Cenlralblatl,  p.  1158,  1856. 
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while  the  driven  shaft  C  carries  a  pulley  (7,  for  transmitting 
the  motion  to  a  threshing  machine. 

Example.  Iq  the  horse  power,  Fig.  izS,  suppose  each  of  the  wheels  ni  and  iii 
to  have  a  rndius  equal  to  0.8  meter  [31.5  inches],  each  of  the  smaller  wheels  it 
and  bt  a  radius  equal  to  0.13  meter  [4.7a  inches],  and  the  pulley  a,  a  diameter  of 
I  meter  [39.37  inches],  then  if  the  horse  takes  two  lumsper  minute,  and  the  pul> 
ley  ^1  of  the  threshing  machine  mikes  600  revolution)  per  minute,  what  must  be 
the  diameter  of  the  pulley  b^  ? 

The  diameter  it  may  be  found  from 

600  =  a    ^^  -^  ~ 

b,  =  0.148  meter  [5-83  inches]. 

§  43.  Variable  Telocltr  Ratio. — In  many  cases  it  is  de- 
sirable to  make  the  velocity  ratio  between  two  shafts  variable, 
now  greater,  now  less.  This  is  the  case,  for  example,  in  hoist- 
ing apparatus,  where  a  large  load  requires  a  large  velocity 
ratio,  which,  however,  would  unnecessarily  retard  the  motion 
of  a  small  load.  To  overcome  this  difficulty,  the  rotation  is 
transmitted  by  one  or  two  pairs  of  wheels  according  to  cir- 
cumstances, as  may  be  seen  from  Fig,  129.  Here  A  is  the 
crank  shaft  and  C  the  axle 
of  the  drum  which  carries  ^' 


the  load  Q.  Alongside 
the  drum,  on  the  same 
axle  C,  is  the  large  wheel 
dj.  The  shaft  B  carries 
the  two  wheels  a,  and  b„ 
the  latter  gearing  into  a 
wheel  i7,  on  the  crank 
shaft  A,  when  this  shaft, 
which  can  slide  in  the  di- 
rection of  its  axis,  has  a 
suitable  position.  The 
velocity  of  rotation  under 
the  influence  of  two  pairs 
of  wheels  will  be  dimin- 
ished in  the  ratio  ^',  consequently  the  force  P  at  the  crank, 
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will  be  increased  to  a  pressure  at   the  circumference  of  the 
drum  equal  to 


Fic.   130. 


If  a  smaller  load  than  Q\%Xa\x  lifted,  the  crank  shaft  is 
slid  in  the  direction  of  its  axis  until  its  wheel  a,  gears  into 
i„  when  the  wheels  a^  and  b,  will  be  thrown  out  of  gear. 
The  velocity  ratio  will  now  be  transmitted  by  one  pair  of 

wheels  a^  and  i,  only,  and  this  ratio  will  be  measured  by  -^, 

and  therefore  the  resistance  will  equal 

On  a  similar  principle  are  based  other  devices,  used  par- 
ticularly in  planers  for  giving  a  quick  return  motion  to  the 
table. 

There  is  an  interesting  arrangement,  of 
importance  to  lathes  and  spinning  ma- 
chines, which  is  used  to  produce  any  de- 
sired velocity  ratio  between  given  limits. 
It  is  used  in  lathes  to  transmit  from  the 
spindle  ^,  Fig.  130,  the  desired  velocity 
to  the  lead  or  feed  screw  C,  which  moves 
the  tool.  It  ordinarily  consists  of  two 
pairs  of   wheels,  as  shown  in  the  figure, 

T^    '-  ,  so  arranged  that  all  the  wheels  may 

be  replaced  by  others  of  different  diame- 
ters. For  this  purpose  they  have  on  hand 
a  great  number  of  cftange  wheels,  any  one 
of  which  will  work  with  any  other,  and 
from  which,  consequently,  any  four  may 
be  chosen  and  inserted  in  the  mechanism. 
The  bolt  or  stud  B  is  so  arranged  that  the 
distance  of  its  axis  fromy^  and  Ccan  be  changed  at  pleasurei 
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this  being  effected  by  means  of  a  slotted  radial  arm  which 
turns  about  C.  That  we  can,  at  least  approximately,  trans- 
mit any  desired  velocity  ratio  with  such  an  arrangement,, and 
with  properly  chosen  diameters  for  the  wheels,  is  evident 
from  the  following  considerations.  If  the  number  of  change 
wheels  on  hand  is  »,  it  is  evident  that  if  each  one  of  them 
works  with  every  other  successively,  n  (n  —  i)  different  pairs 
will  be  formed.     When  we  take  two  of  the  wheels  for  one 

pair,  say  ~  ,  the  remaining  «  —  2  wheels  will  in  like  manner 

give  {n  —  2)  («  —  3)  pairs,  from  which  we  may  at  pleasure 

choose  any  pair  for  ^ .     Consequently  the  number  of  possi- 

ble  permutations  of  n  wheels  taken  4  at  a  time  will  evidently 

be 

N ^  n{n  -  i)  (n  -  2)  (n  -  3). 

• 

If  we  assume  n  =  12,  we  shall  have  N—  11,880,  while  for 
n  =  20,  we  shall  have  more  than  a  hundred  thousand  permu- 
tations which  can  be  employed  for  transmitting  half  as  many 
different  velocity  ratios.      The  limits  of  these  ratios  must 

evidently  be  included  between  j~^  and  '  * ,  when  a^  a^  rep- 
resent the  two  smallest,  and  b^  b^  the  two  largest  of  the  set. 
We  will  here  remark  that,  since  the  change  wheels  are  always 
constructed  as  toothed  wheels,  their  circumferences  and 
diameters  must  be  proportional  to  whole  numbers,  and  there- 
fore it  is  only  possible  with  this  arrangement  to  transmit 
velocity  ratios  which  can  be  expressed  by  whole  numbers. 
On  the  other  hand,  irrational  ratios  can  only  be  approxi- 
mately realized.  We  can  see  from  the  great  number  of  pos- 
sible arrangements,  that  adjacent  velocity  ratios  will  differ 
but  slightly  from  each  other,  and  that,  in  practice,  required 
ratios  can  be  obtained  with  sufficient  accuracy.  It  is  custom- 
ary, in  practice  to  use  a  table  which  has  been  calculated  for 
the  set  of  the  change  wheels  employed. 

Example.    Suppose  the  drum  of  a  crane  to  have  a  radius  of  0.15  meter 
[5.9  inches]  the  pull  on  the  chaini  hurtful  resistances  being  taken  into  account. 
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to  be  2,400  kilograms  [5>29i  pounds],  aiid  the  power  exerted  by  laborers  at  the 
end  of  a  crank  a4  meter  [15.75  inches]  long,  to  be  30  kilograms  [66  pounds], 

what  must  be  the  velocity  ratio  of  the  gearing  -r^  -r^  ? 

We  have  Qq^Pp --^ ,  Fig.  129,  hence,  in  the  present  case  : 

a\  at 

2,400  X  0.15  =  30  X  0.4 , 

Gx  a% 

from  which  we  get 

=  30, 

ci\  a% 

If  we  take  -^  =  5,  by  assuming  ax  =  0.08  meter  [3.14  inches]  and  bx  =  0.4 

meter  [15.75  inches],  we  get  —  =  6,  which  may  be  realized  by  assuming  the  ra- 

dius  of  ai  =0.1  meter  [3.94  inches],  and  that  of  the  wheel  ^^  on  the  drum  =0.6 

meter  [23.62  inches].  If  we  threw  the  pair  —  out  of  gear,  and  allowed  a  wheel  a% 

on  the  crank-axle  to  gear  into  ^a.  then  if  at  =  «,,  as  is  usually  the  case,  we 
should  get  for  the  resistance  of  the  chain  • 

<?  =  ^  ~  ^^  =  ^^^  J7i  =  ^  kilograms  [1.058  pounds]. 

But  if  it  were  required  that  the  hoisting  gear  should  lift  but  400  kilograms 
[S82  pounds],  we  should  find  a%  from 

0.4   0.6 

400  =  30  — — , 

•^    0.15    rt,   • 

whence  /la  =  o.  12  meter  [4.72  inches]. 

The  pressure  K  9X  the  circumference  of  the  wheels  would  then  be 

V  n  P  0.4 

-'T^  =  -^  —  =  3°o"^  ~  '^^  kilograms  [220.5  pounds], 

while  for  a  resistance  Q  —  2,400  kilograms  [5,291  pounds],  the  pressures  between 
the  wheels  «i  and  ^1  would  be : 

z^  r>  P  0.4 

-^i  =  ^  —  =0.30  — -   =150  kilograms  [331  pounds] ; 
and  between  a^  and  bt 

^^  ""^a.Jr  ^°^  S  =  ^  kilograms  [1,323  pounds]. 

§  44.  Idle  WheeN — If  the  two  wheels  a  and  b  on  the 
shafts  ^A  and  B  do  not  gear  together  directly,  but  have 
a  third  intermediate  wheel,  c,  Fig.  131,  or  two  intermediate 
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wheels,  c  and  rf,  Fig.  132,  it  is  evident  that  in  the  first  case 
the  two  reversals  at  O^  and  O^  will  cause  the  shafts  A  and  B 
to  revolve  in  the  same  direc- 


FiG.  131. 


Fig.  232. 


tion,  while  in  the  second 
case,  Fig.  132,  the  three  re- 
versals will  cause  opposite 
rotations.  For  all  such  cases 
of  repeated  transmission  of 
motion,  the  general  rule 
holds,  that  an  even  number  of 
reversals  will  leave  the  direc- 
tion of  motion  unchanged, 
and  an  uneven  number  re- 
verse this  direction.  Of 
course  a  transmission  of  mo- 
tion by  internal  gearing  or  by  means  of  ah  open  belt  cannot 
count  as  a  reversal. 

These  intermediate  wheels  have  no  influence  on  the  mag- 
nitude of  the  velocity,  for  the  velocity  yS  of  the  shaft  By  Fig. 
131,  is  given  by 


and  in  Fig.  132  by 


a  c         a 

"7-5  =  "!' 


a  c  d        a 
OL —  =  or  —  . 

c  d  b         b 


The  intermediate  wheels  can  therefore  only  influence  the 
direction  of  the  motion,  and  on  this  account  are  sometimes 
called  idle  wheels  or  idlers. 

By  constructing  the  idler  as  a  toothed  wheel,  a  counter 
may  be  formed ;  for  example,  if  the  two  wheels  a  and  by  Fig. 
131,  differ  but  slightly,  the  wheel  a  having  for  instance  49 
and  b  50  teeth,  then  with  toothed  wheels  it  is  possible  to  put 
the  two  loosely  on  the  same  shaft  and  connect  them  by  a 
third  wheel  r,  as  shown  in  Fig.  133.  Evidently  the  ratio  of 
the  revolutions  of  a  and  b  is  determined  solely  by  their  radii, 
that  is,  their  number  of  teeth,  the  size  of  the  wheel  c  being 
without  influence  in   the  matter.     Such  arrangements  are 
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employed  for  counters  as  follows.  If  the  number  of  revolu- 
tions of  a  rapidly  rotating  shaft  C  is  to  be  counted,  we  pro- 
vide it  with  a  wheel  c  which  gears  into  the  two  wheels  a  and 
b^  diflfering  from  each  other  by  but  one  tooth  ;  here  b  is  loose 
and  a  fixed  on  the  common  shaft  A\  The  latter  also  has  fixed 
to  it  an  index  z  which  shows  on  a  dial  fixed  to  the  wheel  b 
the  number  of  revolutions  made  by  the  shaft  A.  The  gradu- 
ation of  the  dial  may  be  found  as  follows :  When  the  wheel  c 
makes  one  revolution,  the  shaft  A  and  the  index  z  will  make 

c  c  • 

—  revolutions,  and  the  wheel  b  will  make  7-  revolutions  in  the 

a  b 

same  direction  as  the  wheel  a,  •  The  motion  of  the  index 

relatively  to  the  dial  will  therefore  be : 

c       c  _  (p  —  a)c 
a       b  ~^        ab       ' 

For  example,  if  c  had  10,  a  49,  and  b  50  teeth,  we  should 
have 

(50-49)10  ^    I 
50  X  49  245  ' 

and  the  dial  on  the  wheel  b  will  have  to  be  divided  into 
245  equal  parts  if  each  division  of  the  graduation  is  to  indi- 
cate one  revolution  of  the  wheel  C. 

Strictly  speaking,  the  wheel  c  is  not  here  an  idler,  for 
when  a  and  b  have  different  radii  and  are  on  the  same  axis, 
they  can  only  be  connected  by  the  wheel  c  when  the  differ- 
ence between  a  and  b  is  small,  and  when  the  wheels  are  all 
toothed  wheels.  If  this  arrangement  is  to  be  a  correct  one 
for  all  forms  of  gearing,  two  wheels  must  be  placed  on  the 
shaft  Cy  of  which  one  will  gear  with  a  and  the  other  with  ^, 
and  they  must  be  of  such  magnitude  that  the  sum  of  the 
radii  of  each  pair  will  be  equal  to  the  common  distance  of  the 
shafts.  In  fact  this  arrangement.  Fig.  134,  occurs  in  prac- 
tice, especially  in  boring  machines,  and  then  does  not  at  all 
differ  from  the  arrangement  shown  in  Fig.  127.  The  object 
is  here,  as  in  the  counter,  Fig.  133,  to  make  use  of  the  slight 
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difference  in  the  number  of  revolutions  of  two  shafts. 
Here  /4  is  a  slowly  turning  boring  bar  which  carries  the 
tool  D  for  boring  a  hollow  cylinder.    The  slow  axial  motion 


needed  by  the  tool  is  communicated  by  the  screw  C,  whose 
nut  is  the  cutter-block  D.  For  the  purpose  of  communicating 
the  motion  to  the  screw,  there  is  fixed  to  the  boring  bar  A  the 
wheels,,  and  beside  it  a  slightly  lai^er  wheel  ^,  is  placed  on  the 
shaft  of  the  screw  C.  To  the  stud  B  are  fastened  two  wheels,  i, 
gearing  into  a„  and  a^  into  ^,.  It  is  clear  from  what  has  pre- 
ceded that  when  the  boring  bar  A  makes  one  revolution  the 

screw  C  will  be  turned  an  amount  represented  by  -j^  ^,  in 

consequence  of  which  the  nut  or  cutter-block  D,  which  par- 
takes of  the  rotation  of  the  boring  bar,  will  have  an  axial 
motion  represented  by 


{^-n> 


l\b^ 


where  s  is  the  pitch  of  the  screw.  By  properly  choosing  «,. 
«„  by,  and  b„  the  axial  motion  or  feed  can  be  made  as  small 
as  desired. 

Example.  If,  In  the  wheela  of  a  lH>rlne  machine,  Pig.  \%\,  the  number  of 
leelh  for  a,  =>  100,  b,  =  10,  hi  =  1 1,  and  tt  ■=  <jg,  what  will  be  the  widlh  o(  cut. 


i6o 


MACHINERY  OF   TRANSMISSION. 


[§4S. 


that  is,  axial  motion  of  the  too1»  for  one  revolution  of  the  bar,  when  the  screw  C 
has  a  pitch  of  I3  millimeters  [0.48  inch]?  Since  the  radii  of  the  wheels  are 
proportional  to  the  number  of  teeth,  we  can  find  the  axial  motion  from 


10  X  99  —  100  X  II  ,^  __ 
10  X  99 


12  =  0.11  X  12  =  1.33  millimeters  [0.053.  inch], 

1,000 


consequently  to  bore  a  cylinder  I  meter  long  the  boring  bar  must  make 
750  revolutions. 


1333 


§  45.  Bevel  Wheels. — When  tlie  shafts  of  two  wheels 
intersect,  the  arrangement  of  the  latter  may  be  determined 
as  follows:  het  A  A^  and  B B^^  Fig.  135,  be  two  axes  inter- 
secting at  O ;  let  us  again  suppose  that  the  uniform  rotation 
a  of  the  shafts  is  to  be  transformed  into  a  uniform  rotation 
p  of  the  shaft  B.  Now  if  the  shaft  A  is  brought  to  rest  (see 
§  27  of  the  Introduction)  by  giving  to  the  whole  system,  that 
is,  both  shafts,  a  rotation  —  or,  the  axoids  or  surfaces  of  in- 
stantaneous axes  can  easily  be  determined.  For  we  are  now 
dealing  with  a  system  which  is  at  every  instant  subject  to 
two  rotations,  one  —  a  about  the  axis  A  A^y  and  another j5 
about  the  axis  BB^.  Since  it  is  only  a  question  of  the  ratio 
of  a  to  fty  we  can  assume  the  latter  as  small  as  we  please,  and 

consequently  may  assume  that  they  are 
infinitely  small.  According  to  the  paral- 
lelogram of  rotations  (§22,  Introduction), 
these  two  infinitesimal  rotations  about 
two  intersecting  axes  may  be  combined 
into  a  single  rotation  about  an  axis  C  Q^ 
passing  through  the  point  of  intersection 
O.  This  axis  coincides  with  the  direc- 
tion of  the  diagonal  O  C  of  sl  parallelo- 
gram whose  sides  O  A  and  O  B  coincide 
with  the  direction  of  the  axes.  The 
length  of  the  diagonal,  moreover,  meas- 
ures the  resultant  rotation  about  the 
new  axis,  when  the  sides  of  the  parallel- 
ogram measure  the  rotation  about  the  original  axes.  The 
straight  line  O  C  thus  obtained  is  likewise  to  be  regarded  as  the 
instantaneous  axis  of  the  shaft  B  for  the  instant  ii^xiuestion. 
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Since  the  ratio  of  the  velocities  of  rotation  is  to  remain  con- 
stant, the  position  of  the  instantaneous  axis  C  C^  relatively 
to  the  two  axes  must  also  remain  constant.  The  desired  ax- 
oids  must,  therefore,  be  the  surface  of  the  two  cones  which 
would  be  generated  if  the  line  C  C,  were  rotated  about  both 
the  axes  A  and  B.  The  rotation  of  the  axis  B  when  A  is 
fixed  may  therefore  be  regarded  as  the  rolling  of  its  conical 
surface  CO F on  the  fixed  conical  surface  COD. 

If  we  now  give  up  the  assumption  which  brought  the 
shafts  to  rest  by  giving  it  an  additional  rotation  —  or,  we 
shall  return  to  the  state  of  motion  which  was  assumed  at  the 
beginning,  namely,  that  both  shafts  rotated  uniformly  with 
the  angular  velocities  a  and  /?  respectively.  It  is,  therefore, 
evident  that  the  wheels,  which  are  to  be  the  embodiment  of 
the  axoids,  must  have  the  form  of  the  conical  surfaces  just 
determined. 

The  relations  of  these  conical  surfaces,  whose  common  ver* 
tex  is  at  the  intersection  of  the  two  axcs^  readily  follow  from 
what  has  preceded.  If  we  represent  the  angle  A  O  C  hy  d^ 
and  B OChy  d^vf^  shall  have 


a 
or 


:  ft  =  sin  d^  :  sin  tf,, 
a  sin  (Jj  =  /?  sin  d^. 


The  velocities  of  rotation  of  the  axes  are,  therefore,  in- 
versely proportional  to  the  sines  of  the  halves  of  the  angles 
at  the  vertex.  If  from  any  point  E  of  the  line  of  contact  of 
the  cones  we  drop  the  perpendiculars " J?  G^  and  E  H  on  the 
axes,  we  shall  evidently  have 

sin  6^  ^  E  G  _^a 
suTS,  ~  E7T  "  d  ' 

when  a  and  6  represent  these  perpendiculars,  or  the  radii  of 
circular  conic  sections  made  through  E. 

If  we  let  n  represent  the  velocity  ratio,  we  get 

_  «  _  sin  6^  _^b 
—  ^  —  ^^.^  ^^  —  ^ , 

II 
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and  from  the  figure, 

«  6  sin  8  sin  d 

tan  <>, .—      '^ 


a  -\-  p  cos6      n  +  cos  6 


«  a  sin  S  n  sin  S 

tan  o,  = 


when 


P  -\-  a cos6        I  +  n  cos S^ 


S=id^^6^^A0B 


represents  the  angle  included  between  the  axes. 

If  through  the  point  £,  we  pass  two  intersecting  planes 
E^  Gj^  Dj  and  £",  //^  /*„  respectively  parallel  to  the  planes 
E  G  D  and  E  H  Fy  we  shall  get  two  conical  disks  E  E^D^  D 
and  E  E^  F^  F^  which  will  be  the  fundamental  forms  of  the 
conical  wheels  that  are  to  transmit  motion  between  two  in- 
tersecting axes.  Since  the  points  E  and  Ey^  were  arbitrarily 
chosen  in  forming  these  wheels  or  frustums,  we  can  make 
the  latter  larger  or  smaller  as  we  please  by  assuming  the 
points  E  and  E^  at  a  greater  or  less  distance  from  the 
point  of  intersection  O  of  the  axes.  It  follows  from  this, 
that  for  the  same  axes  A  and  B^  and  for  the  same  velocity 
ratio,  we  can  obtain  an  unlimited  number  of  conical  wheels 
whose  radii  a  and  ^,  drawn  from  any  two  points  which  come  in 
contact,  will  have  the  same  ratio  ;  that  is,  they  will  be  to  each 
other  inversely  as  their  velocities.  No  such  freedom  exists 
when  parallel  shafts  are  to  be  connected  by  two  wheels,  for 
the  given  distance  between  the  axes  and  the  given  velocity 
ratio  render  only  one  pair  of  wheels  possible. 

From  what  has  been  said,  we  may  now  easily  construct 
the  required  wheels  for  every  case.  In  Fig.  136  and  Fig.  137, 
let  O  A  and  O^  be  the  direction  of  the  axes,  and  from  the 
point  of  intersection  O^  lay  off  the  distances  O  A  ^^  —  a  and 
O  B  ^  Py  observing  what  has  been  said  in  §  3,  Introduction, 
concerning  the  representation  of  the  direction  of  rotation 
by  arrows.  In  every  case  the  diagonal  O  C  oi  the  parallelo- 
gram will  be  the  generatrix  of  both  conical  surfaces,  from 
which  we  may  cut  the  wheels  ED  and  E F  of  any  desired 
size  by  means  of  planes  perpendicular  to  the  axes. 
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Since  these  conical  surfaces  extend  indefinitely  on  each 
side  of  the  vertex  O,  we  can  arrange  the  required  wheels 
upon  either  side 

of  O,  for  example,  ' 

atE'D"  and£F'; 
these  will  always 
have  the  assumed 
direction  of    rota- 
tion of  the  shafts. 
We  also   see  that 
the  two  cases  rep- 
resented    by    the 
two  figures  differ 
only  in  having  op- 
posite rotations  for  the  shaft  A,  and  that  the  construction 
employed  will  give  two  different  pairs  of  conical  surfaces, 
even  when   the   angle  between  the  axes   and    the  velocity 
ratio  remains  the  same.    These  two  pairs  of  axoids,  however, 
reduce  to  a  single  pair  when  the  axes,  as  in  Fig.  138,  form  a 
right  angle,  for  in  this  special   case  the   generating  line  O  C, 
corresponding  to  one   direction   of  rotation  of  A,  forms  the 
same  angles  with  the  axes  that  the  generating  line  OC  does 
for  the  opposite  rotation  of  A.     This  shows  that  for  one  di- 
rection of  rotation  of  A  we  may  choose 
,     either  of  the  pairs  of  wheels  ED  and  E F 
or  G  F  und  GD,  while  for  the  opposite  ro- 
tation of  A  we  may  employ  either  of  the 
.pairs  FG  3.nAFEoT  DE  and  DG.     In 
Fig,   136    to  Fig.  138,  the   generating  line 
'     of  the  cone  forms  acute  angles  rf,  and  ff, 
with  the  direction  of  the  axes,  and  therefore 
the  two  conical  surfaces  lie  upon  opposite 
sides  of    the  line  of    contact    0  C.      This 
case  corresponds  to  that  of  external  gear- 
ing of  wheels  with  parallel  axes.      In  Fig. 
'39i  however,  with  the  angle  5,  >  90°  the  two  cones  lie  on 
the  same  side  of  the  line  of  contact,  and  the  contact  may  be 
called  an  internal  one,  corresponding  to  the  internal  gearing 
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of  wheels  with  parallel  axes.     We  may  regard  the  case  rep- 
resented by  Fig,  140  as  a  limiting  case  for  each  of  the  two 


Fig.  139. 


Fig.  140. 


duces  to  a  plane  normal  to  the  axis  O  B, 


just  mentioned, 
the  angle  6^,  made 
by  the  generating 
line  O  C  with  the 
axis  O  B  being 
equal  to  a  right 
angle.  As  a  con- 
sequence,  the 
conical  surface  be- 
longing to  B  re- 


ExAMPLES:  1).  The  angle  included  between  two  axes  is  equal  to  70',  the  re- 
ar 
quired  velocity  ratio  »  =  7;  =  3  is  to  be  transmitted  by  means  of  conical  wheels. 

p 

The  angles  5i  and  d«  may  be  found  from 


tan 


^  sin  70*      •  «  •  o      , 


consequently  d*  =  54*"  18'.  Now,  if  the  exterior  point  of  contact  between  the 
two  wheels  is  to  be  1.2  meters  [47.25  inches]  from  the  intersection  of  the  axes,  we 
have  for  the  radii  of  the  wheels  : 

tf  =  1,2  sin  15"  42'  =  0.325  meter  [12.8  inches], 

d  =  i.2sin  54**  18'  =  0.975  meter  [38.4  inches]  =  ya. 

When  the  length  of  the  side  of  the  cone  is  o.i  meter  [3.94  inches],  the  inner 
radii  of  the  wheels  will  be : 

01  =  1   I  sin  15"  42'  =  o. 298  meter  [n .  73  inches], 

^1  =  1.1  sin  54*  18'  =  o. 894  meter  [35 . 20  inches]  =  3ai. 

2).  How  large  is  the  velocity  ratio  of  two  conical  wheels  whose  axes  mrfke  an 
angle  of  120^,  and  the  line  of  contact  of  the  wheels  an  angle  of  90"  with  one  of 
the  axes  ? 

Here  5  =  120",  di  =  90",  and  8^  =  30** ;  hence  the  velocity  ratio  will  be 


a       stn  30 


Jt»90 


=  0.5; 


the  radii  of  the  flat  wheel  will,  therefore,  be  twice  as  large  as  those  belonging  to 
its  partner . 


8  46.] 


SKEW-BEVEL    WHEELS. 


I6S 


Fig.  Z41. 


§  46.  mrheelt  for  Axes  w^lilch  CroM  but  do  not  Inter, 
lect. — Let  us  suppose  the  problem  given  in  the  preceding 
article  for  intersecting  axes  to  be  now  given  for  a  case  in 
which  two  axes  cross  but  do  not  intersect.  In  Fig.  141,  I 
and  II,  A  A^  and  B Bj^  are  represented  in  two  planes  of  pro- 
jection I  and  II,  which  are  perpendicular  to  each  other,  the 
plane  I  being  parallel  to  the  parallel  planes  passed  through 
the  two  crossed  axes.  Consequently;  D^  D^z=z  d  represent 
the  normal  (shortest)  distance  between  the  two  axes.  We 
will  again  suppose  one  of  the  shafts, 
say  A  Ajf  to  be  brought  to  rest  by 
giving  to  the  whole  system,  that  is, 
to  each  of  the  axes,  a  rotation  —  a 
equal  and  opposite  to  that  of  A  A^. 
This  will  subject  the  shaft  B  Bj  to 
two  rotations,  namely,  one  /3  about  its 
own  axis  B,  and  another  —  a  about  A^ 
a  and  /3  being  agaih  infinitesimal  in 
amount.  The  determination  of  the  ax- 
oids  for  this  case  is  easily  made  with 
the  help  of  §  25  of  the  Introduction, 
where  it  was  established  that  the  mo- 
tion  about  two  crossed  axes  could  always  * 
be  replaced  by  a  determinate  helical  Br 
motion  about  a  definite  axis.  To  find 
this  helical  motion,  let  us  suppose  the  rotation  about  the 
axis  B  B^  to  be  resolved  (§  4,  Introduction)  into  a  rotation 
about  an  axis  parallel  to  B  B^  which  cuts  A  A^  at  the  foot 

D^  of  the  common  normal  </,  and  into  a  translation  2d  sin  — 

perpendicular  to  the  plane  of  the  axes  which  is  equal  to  fid 
when  the  angle  ft  is  small.  This  translation  or  sliding  is 
represented  in  lhyD^£  =  /3d  normal  to  BB^.  'We  can 
now  combine  the  rotations  —  a  and  /S  according  to  the  paral- 
lelogram of  rotations  as  in  the  previous  article,  so  as  to  form 
a  resultant  rotation  y  about  an  axis  C  Q  passing  through  Dj 
and  dividing  the  angle  of  the  axes  A  D^B  =  6  into  two 
partSy  A  D^C^  Sj  and  B  D^C  =  d^;  hence  the  proportion  : 


dx 


df 


DT 


•B 
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^      —       ^        —       ^       /»       \ 

.y/«  d,  ~  ji«  <y,  ~"  sin  6   ^ 

This  resultant  axis  Z>,  C  is  inclined  to  the  direction  of  the 
translation  D^  E  =^  pd,  for  the  latter  is  perpendicular  to 
one  of  the  resultant's  components,  Z^,  By  and  we  can  there- 
fore resolve  the  translation  ftd  into  two  components,  Z>j /^ 
parallel  to  Z>,  C,  and  D^  G  perpendicular  to  Dx  C.     Since 

we  have  for  the  components, 

D,F=^  fidsind„ 

and 

D^G  =  6  d  cos  6y 

The  latter  component  (§4)  can  be  combined  with  the  ro- 
tation CC„  giving  as  a  result  a  rotation  which  is  likewise 
equal  to  y^  about  an  axis  parallel  to  C  Q,  and  at  a  distance 
from  it  equal  to  d^,  which  may  be  found  from 

ydi  =  fid  cos  6„ 
that  is, 

di  =  —d  cos  <y,. 

r 

The  result  of  these  resolutions  and  combinations  is  that 
the  two  rotations  —  a  and  /?  about  the  crossed  axes  A  A^  and 
B  B^  may  be  replaced  by  a  rotation  y  about  an  axis  (7C„  and 
a  sliding  or  translation  fi  d  sin  d^z=z  ad  sin  d^  parallel  to  the 
axis  CC^,  The  latter  is  parallel  to  the  two  parallel  planes 
through  the  axes,  and  passes  through  />  at  the  distance  d^  from 
A  A^ ;  the  resultant  axis  C  C,  likewise  makes  with  the  original 
axes  the  angles  <J,  and  d,  given  by  the  equation, 

tf fi      _     y 

sin  (J,       sin  6^       sin  6' 
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This  rotation  and  translation  together  produce  a  helical 
motion  about  the  axis  C  Q.  Since  the  velocity  ratio  is  con- 
stant, it  follows  that  the  axoid  of  the  moving  shaft  B  must 
be  that  surface  of  revolution  which  is  generated  when  the  in- 
stantaneous axis  CCi  is  rotated  about  B  B„  its  distance  and 
inclination  from  the  latter  remaining  the  same.  In  like  man- 
ner the  axoid  rigidly  attached  to  A  Aj^  is  the  surface  of  revo- 
lution generated  by  revolving  this  same  straight  line  C  C, 
about  A  Aj.  The  surfaces  of  revolution  thus  generated  are 
known  as  hyperboloids  of  revolution  of  one  nappe.  If  we  sup- 
pose the  rotation  —  a  which  was  given  to  the  whole  system, 
to  be  neutralized  by  a  rotation  +  a,  the  shaft  A  A^  will  no 
longer  be  at  rest,  but  will  assume  its  original  rotation  +  or, 
and  the  shaft  B  B^  will  also  keep  its  original  rotation  +  >9, 
and  the  motion  required  of  the  two  axes  will  be  established. 

The  foregoing  investigation  shows  us  that  this  motion  can 
be  obtained  by  embodying  the  axoids  in  hyperboloidal  wheels 
rigidly  connected  to  the  shafts  AA^  and  B  B^y  and  then  roll- 
ing them  on  each  other,  at  the  same  time  sliding  them  along 
the  instantaneous  line  of  contact  a  distance  equal  to 

ad  sin  6^  =  fid  sin  d^ 

It  may  be  of  interest  to  determine  the  ratio  of  the  seg- 
ments into  which  the  shortest  distance  rf  =  2?, /?„  Fig.  142, 
II,  is  divided  at  D  by  the  resultant  axis  or  generatrix  C  C,. 
W.e  obtained  above  the  expression 

I)D,^d,  =  -dcosS^ 

In  like  manner  we  could  obtain  for  the  distance  DD,  =  d^ 
the  value : 

DD^=  d^=:-d  cos  d,. 


Dividing,  we  obtain 


^,  _  /8  cos  <y, 
d^^  a  cos  6^  ' 


|68  MACHINERY  OF   TRANSMISSION.  [§46. 

and  substituting 

«  ~  sin  d, ' 


^,~  tanS,~ DD,' 

The  distances  rfi  and  </,  are  evidently  the  radii  of  the 
gorge  circles  of  the  hyperboloids,  and  the  results  obtained  can 
therefore  be  stated  as  follows: 

In  hyperboloidal  (skew-bevel)  wheels  the  radii  0/ the  gorge 

circles  are  directly  proportional  to  tlte  tangents  of  the  angles  made 

by  tlie  lifte  of  contact  with  the  axes,  while  tlte  velocities  of  rota' 

tion,  and  consequently  the  number  of  revolutions,  are  inversely 

proportional  to  the  sines  of  tfiese  angles.    In  this  latter  aspect 

hyperboloidal  wheels  to  a  certain  extent  correspond  to  conical 

wheels.    In  other  respects  also  there  are  certain  resemblances 

between  the  two  cases  of 
Fig.  143.  ■   .  .•  • 

^^  intersecting  and  crossing 

axes,   as  will  be  seen    in 
what  follows. 

In  hyperboloidal,  as  in 
conical  wheels,  the  posi- 
>,    tion  of  the   axes  and  the 
Q    velocity  ratio  by  no  means 
suffice  to  determine  com- 
pletely the    size   of    the 
wheels,    for    by    making 
sections     normal   to    the 
axes  of  the    two   hyper- 
boloids  at  arbitrarily  cho- 
sen points  of  the  line  of 
zont&ct  E  EiE„  Fig.  142  and  Fig.  143,  we  can  cutout  frustums 
whose  radii  increase  with  their  distance  from  the  gorge  cir- 
cles.     The  smallest  wheels  £,/",  and  E,D,  are  naturally 
those  whose  middle  planes  coincide  with   the  gorge  circles, 
and  these  frustums  have  also  the  property  of  deviating  but 
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little  from  cylinders,  while  all  frustums  which  are  cut  out  of 
the  hyperboloids  on  either  side  of  the  gorge  circles,  like  those 
at  E   and  E„   are    ap- 
proximately represent-  ** 
ed     by     frustums     of  ' 
cones,  the  inclination 
of  whose  sides  is  equal 
to  that  of  the  tangents 
to  the  hyperbolic  pro- 
file at  the  points  men- 
tioned. 

Moreover  here,  as 
in  conical  wheels,  we 
recognize  that  the  two 
cases  represented  by 
Fig.  142  and  Fig.  143,  -         p^ 

diiTer  only  in  the  oppo- 

site  directions  of  rotation   of  one  axis  A.     Corresponding  to 
these  two  cases,  we  also  here  get  two  different  pairs  of  hyper- 
boloids of  revolution,  which  reduce  to  a  single  pair  in  the 
case  of  rectangular  axes,  as  may  be  seen  from   Fig.  144.     If 
we  suppose  the  rotation  about  the  axis  B  to  take  place  in 
a  particular  direction,  and  construct   the  two   instantaneous 
axes  O  C  and  O  C„  which  for  the  same  velocity  ratio  corre- 
spond to  the  two  directions 
of  rotation  about  A,  we  shall 
find  that  the  two   hyperbo- 
loids which  are  generated  by 
the  revolution  of  generating 
lines    O  C   and    O  C    about 
each   axis  will  coincide,  as  in 
the  case  of  conical  wheels. 
From  this  follows  the  inter- 
esting fact  that  a  pair  of  hy- 
perboloids  constitute  a  pair 
of  axoids  which,  when  one  axis  is  given  a  rotation  in  ^partic- 
ular direction,  will  cause  a  rotation  about  the  other  axis  in 
the  one  direction  as  well  as  in  the  opposite  direction,  the  ve- 
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locity  ratio  remaining  the  same  with  either  rotation.  Conse- 
quently, if  in  such  a  case  the  two  axoids  were  constructed  as 
solid  hyperboloids,  and  pressed  against  each  other  in  order  to 
transmit  the  motion  by  friction,  the  revolution  of  one  would 
not  cause  the  revolution  of  the  other.  The  reason  for  this  is 
that  the  two  hyperboloids  simultaneously  touch  each  other 
along  the  two  straight  lines  O  C  and  O  Cj,  which  are  symmet- 
rically situated  with  reference  to  the  axis,  and  therefore  the 
actions  arising  from  these  two  contacts  mutually  neutralize 
each  other.  But  if  the  hyperboloids  are  provided  with  teeth, 
they  can  be  made  to  transmit  motion  either  in  one  direction 
or  the  other,  according  as  the  teeth  are  arranged  in  the  direc- 
tion of  one  line  of  contact  or  the  other. 

Here,  as  in  conical  wheels,  the  axoids  touch  externally  so 
long  as  the  generating  line  forms  acute  angles  with  the  axes. 
But  if  the  angle  tf,  >  90°,  we  shall  have : 

d*  =  -: — ^-r-  tan  (J- 
tan  d,  ' 

negative,  that  is,  the  two  axoids  will  be  upon  the  same  side 
of  the  line  of  contact,  and  the  contact  will  be  internal  For 
the  limiting  case  d,  =  90°,  we  have  rf,  =  00 ,  and  the  corre- 
sponding axoid  will  then  reduce  to  a  line  coinciding  with  the 
generating  line,  that  is,  it  will  correspond  to  a  rack  which 
gears  into  a  hyperboloidal  wheel  set  obliquely  to  it,  just  as 
in  parallel  shafts  the  ordinary  rack  with  cylindrical  pinion 
represents  the  limiting  case  between  external  and  internal 
contact. 

That  the  axoids  generated  by  the  revolution  of  the  in- 
stantaneous axis  C  C,  about  the  axes  A  and  B  are  nyperbo- 
loids  of  revolution  is  readily  seen  from  the  following  discus- 
sion. Let  I  and  II,  Fig,  145,  be  two  planes  of  projection  at 
right  angles  to  each  other  (elevation  and  plan),  A  A  and  A^ 
the  projections  of  the  axis  of  rotation,  CC  and  C^  C,  the  pro- 
jections of  the  generating  line,  the  latter  making  the  constant 
angle  tf,  with  A  A  while  it  is  rotated  at  the  distance  A  D  si 
^,  Z>,  =  ^(  about  the  axis  ^.     The  surface  of  rotation  thus 
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Fig.  145. 


generated  is  cut  by  the  first  plane  of  projection  (passing 
through  the  dMsAA)  in  a  certain  curve  K  K,  which  may 
easily  be  proved  to  be  an 
,  hyperbola  with  reference  to 
the  axis  A  A.  Let  EF  and 
£,  F^  be  the  projections  of  the 
generating  line  in  any  posi- 
tion, the  point  F  in  which  the 
generating  line  pierces  the 
first  plane  of  projection  will 
evidently  also  be  a  point  of 
the  curve  K,  and  let  the  rect- 
angular co-ordinates  of  this 
point,  referred  to  ^  as  an  ori- 
gin of  co-ordinates  and  A  A 
as  an  axis  of  F,  be  -^4  ^  = 
A^F^  =  xz,ndGFz=:y.    Then 

from  the  triangle  A^E^F^  we 

have 

A,E,'=^A,F^-E,F,% 
or 

Transforming  we  have  the  equation: 


-^  - 


df      d^cofd^' 


representing  an  hyperbola  whose  semi-axes  are  d^^  A  D^  and' 
flfx  cot  d^:=z  D  Hj  and  for  which  -^  C  is  an  asymptote.  There- 
fore, instead  of  obtaining  this  axoid  by  revolving  C  C,  we  can 
obtain  it  by  revolving  the  hyperbola  K  K  about  its  principal 
axis  A  Ay  that  is,  the  surface  of  the  axoid  is  an  hyperboloid 
of  revolution  of  one  nappe. 

From  the  above  equation  for  the  hyperbola,  we  get 


y  =  cot  S^  ^x^  -  d^. 


If  we  here  assume  for  x  so  large  a  value  that  d^  may  be 
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neglected,  the  value  of  y  will  approach  x  cot  <y„that  is,  the 
wider  the  hyperboloid  is  made,  the  more  does  it  approximate 
to  a  cone  having  the  same  axis  A  A  and  a  vertical  angle 
=  2  (J,  (cone  of  asymptotes). 

As  has  already  been  stated,  we  can  substitute  for  the  hy- 
perboloidal  frustums,  which  constitute  the  fundamental  forms 
of  the  wheels,  conical  frustums  whose  elements  coincide  with 
the  tangent  to  the  hyperbolic  profile.  The  inclination  q)  of 
the  tangent  E  Fto  the  axis  of  Y  at  any  point  F  of  the  hyper- 
bola, may  be  found  by  differentiating  the  equation  of  the 
hyperbola. 


tan<p  =  -r-  =  — =——  =  tan  6^ ^  . 

^      ay      xcot'd^  x 

This  inclination  to  the  axis  of  revolution  should  therefore 
be  given  to  the  conical  zone  N^N„  which  is  to  be  substituted  | 

for  the  hyperboloidal  zone  whose  middle  plane  has  the  ra- 
dius FM  -=.  xz=,  a.  If  the  axial  height  M^  M^  of  the  zone  be 
represented  by  ^,  we  shall  have  for  its  smicillest  and  largest 
radius : 

M^  /v',  =  tf,  =  a e  tan  q>:=^  a tan  6^  ya'  —  dj\ 


M^  N^-=  a^-=^  a  H — e  tan  q>  =za  + tan  d.  V^'  —  ^A 

2  ^  2a  ' 


If  it  is  desired  that  these  radii  be  expressed  in  terms  of  the 
distance  MA  =  A  of  the  central  plane  from  the  gorge  circle, 
we  have,  since 


MA  =  A  =  cot  d^  Va'  -  ^,", 


aj  =  a taf^  <y, , 

2a  '* 


a.  =  ^  +  —  ta?^  6. . 
2a 


§46-]  SKEW'BEVEL    WHEELS.  1 73 

If,  finally,  we  represent  the  distance  of  a  point  F  from  the 
gorge  circle,  measured  along  the  line  of  contact  FE^hy  /  = 
F  E\  we  shall  get  from  Fig.  II  for  the  radius  a  of  the  hyper- 
boloid  at  this  point : 


MFz:zA^F^  =  a=^  ^/d^  +  (/  sin  d,y. 

Remark.  The  most  general  case  of  motion,  that  about  two  crossed  axes, 
most*  of  course  include  the  cases  of  motion  about  intersecting  and  parallel  axes. 
If  we  put  ^1  =  ^1  =  o,  we  get  from 

d\  ^  P  cos  d% 
dt  "  OL  cos  61 ' 
the  known  relation 

dx       a' 
and  for  the  radius  at  any  point, 

=  Vdi*-h  {isinSy  =zdi, 

also  b  =^s.     These  are  the  formulas  for  spur  wheels  with  parallel  axes.     In  like 
manner  the  assumption  of  </  =  o,  gives,  since  a  d  sin  dizn  fld  sin  dt» 

a  __  sinS% 
P       sin  6i 

which  corresponds  to  conical  wheels. 

Example.  Required  a  pair  of  hyperboloidal  wheels  for  two  axes  at  right  angles 
to  each  other,  whose  shortest  distance  ^0.5  meter  [19.69  inches]  and  velocity 


ratio  -7,  =  — 
P      2 


We  have,  since  di  +  ^«  =  90', 


sin  di       sin  Si       ,     ^ 
Sin  Ot        cos  0\ 


hence  ^i  =  63*  26',  and  *«  =  26*  34'. 

For  the  radii  of  the  gorge  circles  we  get : 


consequently 


and 


di  __  tan  61  _  2  __ 


</i  =  —  as  =  a4  meter  [15.75  inches], 
^,  =r  —  o.  5  =  a  I  meter  [3.94  inches]. 
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If  the  distance  of  the  innermost  and  outermost  point  of  contact  of  the  wheels 
from  the  point  of  contact  of  the  gorge  circles  is  respectively  A  =0.8  meter  [31.5 
inches],  and  A  =  I  meter  [39.37  inches]  the  corresponding  radii  for  the  one  wheel 
will  be 


fl,  =  V</j«  H-  (;,  sin  «,)•  =  ^0.4'  -H  (0.8  sin  63"  26')'  =  0.82  meter [32. 28  inches]  ; 


a%-   V(/x^-\'(/tsinSjY=  Vo. 4* -^  {i .  sin  63"  26')*   =  0.98  meter  [38.58  inches], 
and  for  the  other  wheel 


di  =  Vo.i'4-  (0.8  sin  26**  34')"  =  0.372  meter  [14.65  inches]  ; 


^j  =  I'o.i^  4-  (i .  sin  26°  34')*  .=  0.458  meter  [18.03  inches]. 

The  average  radii  of  the  hyperboloidal  wheels  are  : 

a  =  4^^0.4'  -f-  (0.9  sin  63"  26  )•  =  0.898  meter  [35.35  inches], 
and 


^  =  Vo.i^  4-  (0.9  sin  26''  34')'  =  0.414  meter  [16.30  inches], 

consequently  the  average  angles  of  inclination  g>  and  iff  of  the  wheels  are 

Vi?"^"^  '        Va898«-o.4«        ^  o    A/  ^o      . 

/an  g>  =  1-  tan  5,  = ^^-^ ^  tan  63^  26'  =  1.79,  or  4p  =  60  50 . 

a  0.898 

V^^^  l/o.4i4»  — o.i»  .„      ,  .  . 

/«« tp  = 7 tan  0»  = -^— ^^ tan  26   34  =  0.485,  or  ^  =  25   50 . 

0  o.  4^4 

If  we  consider  the  wheels  to  be  cones  of  this  inclination,  the  inner  and  outer 
radii  at  and  /?a  of  one  of  the  wheels  will  be  given  by 

a  T  —  (l  —  0,8)  cos  dx  tan  q>  =  0.898  T  0.1  cos  63"  26'  tan  60'  50', 

or 

ax  =  0.818  meter  [32.2  inches],  and  a%  =  0.978  meter  [38.5  inches], 

and  of  the  second  wheel  by 

^  T  0.1  cos  di  tan  ijt  =  0.414  T  O.I  r<»j26*  34'  tan  25"  50', 
or 

bx  =  0.371  meter  [14.61  inches],  and  ^a  =  0.457  meter  [17.99  inches]. 

The  deviations  from  the  hyperboloidal  form  are  therefore  very  insignificant. 

§  47-  BlflTerentlal  YHieols. — In  the  arrangement  of  wheels 
hitherto  discussed  the  assumption  has  always  been  made  that 
both  axes  were  held  by  fixed  bearings  which  could  not  take 
part  in  the  rotations.     The  action  of  the  wheels  was  simply 
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to  transmit  motion  of  rotation  from  one  axis  to  another. 
This  case,  to  be  sure,  occurs  most  frequently  in  practice,  but 
cases  do  arise  in  which  it  is  desirable  either  to  prevent  the 
axis  from  rotating  or  to  give  it  a  perfectly  definite  rotation 
which,  in  a  certain  sense,  is  independent  of  the  rotation  of 
the  other  axis.  This  kind  of  transmission  of  motion  we  will 
now  investigate.  •^ 

We  Ivill  assume  the  simplest  case,  in  which  two  parallel 
shafts  A    and   By  Fig.    146,   are  so  connected  by  tw-o   spur 
wheels  a  and  b  having  external  con- 
tact, that  the  shaft  A  and  the  wheel  Fig.  146. 
a  which  is  keyed  fast  to  it  are  abso- 
lutely fixed  so  that  they  take  no  part 
at  all  in  the  rotation.     We  can  kine- 
matically  pass  to  this  case  from  the 
ordinary   one,   in    which    both    axes 
turn,  and  in  which  A  has  a  rotation 

a  and  B  one  )5  =  —  --  n',  by  giving  to 

each  of  the  two  shafts  an  additional 

rotation  equal  to  —  a  about  the  axis  A.     This  will  bring  A  to 

rest,  while  the  motion  of  B  will  be  made  up  of  two  com- 

ponents,  one   rotation  /?  =  —  /y  --  about  By  and  another  rota- 

0 

tion  —  a  around-^.    These  two  rotations  were  found  above  to 

give   a   resultant  rotation    —  ^(t-  -^•   i  )   about   the  instan^ 

taneous  axis  C 

Now  if  the  shaft  B^  in  addition  to  the  revolution  about  its 
own  axis,  be  made  to  rotate  about  ^,  it  is  evident  that  the  frame 
of  the  bearing  of  B  can  no  longer  be  fixed,  but  that  it  must 
be  attached  to  an  arm  A  B^  which  can  turn  about  A,  Let 
us  suppose  the  arm  A  B  and  the  wheel  b  to  receive  a  rotation 
-f  a  about  the  axis  A  when  the  wheel  a  is  fixed  ;  it  will  then 
follow  that  the  wheel  b  will  have  in  addition  a  rotation  about 
its  own  axis  in  the  same  direction,  that  is,  a  right-handed  one, 

which  is  equal  to  -^  a-r^  and  that  the  total  rotation  of  the 
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wheel  by  or  its  absolute  rotation  in  space,  will  be 


"(1+0=* 


=   arr 


b        b' 


where  d  ^  a  +  b  is  the  distance  between  the  axes.  This  is 
also  evidfiiit  from  the  figure,  for  when  the  arm  B  rotates 
through  an  angle  a,  the  point  of  contact  will  move  from  Cto 
Z?,  and*  the  point  of  the  wheel  b  which  was  originally  at  C 
will  move  to  C\  this  point  being  determined  by  the  angle 

DB'C  =^  +  a^, 

a 

consequently  the  radius  ffC  will  make  with  its  original  po- 
sition an*  angle 

BEE'  ^DB' E  +  BAB=:a^  ^  a  =  a'i^J- =  a^. 

a  0  0 

We  see  from  this,  that  while  a  rotation  a  of  the  wheel  a 

will  cause  an  opposite  rotation  oc-j-  ol  the  wheel  b  when  both 

axes  are  fixed  in  position,  a  rotation  a  of  the  axis  B  about 
the  fixed  axis  A  will  cause  the  wheel  b  to  have  a  rotation 

«  Y"  *"  t'^G  j/7w^  direction  about  its  own  axis.     The  relative 

rotation  of  the  wheels,  however,  in  all  cases  is : 

a  -{•  b  d 

Wheels  with  indirect  transmission  of  motion  by  means  of 
crossed  belts  act  in  the  same  way. 

In  like  manner  we  may  investigate  the  motion  of  two 
wheels  a  and  1^  having  internal  contact,  Fig.    147.     While  a 

rotation  or  of  a  wheel  a  causes  a  motion  a  —  oi  another  wheel 

o 

b  fn  the  same  direction  when  the  shafts  are  fixed,  a  rotation 
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of  the  axis  B  about  the  fixed  axis  A  will  cause  an  opposite 


a 


revolution  a  -7-  of   the  wheel  b  about  its  axis.     The  relative 

o 

motion  of  the  two  wheels,  which  in  the 

latter  case  corresponds  to  the  absolute 

motion  of  b  in  space,  will  be 


Fig.  Z47« 


a 


a-b 


d 
b      ="^' 


which  holds  for  open  belts  as  well  as 
when  there  is  internal  contact  of  the 
wheels.  This  latter  result  may  also 
be  obtained  from  the  figure,  for  the 
relative  motion  of  b  to  /r,  or  the  total 
motion  of  ^,  will  be  expressed  by 

BEB'=^DB'E-BAB'^a^  -a=  a 


a-b 


d 


These  kinds  of  motion  do  occur  in  practice,  for  example : 
the  first,  with  exernal  contact,  occurs  in  the  turning  gear  of 

wharf  cranes,  in  which  the  wheel 
a  is  firmly  attached  to  the  sta- 
tionary post  of  the  crane,  while 
the  axis  B  and  wheel  b  are  at- 
tached to  a  movable  frame  and 
can  circle  about  the  post.  A 
similar  case  is  the  planet-wheel 
mechanism  used  by  Watt  in  his 
steam  engines.  Here  a  movable 
axis  A^  Fig.  148,  has  keyed  to  it 
a  toothed  wheel  ^,  the  crank  C 
turning  loosely  on  Al  This 
crank  is  driven  by  the  connecting  rod  F  and  carries  a  toothed 
wheel  b  which  gears  into  a.  The  wheel  b  is  united  to  the 
connecting  rod  by  a  square  bolt  which  prevents  it  from  rotat- 
ing about  its  own  axis.  If  now  we  suppose  the  crank  to  be 
turned  through  an  angle  +  «,  by  the  connecting  rod  /%  there 


^y 
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would,  if  the  wheel  a  were  stationary,  be  communicated  to 

the  wheel  b  an  absolute  rotation  in  space  equal  to  +  a — -r— . 

But  since  such  a  rotation  is  not  possible,  we  must  imagine 
the  fastening  of  the  wheel  b  to  have  been  effected  by  giving 


follows  that  the  wheel  a,  in  consequence  of  its  gearing  with  b, 
must  have  a  revolution 


When  a  is  taken  equal  to  i,  the  rotation  of  the  axis  A  will 
equal  2  a,  that  is,  will  be  twice  as  large  as  the  rotation  of  the 
crank. 

There  are  also  applications  of  internal  gearing,  for- exam- 
ple, in  certain  machines  for  twisting  cotton  yam  into  strands 
and  at  the  same  time  twisting  the  strands  into  cords.     Thus, 
in  Fig.  149,  there  is  a  fixed  journal  A, 
'  on  which  turns  the  three-armed  cross 

C,  carrying  in  its  three  eyes  the  bolts 
B  with  the  wheels  b.  These  wheels 
gear  internally  with  the  toothed  ring  a, 
and  carry  the  spools  (bobbins)  E  which 
hold  the  threads  to  be  twisted.  The 
threads  from  all  these  bobbins  meet 
above  zt  G,  where  they  unite  to  form 
the  cord  S.  By  the  rotation  of  the 
spools  about  their  own  axes  B  the 
threads  are  twisted  into  strands,  while 
their  rotation  with  the  cross  C  about 
the  axis  A  causes  the  strands  to  be 
twisted  into  a  cord.  If  we  let  a  and  b 
represent  the  radii  of  the  wheels,  the 
rotation  of  a  bobbin  which  effects  the 
twisting  of  the  strand   will  evidently 

J 
equal  - 


g   47.]  DIFFERENTIAL    WHEELS.  l/g 

pleted  a  rotation  —  or  for  the  purpose  of  twisting  the  strands. 
The  ratio  of  the  number  of  turns  of  the  strand  in  a  given 
length  of  the  finished  cord  to  the  number  of  turns  of  the 
threads  in  each  strand,  is  therefore  z&b  :  d,  the  twists  being 
in  opposite  directions,  as  is  required  in  all  rope-making  pro- 
cesses. 

-Examples  may  also  be  adduced  of  the  use  of  similar  mech- 
anisms in  which  cords  transmit  the  motion.  Thus  in  mak- 
ing gilt  cords  formed 

of    twisted     strands  ^'*'-  'S**- 

wound  with  plated 
wire,  the  arrange- 
ment shown  in  Fig. 
150  is  employed. 
The  stud  A  fixed  to 
the  frame  carries  a 
disk  S  driven  by  the 

grooved  pulley  w,  the  disk  carrying  three  little  bobbins  s  for 
holding  the  threads.  These  three  threads/,  which  meet  at 
G,  are  twisted  by  the  rotation  of  the  disk  S.  Now  if  the 
bobbins  s  were  fixed  to  the  disk,  each  turn  of  the  disk  would 
cause  each  thread  to  twist  once,  which  would  be  injurious  to 
the  wire.  To  avoid  twisting  the  wire,  each  bobbin  is  pro- 
vided with  a  little  pulley  b,  and  to  the  fixed  stud  A  is  fast- 
ened a  pulley  a  of  the  same  size  as  b,  but  taking  no  part  in  the 
rotation.  The  cords  ff  connect  a  and  b.  It  is  plain  that  every 
revolution  of  the  disk  S  with  the  bobbins  s,  say  in  the  direc- 
tion of  the  arrow,  will  cause  the  cord  e  to  give  to  each  bobbin 
aleft-handed  rotation  about  its  own  axis,  which  will  neutralize 
its  right-handed  rotation  about  A,  for,  according  to  the  above, 
the  total  rotation  of  a  bobbin  when  the  disk  S  turns  through 

—  ,  and   consequently  zero  when   a  =  b. 

Mechanisms  of  different  arrangement  but  for  the  same  pur- 
pose are  employed  for  covering  submarine  cables  with  wire, 
for  these  cannot  stand  the  severe  twisting  which  takes  place 
in  ordinary  rope-making. 
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§  48. — ^We  will  now  combine  the  two  cases  represented 
in  Fig.  146  and  Fig.  147  in  such  a  way,  Fig.  151,  that  the  two 
wheels  a  and  c  will  be  placed  on  the  shaft  A^  which  also  acts 
as  centre  for  the  movable  arm  A  B.  This  arm  carries  at  j?  a 
wheel  b  which  is  in  external  contact  with  a  and  ih  internal 
Fig.  151.  contact  with  c.     It  is  evident  that 

this  arrangement  will  permit  no 
motion  if  the  two  wheels  a  and  c 
are  held  fast,  for  a  rotation  of  the 
arm  A  B  through  an  angle  ^  would, 
|o  on  account  of  the  external  gearing 
of  c  with  a^  cause  a  rotation  about 

B  equal  to  +  <^  -r-,  and  because  of 

the  internal  gearing  of  b  with  c^  a 

rotation  equal  to  —  ^  -r  about  B ;  these  rotations,  being  equal 

and  opposite,  would  neutralize  each  other.  For  a  rotation  of 
the  arm  A  ^  about  A^  or  any  other  motion  in  the  mechanism, 
it  is  necessary  that  either  the  wheel  a  or  the  wheel  f,  or  both 
wheels  a  and  Cy  be  capable  of  rotation  about  their  axes.  We 
will  assume  the  last  mentioned  general  case,  which  may  be 
realized  by  making  the  wheel  c  turn  loosely  on  the  shaft  A  of 
the  wheel  a^  or  we  may  place  ^  on  a  hollow  shaft  C  which  in- 
closes the  solid  shaft  A.  We  will  also  assume  that  the  shaft  A 
and  wheel  a  have  a  rotation  or,  the  wheel  c  a  rotation  y^  and 
the  arm  A  B^l.  rotation  P  about  the  axis  Ay  the  absolute  rota- 
tion of  the  wheel  b  in  space  being  represented  by  a?.  It  is 
immaterial  in  what  direction  these  rotations  take  place ;  it  is 
only  necessary  that  the  plus  sign  shall  stand  for  a  particular 
direction  of  rotation,  say  that  which  corresponds  to  the  move- 
ment of  the  hands  of  a  watch  ;  negative  rotations  will,  of 
course,  be  in  the  opposite  direction. 

The  connection  between  these  individual  rotations  can 
now  be  found  by  finding  the  absolute  rotation  of  the  wheel 
b  in  space,  which  results  from  the  working  of  b  with  a  and 
the  working  of  b  with  c.  In  this  manner  we  find  the  absolute 
rotation  of  the  wheel  ^  to  be  : 
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i.  equal  to  —  a  ^  because  of  the  rotation  oi  of  the  wheel  a\ 

b 

2.  equal  to  +  /?  *^—r-  because  of   the  rotation  /J  of   the 
arm,  and  together  these  give : 

--  aa  ■\-  6  a  ■\-  fib 
^— =  «.; 

the  absolute  rotation  of  the  wheel  b  will  also  be : 

3.  equal  to  +  >^  t  because  of  the  rotation  y  o^  the  wheel  c ; 

4.  equal  to  —  ft-  "T  because  of  the  rotation  fi  of  the 
arm,  these  two  together  giving 

yc~-  fic^  fib   _ 
^ -a?,. 

Since  these  values  07,  and  o?,  are  equal,  we  have 

—  aa-^-fia  +  fib^yc— fic  +  fibj 
or 

aa^-yc^fii^a-k-c), 

as  the  equation  which  represents  the  most  general  case  of 
this  mechanism.  If  we  suppose  the  direction  of  y  to  be 
opposite  to  that  of  a,  the  equation  becomes 

aa  --  y  c  =  fi  (a  -k-  c\ 

from  which  it  is  evident  that  the  motion  of  the  arm  A  B  is 
proportional  to  the  difference  of  the  motions  of  the  two 
other  wheels,  a  and  c.  On  this  account  the  arrangement  is 
called  the  differential  mecltanisnt  or  differential  motion^  and 
the  arm  A  J9,  which  is  usually  constructed  in  the  form  of  a 
wheel,  is  called  the  differential  wheel. 

The  different  applications  which  can  be  made  of  the 
mechanism  just  examined  can  now  be  found  by  making  par- 
ticular assumptions.      For  example,  if  we  make  ^  =  O,  i>,, 
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make  the  wheel  c  stationary,  we  shall  get  from   the  above 
fundamental  equation  : 


'(-S- 


This  equation  is  applicable  to  the  horse-power  of  Barret, 
Exall  and  Andrews*  in  which,  Fig.  152,  the  cover  B  and  the 
wheels  b  are  directly  carried  about  by  the  horses,  the  cylin- 
drical casing  C  having  internal  teeth  which  gear  with  the 
wheels  b.  The  Utter  also  gear  into  a  wheel  a  fixed  to  the 
upright  shaft  A,  so  that  it  will  rotate  with  an  increased 
velocity  in  the  same  direction  in  which  the  horses  movp.    For 

every  circuit  of  the  horses,  the  shaft  A  makes  -+  i  revolu- 
tions. 

On  the  other  hand,  when  y5  =  o,  we  get 


for  the  velocity  of    rotation  of   the  exterior  wheel.      This 
Fic.  152.  Fig.  153. 


arrangement  has  likewise  been 
constructed,  for  instance,  in 
the  capstan.  Fig.  1 53,  in  which 
workmen  turn  the  shaft  A  by 
means  of  bars.  A  wheel  on 
the  shaft  A  then  communi- 
cater,  motion  through  the 
*  See  Pcteh,  Landwirthscbkftlichc  Maschineii  und  Gerilbe. 
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wheels  b,  whose  axes  are  stationary,  to  the  internally  geared 
drum  C,  turning  the  latter  in  an  opposite  direction. 

The  differential  mechanism  finds  another  very  important 
and  interesting  application  in  the  bobbin  and  fly  frame*  for 
roving  cotton,  wool,  etc.,  in  which  use  is  made  of  the  prop- 
erty that  the  motion  of  the  differential  wheel  is  proportional 
to  the  difference  of  the  motions  of  the  shafts  A  and  C.  In 
this  case  the  mechanism  is  generally  given  in  a  somewhat 
different  form,  Fig.  154,  the  two  wheels  a  and  c  being  equal, 
and  the  motion  transmitted  through  two  bevel  wheels,  b  b, 
which  are  so  placed  that  they 
will  turn  loosely  in  the  differ-  ^°'  ^^ 

ential  wheel  B.  Two  wheels 
^  are  here  employed  for  the 
sake  of  symmetry  in  arrange- 
ment and  action,  being  equiva- 
lent to  a  single  wheel.  It  is 
clear  that  the  relation  above 
developed, 

aa  ±  yc  =  ^  (a  -^^  c), 

is  applicable  here  if  we  make  a  =  c;  we  then  get 

aa  ±  ya  =  fi  -^  2a 


This  equation  may  also  be  obtained  directly  if  we  equate  the 
motions  received  by  the  idle  wheel  b  from  a  on  the  one  hand, 
and  from  c  on  the  other,  when  these  wheels  turn  through  a 
and  y  respectively,  the  differential  wheel  B,  at  the  same 
time  turning  through  an  angle  /?  and  carrying  with  it  the 
idle  wheels  b.  The  rotation  of  a  evidently  causes  a  rota- 
tion —  a-  of  the  wheel  b  about  its  axis,  while  the  motion 

•  See  article  "  Banmwolle,"  by  HuUsi  in   Pnchll,  Technologische  Eneydo- 
pSdie,  Supplement. 
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of  B  causes  a  rotation  -k-  P-roi  the  wheel  d,  the  sum   being 

therefore -t()5  —  a).      In  like  manner  the  rotation  y  oi  the 

c 
wheel  c  causes  a  rotation  +  y  -r  of  6,  while  the  rotation  of 

the    differential   wheel   causes   the  idle  wheel   6   to   rotate 

through  —  /^  T,  so  that  the  rotation  of  b  about  its  own  axis 

may  be  expressed  by  ^{y  —  fi).     Equating  these  two  values 
we  get,  since  a  =  c. 


or 


/3  --  a  =z  y  ^  /5, 


/?=?^-+^, 


The  wheels  6  are  usually  of  the  same  size  as  a  and  r,  but  the 
size  of  d  is  immaterial,  as  the  calculation  shows,  for  d  only 
acts  as  an  idle  or  intermediate  wheel. 

The  arrangement  and  mode  of  action  of  the  mechanism 
under  consideration  is  as  follows:  The  wheels  is  keyed  fast 
to  the  shaft  A^  which  acts  as  driving  shaft  for  the  spindles  of 
the  fliers  on  the  roving  machine.  On  these  spindles  turn  the 
bobbins  which  hold  the  rovings  (slightly  twisted  fibres),  but 
they  turn  with  a  velocity  which  is  greater  or  less  than  that  of 
the  spindles.  The  bobbins  are  not  directly  driven  by  A^  but 
by  the  shaft  jE,  which  receives  its  motion  from  the  wheel  c 
by  means  of  /  and  ^,  the  wheel  c  turning  loosely  upon  the 
shaft  A,  Consequently  the  spindles  will  be  connected  with  a 
and  the  bobbins  with  r,  ?>.,  their  motion  will  be  proportional 
to  the  motion  of  these  wheels.  If  we  now  suppose  the  dif- 
ferential wheel  B  to  receive  an  independent  motion  ft  from  a 
third  axis  Dy  it  is  evident  that  this  motion  y5,  together  with^ 
the  motion  a  o{  Ay  will  produce  such  a  rotation  y  of  the 
wheel  c  that  ft  will  be  the  difference  between  a  and  y.  But 
the  difference  between  the  motions  of  spindle  and  bobbin  is 
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the  winding  motion  which  effects  the  winding  of  the  roving 
on  the  bobbin,  and  from  this  follows,  that  if  the  spindles  are 
turned  by  A  and  the  rotation  of  the  wheel  B  is  proportional 
to  the  velocity  of  winding,  the  bobbins  will  turn  with  their 
proper  speed  if  they  are  driven  by  the  wheel  c.  As  the  bob- 
bins are  filled,  their  diameter  will  increase  and  the  number  of 
revolutions  needed  to  wind  the  roving  will  diminish,  for  the 
supply  of  roving  remains  constant.  By  giving  to  the  dif- 
ferential wheel,  therefore,  a  velocity  varying  with  the  velocity 
of  winding,  we  have  the  means  of  fulfilling  the  conditions 
of  perfect  winding. 

The  differential  mechanism  has  also  been  employed  in 
self-acting  mules*  and  for  other  special  purposes.  The  use 
of  this  mechanism  for  dynamometers  has  already  been  men- 
tioned in  Vol.  II. 

The  wheel  c  of  the  ordinary  differential  mechanism,  Fig. 
iji,  may  be  provided  with  external  instead  of  internal  teeth 
by  giving  to  the  shaft  B  two  different  wheels  *,  and  b„  Fig. 
155.  of  which  b^  works  with  a  Fig.  155. 

and  ^j  with  c.  They  have  been 
thus  applied  in  boring  machines 
for  giving  an  axial  or  sliding 
motion  to  the  tool  or  cutter 
block.  Let  A  be  the  boring 
bar,  Cthe  screw  for  communicat- 
ing the  axial  motion  to  the  cut- 
ter block,  c  a  wheel  fastened  to 
the  end  of  the  screw,  and  a  a ' 
wheel  which  does  not  turn  on 
the  bar /I,  but  is  concentric  with 
it,  being  rigidly  attached  to 
the  frame.      Around  this  fixed 

wheel  circles  the  wheel  b„  whose  shaft  B  is  carried  by  an 
arm  D,  which  turns  with  the  boring  bar.  Since  the  wheel  b^ 
is  keyed  to  B  it  is  also  rigidly  attached  to  b„  and  will  move 
with  the  latter,  communicating  to  the  wheel  c,  and  conse- 
quently to  the  screw  C.  a  certain  rotation  y.  The  velocity 
*  S«  Zeitschrid  Deulsch.  Ingenieure,  p.  3i6,  1874- 
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ratio  is  as  easily  found  as  before.  The  absolute  motion  conv 
municated  to  the  shaft  B  is  determined  by  the  action  be- 
tween b^  and  the  fixed  wheel  a^  being  equal  to 

a  '\-  b 

when  the  boring  bar  and  its  arm  D  rotate  through  the  angle 
+  a.  From  the  action  between  the  wheel  r,  which  rotates 
through  the  angle  y^  and  the  wheel  b^^  whose  centre  has  the 
angular  motion  or,  we  find  the  absolute  rotation  of  the  shaft 
equal  to 

c    ^        c  -\-  b^ 

—    Y  -4-     a  -    =    G?- 

^  b,         b. 

Equating  the  values  of  a?,  and  (^^  we  get 

—  y  c  b^  +  a  c  b^  ^=-  (X  a  b^\ 
or. 


-"(•-:-t> 


Since  the  boring  bar  rotates  with  the  nut  or  cutter-block 
through  an  angle  a  it  will  only  be  the  relative  rotation 

a  b^ 
a  ^y  =z  a  —r 

c  b^ 

between  the  boring  bar  A  and  the  screw  C,  which  will  be 
effective  in  producing  a  sliding  of  the  cutter-block  in  the 

direction  of  the  axis.  This  sliding  will  be  equal  to  s  ,— ?  when 

b^c 

s  represents  the  pitch  of  the  screw. 

In  the  arrangement  last  considered  the  radii  of  the  inter- 
mediate wheels  b^  and  b^  are  of  importance,  for  they  are  no 
longer  to  be  considered  as  idle  wheels,  but  as  wheels  which 

modify  the  velocity  of  the  train  of  gearing  -jr  -'-      This   ar- 

rangement  differs  from  that  shown  in  Fig.  1 34,  §  44,  only  in 


Fig.  is 
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this,  that  while  the  axis  of  the  intermediate  shaft  was  fixed 
in  the  former  case,  in  the  present  case  it  is  carried  around 
the  other  two  axes. 

In  many  cases  the  motion  of  a  shaft  A  is  to  be  trans- 
mitted to  another  C  in  such  a  way  that  the  moved  shaft  C 
can  be  given  another  motion  perpendicular  to  its  axis  with- 
out interrupting  the  transmission  of  motion  and  without  vary- 
ing the  velocity  ratio.  This  is  accomplished  by  means  of 
the  epicyclic  train  or  knee-Joint^  Fig.  156.  Here  A  is  the 
driving  shaft  supported  in  fixed  bearings.  To  the  shaft  A  is 
fixed  the  wheel  a,  which  gears  into  the  idle  wheel  b,  the  latter 
gearing  with  the  wheel  c  of  the  shaft 
C  The  wheel  c  will  have  the  same 
direction  of  motion  as  a^  the  velocity 

ratio  being  -.     Now,  if  the  shaft  C 

is  to  be  capable  of  moving  to  C,  it 
is  only  necessary,  as  far  as  mere 
transmission  of  motion  is  concerned, 
to  make  the  shaft  of  the  idle  wheel 
b  part  of  a  turning  pair  uniting  the 
two  links  B  C  and  B  A,  these  links 
also  inclosing  the  shafts  -^  and  C 
respectively.  Now,  if  the  shaft  C  shifts  to  C\  the  shaft  B 
will  move  to  B\  so  that  A  B  ^  A'  B'  dmA  C  B  =  C  B'.  Since 
the  distance  between  the  axes  A  and  B^  as  well  as  that  be- 
tween C  and  B^  remains  unchanged,  the  transmission  of 
motion  will  still  be  possible.  This  arrangement  is  likewise 
employed  in  bobbin  and  fly-frames,  the  shaft  C  driving  the 
bobbins,  which  are  placed  upon  a  carriage  (coppin  rail)  that 
moves  up  and  down  so  as  to  effect  a  uniform  winding  of  the 
bobbins.  -It  is  not-  sufficient,  however,  to  simply  transmit 
the  motion,  the  arrangement  must  also  be  such  as  will  permit 
the  driven  shaft  C  to  rise  and  fall  without  disturbing  the  uni- 
form trancmission  of  motion,  since  a  change  in  the  velocity 
ratio  would  cause  the  bobbins  to  turn  faster  or  slowei,  ac- 
cording as  the  shaft  C  moved  up  or  down.  To  ascertain  the 
proportions  of  a  correct  knee-joint  we  will  suppose  the  tri- 
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angle  ABCto  represent  the  original  position  of  the  axes, 
the  links  A  B  and  C  B  making  the  angles  a  and  y  with  the 
line  A  C  joining  the  axes.  Now,  if  the  point  C  be  moved 
through  an  infinitesimal  distance  to  C\  the  shaft  B  will  move 
to  B\  the  arm  A  B  turning  to  the  left  through  a  very  small 
angle  BA  ^'  =  S  a.  In  the  meantime  the  arm  B  C  has 
moved  to  F  C  by  turning  to  the  right  through  the  very 
small  angle  included  between  the  two  positions  C  B  and 
C  By  which  may  be  represented  by  S  y.  The  motion  of  the 
knee-joint  will  have  no  influence  on  the  velocity  ratio  if, 
when  the  shaft  A  is  at  rest,  the  motion  of  the  joint  does  not 
communicate  any  rotation  whatever  to  the  shaft  C.  If 
neither  c  nor  a  receives  rotation,  of  course  the  idle  wheel  d 
cannot  receive  any  rotation ;  for  the  two  actions  on  ^,  which 
result  from  c  and  a  acting  on  6  in  consequence  of  the  links 
A  B  and  CB  rotating  through  —  da  and  +  6  y  respectively, 
neutralize  each  other.  By  turning  the  link  A  B  through  -^  S  a, 
the  wheel  6  is  given  an  absolute  rotation  amounting  to 

--  o  a  — r—  =  —  a  a  -r> 
o  b 

where  a  -^  b  •=-  A  B  \%  represented  by  d^.  By  turning  the  link 
C  B  through  -^  S  y  relatively  to  the  stationary  wheel  c^  the 
wheel  b  receives  an  absolute  rotation 

,   jt     c  -¥  b      js    d^ 

where  d^  is  the  length  of  the  link  C B^c  +  ^.  The  total 
rotation  of  b  is  therefore  the  sum  of  the  components,  which 
equals 

which  sum,  of  course,  has  an  opposite  sign  when  C  is  shifted 
in  a  contrary  direction.  Hence,  if  the  intermediate  wheel  is 
to  receive  no  rotation  whatever,  the  condition  d^d  a  =  d^dy 
must  be  fulfilled. 
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Let   us   examine    this   condition   more  closely.      In   the 
triangle  ^  5  C  we  have  for  every  position  of  C, 

A  B  :  CB  =  sin  y  :  sin  a, 
or, 

rf,  sin  a  =  d^  sin  y. 

Differentiating,  we  get 

d,c0s  etS  a=  d,  cos  y^y. 

Substituting  in  this 

d^Sa  =  d^6y, 
we  get, 

cos  a  =  cos  y, 

or,  a=  y,  since  a  and  y  are  smaller  than  n.  The  triangle 
ABC  formed  by  the  axes  must  therefore  be  isosceles  if  the 
motion  of  the  knee-Joint  is  to  be  without  influence  on  the 
velocity  ratio  of  the  motion  transmitted.     In  order  that 

d,=d,.        or,        a+  b  ~c  ■\-  b, 

the  two  wheels  a  and  c  must  be  of  tiu  same  size. 

Sometimes  the  knee-joint  is  constructed  f,o_  jm 

with  extra  idlers  ^,  and  e^,  one  on  each  of 
the  links,  as  in  Fig.  157.  The  only  effect 
of  this  is  to  change  the  direction  of  rota- 
tion of  b,  consequently  we  have 


Sa  _e  -V  b 
Sy~  a  +  b' 


Since  the  lengths  of  the  links  are, 

d^  =  a  +  b  +  2e, 
and 

d,=:c  +  b  +  2/„ 
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substituting  as  before 

d^  cos  ad a  =  d^ cos  y  ^ y, 

we  also  have 

6 a  ^  c  +  i  +  2 e^  cosy 

6  y^  a  +  d  +  2  e^  cos  a' 

m 

These  two  values  for  r — can  only  be  equal  where  a  =  c  and 

o  y 

e^  =  e^,  hence  d^  —  d^  and  or  =  ;/. 

§  49.  Non-Clrcolar  Wheels. — In  the  preceding  investiga- 
tions it  was  always  tacitly  assumed  that  a  constant  velocity 
ratio  was  to  be  transmitted.  This  case  is  the  one  which 
most  commonly  occurs  in  ordinary  transmissions  by  means 
of  wheels,  and  always  occurs  when  the  forces  to  be  trans- 
mitted are  large.  In  certain  kinds  of  machinery,  however,  the 
peculiar  character  of  the  work  requires  the  working  piece  to 
have  a  more  complex  motion,  namely,  of  such  a  character 
that  the  velocity  ratio  will  vary  periodically,  so  that  for  a 
uniform  motion  of  the  driving  shaft,  the  driven  one  will 
alternately  move  with  greater  and  less  velocity.  Besides 
other  means  discussed  further  on,  which  can  be  employed  for 
this  purpose,  use  is  made  of  non-circular  wheels.  These 
wheels,  comparatively  speaking,  occur  rarely,  and  then  only 
with  parallel  shafts,  for  the  difficulties  of  construction,  which 
are  great  even  for  parallel  shafts,  would  be  almost  insur- 
mountable if  they  were  to  be  applied  to  intersecting  and 
crossing  axes. 

In  order  that  such  non-circular  wheels  may  work  together 
correctly,  we  must  deduce  the  fundamental  forms  of  the 
wheels  in  each  case  from  certain  rules  which  are  universally 
applicable,  and  which  we  will  now  proceed  to  establish. 

Let  the  two  shafts  yl  and  B^  and  their  distance  d.  Fig.  158, 
be  given,  also  let  the  law  according  to  which  the  velocity 
ratio  of  the  two  rotations  is  to  vary  be  known.  The  perime- 
ters of  the  two  wheels  must  then  be  of  such  a  character  that 
the  sum  of  the  distances  from  their  axes  of  any  two  points, 
like  C  and  Z?,  which  meet  and  touch  on  the  line  of  centres 
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A  Bj  must  be  equal  to  the  distance  d  between  the  axes. 
Two  corresponding  points  on  the  pe- 
rimeters must  therefore  satisfy  this  first  ^'  '^  ' 
condition  :  a  +  A  =  d.  In  order  that 
the  circumferences  may  also  touch  when 
the  points  C  and  D  meet,  it  is  necessary  a 
that  the  angles  formed  by  the  tangents 
CCandi>'Z>with  the  radii  ^  CsLndBD 
be  supplements  of  each  other.  Let  a  represent  the  length  of 
any  radius  A  C,  making  the  angle  EAC=a  with  the  line 
of  centres,  let  d  be  the  radius  B  D,  and  /5  the  angle  E  B  D 
for  the  corresponding  point  D  of  the  other  wheel,  and  let 
C  A  C  ^  6  a  2Sidi  D  B  U  =i  6  ft.  The  condition  for  the  con- 
tact  of  the  wheels  may  then  be  expressed  by 

ACC  ^  BDD'  =  n, 
ue.,  if  we  have  C  C^  A^  AC  d.nA  D Ih  ±  B D 


CCC^^  -DDa 


oy 


or  ^  =  —  ^,  if  we  suppose  the  angles  formed  by  the  tangents 
to  the  curves  with  the  circular  arcs  passing  through  the  points 
C  and  D  to  be  represented  by  q)  and  ^  respectively. 

From  this  follows : 

tan  ^  ==  —  tan  ^', 

8a  d  b 


ad  a  b6  p* 

Now  since  the  condition  a  -{•  b  =  d  requires  Sa^S by  the 
second  condition  is  transformed  into  ada  ^  b  d  ft. 

The  velocity  ratio,  which  varies  from  point  to  point,  is 
therefore  expressed  by 

Sft        a 
""^d-^^b' 
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If  the  velocity  ratio  n  is  given  for  any  point,  we  shall 
find,  as  in  circular  wheels,  from 

tf  +  ^  =  ^/,        and  --  =  « , 

o 

for  this  point, 

d  d 

a  =  — 


n  6ft 

and 

,^     d     _       d 

Generally  the  velocity  ratio  n  is  not  given  for  every  point, 
but  may  be  determined  from  some  law  /?  =  /  (a),  ft  being 
the  angle  through  which  the  wheel  B  turns,  while  the  other 
wheel  turns  through  a.    When  this  law  is  known  we  may  de- 

termine  »  =  ^  for  every  instant,  and  if  we  substitute  this 

oa 

value  in  the  above  expressions  for  a  and  ^,  we  shall  get  two 
equations  in  which  a  and  6  are  expressed  as  functions  of 
a  and  ft,  that  is,  the  perimeters  will  be  expressed  by  polar 
equations,  the  pole  in  each  case  coinciding  with  the  corre- 
sponding axis.     A  few  examples  may  serve  as  illustrations : 

Let  us  assume  that  a  =  c  ft  is  given,  and  c  constant,  then 
will  6  a  =  c  d  ft,  and  substitution  inada=ibdft  will  give 

c  =  -.  t\e.y  we  have  the  case  of  circular  wheels. 
a 

If  w-e  assume  the  law  of  transmission   of  motion  to  be, 

say, 

a  =  c^ft  -^  c^ft^, 

in  which  c^  and  c^  are  constant,  we  shall  get 

da  =z  c^Sft  -^  2€^ft6ft^ 
and 
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This  value  substituted  in 


a  = 


gives 

a  = 


I  -¥  c^  -{-  2c^fi  • 
and  in  like  manner  we  get 


b  = 


d{c,Jf2c,P) 


1    +  C^   +   2  C^P  ' 


When  r,  and  c^  are  given  directly  we  can  evidently  calcu- 
late /3  for  any  assumed  value  of  a,  and  can  calculate  the  cor- 
responding values  of  a  and  6  and  draw  the  forms  of  the 
wheels.  But  generally  the  constants  are  not  given  directly, 
but  are  indirectly  prescribed  by  certain  conditions  imposed 
upon  the  required  motion.  For  example,  we  may  assume 
that  when  the  wheel  A  makes  one  revolution,  the  wheel  B 
must  likewise  make  a  complete  revolution,  but  during  that 
time  must  be  alternately  subjected  to  two  accelerations  and 
two  retardations,  a  retardation  and  an  acceleration  occurring 
during  every  90°  of  rotation  of  the  shaft  A,  and  that  the 
greatest  velocity  of  the  wheel  B  should  be  four  times  as 
great  as  its  smallest  velocity.  From  these  conditions  we 
may  determine  the  constants  as  follows : 

If  at  the  beginning  of  the  motion  a  =  o,  we  shall  also 

have  /3  =  0;  on  the  other  hand,  when  a  =  — ,  we  also  have 


2 


S  =  — ,  hence 


n  7c   .        /^\" 


or 


I  =  ^x   +  -T  ^. (0 
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The  velocity  ratio  at  the  beginning,  when  a  =  /}  =  o,  is 


So. 
6p 


It 

on  the  other  hand,  when  a  =  /J  =  —  we  have 

6  a  It 

—  =  Cr  +  2  r,  —  =  ^,  +  r,  ^. 

The  ratio  of  the  two  magnitudes  must  be  placed  equal  to  4, 
hence 


^i 


—  4       •••••••      ^2J 


These  two  equations  (i)  and  (2)  give 


c^  =  0.4,     and  c^  = =  0.382. 

5  ^ 

The  transmission  of  motion  is  therefore  represented  by  the 

equation, 

a  =  0.4  /5  ±  a382  /S', 


Fig.  159. 


the  positive  sign  corresponding  to  the  accelerated  and  the 

negative  sign  to  the  retarded  por- 
tions of  the  rotation.  The  wheels 
shown  in  Fig.  1 59  are  analogous  to 
those  here  calculated.  Such  wheals 
are  used  in  silk  winders,  in  which 
the  driving  shaft  A  moves  uniformly, 
and  by  means  of  the  wheels  causes 
the  shaft  B  to  move  now  with 
greater,  now  with  less  velocity.  In 
order  that  the  crank  B  C  may  com- 
municate a  reciprocating  motion  to 
the  guide  of  the  threads,  and  cause 
the  threads  to  be  wound  as  uni- 
formly as  possible  on  the  bobbins^ 
the  crank  is  given  a  very  much  more 
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rapid  raotion  at  the  points  D  and  D  \  where  the  rod  F  has 
only  a  slight  motion,  than  in  the  positions  C  C  at  right 
angles  to  D D\ 

The  development  of  the  formulas  is  the  same,  whatever 
equations  between  a  and  ft  be  employed.  If  the  wheels 
were  to  satisfy  the  condition  expressed  by  a  =  r,  >5  +  ^a  sin  >?, 
we  should  get  from 

da  ^ 

—  =  c,  +  c^  cos  p 


a  = 


da       I  +  c,  +  c^cos  6* 
I  +  •     1   ■     a         r 


and 


.   6 p  "^  I  +  c,  •\-  c^cos P 
0  a 

§  50. — Sometimes  the  conditions  to  be  satisfied  by  the 
wheels  can  be  stated  otherwise  than  by  establishing  a  rela- 
tion between  the  velocities  of  rotation ;  for  example  the  as- 
sumption can  be  made  that 

tan  (p  =  —  tan  tj)  =  c\ 

that  is,  the  tangents  to  the  curves  shall  at  all  points  make 
one  and  the  same  angle  with  the  circular  arcs,  the  tangent 
of  the  constant  angle  being  equal  to  c.    Then  would 

Sa  db 

c  = 


a  d a  b  d p^ 

and  from  this  by  integration, 

^  AT  =  kyp  log  a  or,  ^^*  =  a 

-^  c P  —  hyp  log  b  oXf  e"^^  =  b, 

^^—^  — ■ — 

*See  Redtenbachtr* s  Beweguiigsinechanismen« 
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Fig.  z6o. 


These  equations  represent  logarithmic  spirals,  whose  tangents 
it  is  well  known  everywhere  make  equal  angles  with  their 
radii.  In  order  that  we  may  correctly  cut  pieces  from  these 
endless  lines  for  two  axes  whose  distance  is  rf,  we  must  assume 
the  two  radii  a^  and  b^  corresponding  to  the  initial  position, 
and  then  write 

a  ^  a^e^"^  and  b  =  b^e^^ 

for  the  equations  of  the  perimeters.  In  these  equations  a  and 
/S  are  to  be  estimated  from  the  initial  position,  for  a  =  o 
gives  a^  a^  and  /3  =  o  gives  b  =b^ . 

Logarithmic  spirals  are  sometimes  employed  to  form  the 

perimeters  of  three- 
cornered,  four-corner- 
ed and  other  polyg- 
onal wheels.  In  Fig. 
\  1 60  there  is  shown  a 
pair  of  four-toothed 
wheels.  If  the  small- 
est radius  A  E  ol  the 
wheel  A  is  equal  to 
tf, ,  we  shall  have  for 

the  greatest  radius  Fio.  i6x. 

c  ^' 

AC=a^  VV=  1.4142 a^y 

for  the  angle  of  rotation 

«  =  7  =  45°- 
4 

If  we  substitute  in  the  equation 

a^  a^e^^-  or  ca  =  hyp  log — 

the  values  a  =  —  and  —  =  \/^  we  get 

4  ^x 


c  =  tan  9?  =  ^  hyp  log  -v/T  =  O.44128, 

7t 
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and  consequently  <p  =  23°  49'.  The  equation  of  curves  on 
the  wheels  is  therefore  \  a^  a^  ^44»«8 «,  from  which  we  may 
get  values  of  a  and  b  =^  d  —  a  corresponding  to   assumed 

values  of  a,  ranging  from  o  to  - .     For  contact  at  E  the 

4 

velocity  ratio  is 

and  for  contact  between  C  and  D^ 


«a  = 


-*'-V^; 


the  ratio  of  greatest  to  least  velocity  is  therefore 

Among  others  Bacon  and  Donkin  have  made  use  of  polyg- 
onal wheels  for  their  printing-presses,  in  which  the  forms 
were  placed  on  the  sides  of  a  rotating  prism,  the  motion 
between  the  prism  and  the  paper-cylinder  being  communi- 
cated by  means  of  these  wheels.  See  Nicholson's  The 
Operative  Mechanic,  1834,  p.  302. 

In  like  manner  polygonal  wheels  may  be  constructed  with 
any  number  of  sides,  and  it  is  by  no  means  a  necessary  con- 
dition that  the  number  of  sides  be  the  same  in  both  wheels. 
If  one  wheel  has  tn^  and  the  other  w,  sides,  and  if  the  number 
of  revolutions  for  a  given  time  are  z^  and  z^^  we  shall  always 
have  ///,  ^,  =  w,  -Cj. 

The  elliptical  wheels,  Fig.  161,  constitute  a  particular  case 
of  non-circular  wheels.  Two  equal  ellipses  which  turn  about 
corresponding  foci  A  and  5,  evidently  fulfil  the  general  con- 
ditions,  for  to  any  point  C  of  one  ellipse  there  corresponds 
another  point  D  on  the  other  ellipse,  so  placed  that  the  two 
radii  y4  C  +  ^  Z?  together  equal  the  transverse  axis  of  the 
ellipse,  Le.y  equal  the  distance  between  the  axes ;  moreover, 
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since  in  cveiy  ellipse  the  lines  drawn  from  any  point  to  the 
foci  make  equal  angles  with  the  tangent  at  that  point,  it 
follows  that  in  the  equal  ellipses  the  angles  included  between 
the  radii  and  tangents  of  the  corresponding  points  c  and  D 
will  be  supplements  of  each  other.    Let  the  semi-major  axis 

-^  a  and  the  semi-minor  axis  equal  b^  then  we  shall  have 

for  the  eccentricity 


MA  =NB  =  ^  =  Va"  -  ^, 


and  for  the  greatest  velocity  ratio 


and  for  the  smallest 


»I 

""  a 

». 

_  a 
a 

—  e 

consequently,  when  the  driving  shaft  A  moves  uniformly,  we 
shall  have  for  ratio  of  the  greatest  and  smallest  velocity  of 
the  driven  wheel 


=  «..  =  ^^_±iY 


If  this  ratio  v  is  given,  and  also  the  distance  between  the 
axes  ^  =  2  a,  we  shall  get  from  the  preceding  equation 

and  therefore 


e^  a 


and  for  the  semi-minor  axis 


v/k+  l' 


b  =  V  tf "  —  ^  =  — ^ — 

V»^  +  I 


§  so]  NON-CIRCULAR   WHEELS.  199 

Elliptical  wheels  are  sometimes  employed  in  planers  to 
give  a  slow  advance  to  the  table  during  the  cutting  of 
the  tool  and  then  a  quick  return,  the  table  being  given  a 
reciprocating  motion  by  a  crank  fastened  to  the  shaft  or 
ellipse  B,  If  the  greatest  velocity  of  the  crank  is  to  be  four 
times  its  smallest  velocity,  the  ellipse  B  must  have  the  ec- 
centricity 

and  the  semi-minor  axis  must  be 

b  =  Va,  -~~^  V~  =  0.943  «• 

The  wheelscan  also  be  so  arranged  that  the  point  of  contact 
will  travel  along  a  helical  line.  The  surfaces  of  the  wheels 
must  be  made  conical  when  the  velocity  ratio  is  variable. 
Such  conical  wheels  were  first  applied  by  the  astronomer 
Romer.      Fig.  162  gives  an  idea  of  such  a  pair  of  wheels. 


They  are  constructed  so  that  the  driven  wheel  B  C  makes 
two  revolutions  while  the  driving  wheel  A  D  makes  three, 
and  so  that  at  the  end  of  the  period  the  velocity  ratio  will 

have  one-half  of  its  original  value,  i.  e.,  so  that  jrp  —  1  jtt-* 
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If  the  law  of  variation  of  the  motion  is  again  represented  by 
lar  =  ^i  /J  +  r,)^,  we  shall  find  the  constants  r,  and  c^  from : 

3X27r  =  r,  x2  y.  2n  ■{•  c^(2  y.  2  7tf 
and 


C^-\-2C^X2X27C 

hence 


=i. 


r,  =  I  and  ^,  =  -— . 

o7t 


For  CZ?  =  rf  we  can  now  get  for  the  radii  of  the  wheels  at 
the  beginning  of  the  motion 

I  +  r,         2 

and 

2 
and  at  the  end  of  the  motion 


BD=a,=  ^ 


i+r,  +  2r,  x2X27r      3 
and 

B  C  '=='  b^'=-  — ^/• 
3 

The  teeth  are  represented  in  the  figure  by  points  arranged 
in  three  coils  on  the  wheel  A  D  and  in  two  coils  on  the 
wheel  B  C.  The  wheels  first  touch  at  A,  and  after  the  driv- 
ing wheel  has  made  three  turns  and  the  other  two,  the  con- 
tact is  at  B.  On  the  other  hand,  if  the  driven  wheel  has 
made  but  one  turn  and  the  driving  wheel  AD  one  and  a  half 
turns,  the  two  points  P  and  Q  will  be  in  contact  and  their 
distances  from  the  axes  will  be 
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PC=d-~d='^d 

5         S 


Such  spiral-shaped  wheels  rarely  or  never  occur  as  toothed 
wheels,  but  are  constructed  as  cord  pulleys  for  self-acting 
mules.  Such  a  cord  pulley  or  double  fusee  is  shown  in  Fig. 
163.  Its  object  is  to  communicate  motion  in  both  directions 
to  the  carriage  which  holds  the  spindles,  the  motion  being 
communicated  from  a  uniformly  rotating  shaft  A  by  means 
of  a  cord,  in  such  a  way  that  the  carriage  is  gradually  accel- 
erated until  it  has  reached  the  middle  of  its  path  and  is  then 
retarded  to  the  end  of  its  path.  The  result  of  this  is  to  di- 
minish the  hurtful  effect  of  shocks  which  occur  at  each  end 
of  the  path,  particularly  when  the  mass  of  the  carriage  is 
great.  For  this  purpose  the  cord  winds  on  and  unwinds 
from  the  fusee  at  the  points  a,  b,  c,  d,  e,f  and/-,  the  cord 
being  made  in  two  parts,  S  and  5„  which  Fio.  163. 

are  wound  on  the  fusee  in  opposite  direc- 
tions, one  end  of  5  being  fastened  at  a 
and  one  end  of  5,  sXg.  Since  both  cords 
leave  the  fusee  at  the  same  point  (the 
grooves  in  the  fusee  being  broad  enough 
to  hold  two  cords),  it  is  evident  that  when 
the  fusee  turns,  say  in  the  direction  of 
the  arrow,  a  certain  amount  of  the  cord  5 
will  wind  itself  on  the  fusee,  and  an  equal 
amount  of  5,  will  unwind.  The  cords  5 
and  5,  are  led  around  two  pulleys  and 
their  other  ends  attached  to  the  front  and 
back  of  the  carriage,  which  is  not  shown  in  the  figure.* 

The  conical  fusee  ordinarily  employed  in  watches  must 
also  be  classed  among  spiral  wheels. 
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§  SI.  Friction  Wheels. — If  motion  is  to  be  communi- 
cated by  contact  of  the  circumferences  of  the  wheels,  the  latter 
must  be  pressed  together  with  such  force  that  the  friction  at 
the  circumferences  will  at  least  equal  the  force  AT  to  be  trans- 
mitted. If  <p  is  the  coefficient  of  friction,  the  force  with 
which  the  wheels  are  pressed  together  must  be 

9 

and  in  order  that  this  force  may  not  be  unnecessarily  large, 
we  must  try  to  make  q)  as  large  as  possible  by  choosing  the 
proper  materials  and  employing  rough  surfaces  of  contact. 
On  this  account  wood  is  often  made  to  work  with  wood,  or 
wood  with  cast  iron,  and  sometimes  the  perimeters  of  the 
wheels  are  covered  with  leather.  Little  friction  wheels  are 
even  wholly  made  of  concentric  disks  of  leather,  and  recently 
wheels  have  been  made  of  similar  disks  of  coarse  paper, 
which  is  compressed  by  great  hydraulic  pressure.  If,  for 
these  materials,  we  assume  an  average  value  for  q>  =  Ouj.,  the 
necessary  pressure  between  the  wheels  must  be 

ie  =  —  =  2.5  jr, 

9 

which  pressure  will  also  cause  friction  at  the  journals  of  the 
two  shafts.  Another  defect  of  friction  wheels  is  that  at  least 
one  of  them  cannot  have  a  fixed  support  or  bearing,  for  it  is 
only  through  the  bearing  that  the  pressure  R  can  be  exerted 
on  the  wheel.  On  this  account  friction  wheels  are  seldom 
used,  and  when  they  are,  it  is  only  where  the  load  is  invaria- 
ble and  where  the  machine  is  often  thrown  in  and  out  of 
gear,  and  in  furnace  and  other  hoists. 

The  arrangement  of  such  a  pair  of  wheels  in  a  windlass 
is  shown  in  Fig.  164.  Here  A  B  is  the  driving  wheel  on  the 
shaft  whose  bearings  are  fixed,  and  E  O  is  the  driven  wheel, 
which  is  rigidly  connected  with  the  shaft  D  of  the  drum  and 
receives  its  motion  from    the  wheel  A  B.     To   accomplish 
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this  the  bearings  of  the  journals  of  the  shaft  D  are  fixed  to 
the    lever  KDH,  ^^^ 

which  is  pivoted  at  ' 

H,  and  is  pressed 
down  or  up  by  a 
force  G  acting  at  K 
according  as  the 
drum  is  to  be  set  in 
motion  or  stopped. 
When  the  lever  is 
pressed  down,  the 
wheel  DEO  is 
pressed  against  the 
circumference  of 
the  iJriving  wheel 
A  CB  with  a  cer- 
tain force  R  which  causes  the  friction  ^=  q>Ii;  and  thus 
transfers  the  rotation  of  the  shaft  C  to  the  drum  M  on  which 
is  wound  the  rope  5  that  carries  the  load. 

Friction  wheels  are  also  used  in  machines  having  rapidly 
running  shafts  which  are  frequently  started  and  stopped. 
Since  the  action  of  friction  is  to  produce  a  gradual  change  of 
velocity,  its  application  as  a  transmitting  force  avoids  the 
shocks  which  would  occur  if  toothed  gearing  were  employed. 

In   this    respect 

Fic,  165.  I  .  ^.  ,      , 

friction     wheels 

act  like  friction 
couplings,  and 
are  consequently 
used  for  trans- 
mitting rapid 
vao\\oviiaeentrif- 
ugal  machines. 
Conical  friction 
g  wheels  fora  high 

speed  turbineare 
shown  in  Fig.  165.  The  wheel  A  is  fixed  to  the  turbine 
shaft  and  is  covered  with  a  layer  of  leather  rings,  which  are 
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pressed  together  by  an  annular  nut  aa^  the  wheel  itself 
being  fastened  to  the  shaft  B  by  means  of  the  bolt  b.  On 
the  horizontal  shaft  C  D  \%  fastened  the  smoothly  turned 
wheel  EF^  which  is  pressed  against  the  leather  surface  of  the 
first  wheel  by  a  certain  normal  force  N.  The  resulting 
friction  q)  N  \^  the  greatest  force  which  can  be  transmitted 
from  one  wheel  to  the  other.  A  spring  K L  acts  on  the 
shaft  CD  in  the  direction  of  its  axis  with  a  certain  force  P, 
which  may  be  resolved  into  the  components  N  and  5,  the 
former  being  the  normal  force  already  mentioned,  and  the 
other  a  lateral  force  acting  against  the  bearings.  Let  a  rep- 
resent the  inclination  of  the  side  of  the  cone  A  to  the  axis| 
or  a=i  D  CN^  then  we  shall  have  for  the  components, 

P 

iV= ,     and  S=z  P  tan  a , 

cos  a 

and  the  greatest  force  that  can  be  transmitted  by  the  wheels 
is 

COS  a 

During  the  motion  the  pressure  P  of  the  spring  on  the  end 
of  the  shaft  will  cause  pivot  friction  there,  which  is  consider- 
ably reduced  by  rounding  the  end  of  the  shaft.  The  bent 
lever  H Od  can  disengage  the  wheels  by  pressing  its  short 
arm  O  d  against  the  spring. 

§  52- — Instead  of  conical  friction  wheels  the  arrangement 
of  Fig.  1 66  is  in  many  cases  employed  because  it  is  a  con- 
venient means  of  changing  the  velocity  ratio.  The  driving 
shaft  C  D  \^  provided  at  one  end  with  a  flat  disk,  while  the 
driven  shaft  G  F  carries  a  cylindrical  friction  disk  E^  which  is 
made  of  wood  or  leather.  The  surfaces  are  pressed  together 
by  making  the  shaft  D  C  movable  axially,  />.,  without  collars, 
the  screw  5  pressing  the  flat  disk  against  E,  The  shaft  D  C  re- 
ceives its  motion  from  a  belt  pulley  //,  while  the  driven  shaft  F 
G  propagates  its  motion  by  means  of  the  wheel  G,  The  lever 
O  L  turns  about  (?,  and  fits  into  a  circular  grove  at  M  on  the 
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disk  E.  It  can  thus  shift  the  disk  along  its  a)cis,  and  by  this 
means  vary  the  velocity  ratio  as  desired.  If  the  mean  point 
of  contact  N  of  the  disks  is  at  the  distance  a  from  the  centre 


C  of  the  flat  disk,  and  if  b  is  the  radius  of  the  friction  disk  E, 

the  velocity  ratio  will  be  -: ,  for  the  two  circles  which  pass 

through  N,  concentric  to  their  respective  axes,  have  the  same 
peripheral  velocities.  If  a^  is  the  greatest  distance  from  C 
that  can  be  reached  by  the  centre  of  the  disk  E,  we  shall 

have  for  the  greatest  velocity  ratio  ~ .     By  shifting  the  disk 

E  to  the  centre  C,  the  velocity  ratio  may  be  reduced  to  zero. 
Now  if  the  disk  E  is  shifted  past  the  centre  C,  the  velocity 
ratio  will  again  increase,  but  it  will  be  negative,  that  is,  the 
shaft  G  Ev/ill  rotate  in  an  opposite  direction.  Little  use  is 
made  in  practice  of  this  last  circumstance,  but  the  mechanism 
is  employed  when  it  desired  to  easily  regulate  the  velocity. 
For  example,  in  gang-saws  it  is  frequently  employed  to 
regulate  the  feed,  t.e.,  the  motion  of  the  log  toward  the  saws. 
It  is  also  used  in  the  bobbin  and  fly  frames  employed  in  flax 
spinning,  in  which  the  disk  E  is  regularly  shifted  a  certain 
amount  as  the  bobbins  fill. 

This  arrangement  cannot  be  called  an  exact  one,  for  the 
peripheral  velocities  of  the  two  disks  cannot  be  the  same  at 
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all  points  of  their  line  of  contact.  To  accomplish  this  §  45 
shows  that  it  is  necessary  that  the  disks  have  conical  surfaces 
whose  common  vertex  lies  at  the  intersection  of  the  axes. 
As  this  condition  cannot  be  met  on  account  of  the  sliding  of 
the  disk  Ey  the  peripheral  velocity  of  the  two  disks  cannot 
be  the  same,  except  at  one  point  of  the  line  of  contact,  say 
the  middle  point  Ny  though  we  cannot  be  absolutely  sure 
that  this  point  will  be  exactly  at  the  middle  of  the  line  of 
contact.  All  points  of  the  flat  disk  which  lie  beyond  this 
point  N  of  equal  velocity  have  a  greater  speed,  and  all  points 
lying  within  have  a  less  speed  than  the  points  of  the  disk  E 
with  which  they  come  in  contact.  The  result  is  that  the 
continual  friction  soon  rounds  off  the'  disk  Ey  as  that  contact 
only  takes  place  on  a  very  narrow  surface.  It  is  customary 
therefore  to  make  the  disk  E  quite  narrow. 

In  centrifugal  (drying)  machines  this  mechanism  is  chosen, 
principally  because  the  drum,  which  is  directly  attached  to 
the  shaft,  G  /%  can  be  set  in  motion  gradually  even  when  the 
shaft  P  C\%  rotating  rapidly,  for  it  is  only  necessary  to  move 
the  disk  E  slowly  from  the  centre  C.  If  in  stopping  the 
machine  the  disk  were  moved  past  the  centre  (7,  the  opposite 
rotation  would  act  as  a  brake,  but  preservation  and  durability 
of  the  parts  require  that  this  be  seldom  done. 

A  serious  defect  in  the  arrangement  just  discussed,  as 
well  as  in  all  friction  disks,  is  the  occurrence  of  great  frictional 
resistances  at  the  journal.  These,  in  the  arrangement  under 
consideration,  exist  partly  at  the  pivot  on  the  screw  5  and 
partly  at  the  bearings  of  the  shaft  G  F,  The  latter  resistance 
is  very  troublesome  in  the  shafts  of  centrifugal  machines, 
which  with  their  extraordinary  velocity  (about  1,000  revolu- 
tions per  minute)  soon  begin  to  run  unsteadily,  and  as  this 
evil  is  increased  by  the  high  speed,  serious  accidents  some- 
times result.  In  this  respect  the  use  of  a  double  mechanism, 
such  as  is  shown  in  Fig.  167,  may  be  regarded  as  a  decided 
improvement.*  Here  two  flat  disks -^  and  -4' are  placed 
upon  two  shafts  CD  and  C  U  which  run  with  equal  velocity 
but  in  opposite  directions.     The  flat  disks  are  pressed  against 

*  See  Zeitschrift  deutsch.  Ing.  1874,  p.  531. 
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the  disk  E  so  that  the  shaft  G  F  is  subjected  to  no  lateral 
pressure  whatever.  The  belt  pulleys  N  and  //'  are  of  course 
driven  by  means  of  a  crossed  and  an  open  belt. 

In  order  to  effect  the  transmission  of   great  forces  by 
friction  wheels,  without  employing  too  great  a  pressure,  the 
arrangement  shown  in  Fig.  i68  may  be  employed,  an  end 
no.  167.  Fia.  163. 


view  DAD  being  given  of  one  wheel 

and  a  section  through  the  rim  BA  B 

of  the  other.      Here  the  surfaces  of 

the  wheels  consist  of  a  number  of  V 

grooves  so  arranged  that  the  projections  on  one  wheel  enter 

the  grooves  of  the  other.     That  this  will  cause  an  increase 

of  friction  is  evident  from  the  theory  of  the  wedge,  the  force 

Ji  which  presses  the  wheels  together  being  resolved  into  two 

components,  the  relation  between  R  and  N'  being  given  by : 


Ji  =  2N'(s> 


a  representing  the  angle  included  between  the  sides  of  the 
groove.  As  in  former  examples  (§  11  and  §  31),  we  deter- 
mine the  friction  which  resists  the  sliding  of  the  surfaces  of 
the  wheels  on  each  other  to  be  : 


sttt  —  ■¥  g>C' 
p  being  the  coefficient  of  friction. 


•  For  ihb  cue,  also,  tome  text-boolcs  give  F  =  — —  ;  the  renurk*  of  %  31 

9 
re  therefore  here  applicable. 
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Theoretically  the  number  of  grooves  employed  is  imma- 
terial, but   practically  several   grooves  are   prelerable   to  a 
single  one,  because  their   depth   may  then  be  less  and  the 
pressure  on  the  surfaces  can  be  sufficiently  small.     That  the 
depth  of  the  grooves  will  act  the  more  injuriously  the  greater 
it  is,  may  easily  be  seen.     If  a  ring  and  a  groove,  Fig.  169, 
touch  along  a  line  ab,  the  velocities  on  the  circumferences 
can  only  be  equal  at  a  single  point,  say  c\  in  all  other  points, 
between  c  and  a  as  well  as  be- 
tween ^  and  ^,  unequal  velocities 
exist,     causing     great     friction, 
which  will  be  greater  the  greater 
the  ratios  of  the  lengths  c  a  and 
cb    to     their    radii.     In    conse- 
quence of  this  friction  the  sur- 
faces will  soon  take  a  form  represented  by  Fig.  170,  where 
the  pressure  is  concentrated  on   a  single   point  c  or  upon  a 
very  narrow  surface,   wherefore  it  is   desirable  that  several 
grooves,  etc.,  be  used  on  each  wheel. 

The  angle  a  of  the  grooves  is  generally  assumed  equal  to 
30°.  Minotto  has  also  employed  this  arrangement  in  conical 
wheels,  using  only  one  groove,  and  that  adjustable.  Grooved  ■ 
wheels  have  also  been  recommended  for  locomotives  for 
overcoming  steep  grades.  Reuleaux  advises  their  use  when 
speeds  are  to  be  reduced. 

Remark,  If  we  besuthc  the  coefficient  of  friciion  equal  to  0.9,  and  ihe 
angle  a  =  30°,  we  shall  gel 


while  the  often  mentioned  simple  fonnuls  gives  the  improbable  high  value  : 

§  53.  Belt  Palleys. — Belt  pulleys  likewise  come  under  the 
head  of  friction  wheels,  for  they  can  only  transmit  motion 
because  there  are  frictional  resistances  at  the  circumferences 
of  the  two  wheels  which  are  greater  than  the  useful  resist- 
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ance  to  be  overcome ;  since  it  is  the  smaller  of  two  resistan- 
ces which  is  first  overcome,  the  useful  resistance  will  be  over- 
come as  long  as  it  is  less  than  the  friction  which  would  result 
from  the  sliding  of  the  wheel  relatively  to  the  belt.  Belt 
pulleys  differ  from  ordinary  friction  wheels  in  that  they  trans- 
mit motion  indirectly  by  means  of  belts,  cords,  or  ropes ;  that 
is,  by  means  of  bodies  of  sufficient  flexibility  to  permit  of 
their  hugging  the  sur- 
faces of  the  wheels  as 
closely  as  possible.  Let 
A  and  -5,  Fig.  171  and 
Fig.  172,  be  the  shafts 
of  two  belt  pulleys 
whose  circumferences 
are  embraced  by  the 
endless  belt  E  FG H. 
If  a  resistance  Q  with  a  lever  arm  q  acts  on  the  shaft  -ff,  and 

hurtful  resistances  are 
neglected,  we  know 
from  what  has  pre- 
ceded that  the  force  P 
acting  with  the  lever 
arm  /  on  the  shaft  A^ 
which  is  necessary  to 
Fig.  172.  overcome    this    resist- 

ance, may  be  determined  from 


^=c|f- 


The  resistance  at  the  circumference  of  the  pulley  B  is 

given  by  Q^f  and  of  course  the  force  AT  at  the  circumference 
o 

of  the  wheel  A  must  be  as  large  in  order  to  overcome  the  re- 
sistance of  the  shaft  B  by  means  of  the  belt.  For  this  pur- 
pose, no  sliding  of  the  belt  upon  either  the  pulley  A  or  B 
must  take  place ;  there  must  consequently  be  at  each  circum- 
ference a  frictional  resistance  at  least  equal  to 

14 
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b  a 

for  opposing  a  slipping  of  the  belt.  Now  the  resistance  ex- 
perienced by  a  flexible  body,  belt  or  rope,  when  it  slides  on 
a  cylinder  may  easily  be  found  from  the  developments  of 
§  194,  Vol.  L  Let  5,  represent  the  tension  in  a  portion  of 
the  belt  G  //,  then  in  order  that  the  belt  may  slide  on  the 
fixed  pulley  A,  there  must  be  exerted  at  -£  a  force  5„  acting 
in  the  direction  EF^  equal  to :  5,^1,  y^  representing  the  arc 
HJE  (having  radius  equal  unity)  embraced  by  the  belt. 
The  corresponding  friction  is  therefore 

/?;  =  5,-5',=  5,(^v,  -  I), 

In  like  manner  we  may  find,  for  the  frictional  resistance 
to  the  sliding  of  the  belt  on  the  pulley  By  the  expression 

/^,  =  5,- 5,=  5,(^.-1), 

Y%  representing  the  arc  FL  G.  Of  these  two  values  the 
smaller  is  evidently  the  one  having  the  smaller  enclosed  arc ; 
calling  y  this  smaller  arc,  we  may  conclude  from  the  above 
that  the  force  to  be  transmitted  cannot  exceed  the  smaller 
friction,  j>.,  we  have  the  equation  : 

Ar=5,-5.=  53(^-i), 

which  may  also  be  written, 

K 


5,= 


^-  I* 


These  equations  show  that  for  the  transmission  of  a  cer- 
tain force  K,  the  tensions  of  the  two  parts  of  the  belts  be- 
tween  the  wheels  must  be  of  a  different  magnitude,  and  that 
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the  difference  between  the  tensions  must  be  equal  to  the  force 
transmittecU  The  part  of  the  belt  which  has  the  greater  ten- 
sion 5s  is  called  the  driving  or  tight  side^  while  the  other  with 
the  smaller  tension  S^  is  called  the  driven  or  slack  side  of  the 
belt.  When  the  belt  is  at  rest,  the  two  parts  have  the  same 
tension  5,  and  if  the  belt  is  not  to  slip,  we  must  have 

^_5,  +  >S,_^+  I  K 

2  ^—  1    2 

The  pressure  exerted  by  the  belt  upon  each  of  the  two  shafts 
is,  therefore, 

that  is,  always  greater  than  K.  If  the  force  K  is  not  given 
in  terms  of  Q  and  q  it  must  be  determined  from  the  data  or- 
dinarily given,  namely,  the  number  of  revolutions  per  minute 
«,  and  «a  of  the  shafts  A  and  B,  and  the  work  N  to  be  trans- 
mitted expressed  in  horse  powers.  Then  if  the  radii  a  and  b 
are  given  in  meters  and  K  in  kilograms,  we  have 

^^  30-A^75_  30^75 
nau^  nbu^    ' 

=  716.2 =  716.2- 


aUj^      '     '   bu^* 

When  we  know  the  speed  of  the  belt, 

_  2  ;r  a  //,       2  tt  ^  «, 
^""  ■~6o~  =  ~6o~' 
we  have 

V 

[When  K  is  expressed  in  pounds,  a  and  b  in  inches,  and  v 
in  feet  per  second,  the  above  formulas  become 
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-^  6  X  60  X  550  y.  N     ^       ^  N 
K  = ^ =  63,025 , 

6  X  33,000  y.  N       ^  N 

= =^^^^1 =  63,025  T — . 

V  =  2  «-  —  >—  =  0.00873  a  «. , 
12  60      ' 

—  27t  —  ^  =  0.00873  b », . 
12  60 

Ar=S50-.] 

Example.  If  a  belt  transmits  N  -=2  horse  powers  [1.973  H.  P.]  at  avelocitj 
of  the  belt  equal  to  2  meters  [6.28  ft.  per  sec.],  and  if  the  pulleys  are  so  far  apart 
that  we  can  assume  the  arc  of  contact  on  each  of  the  wheels  to  equal  a  semi-cir- 
cumference, we  shall  have^  when  the  coefficient  of  friction  between  belt  and 

wheel  is  ^  =r  -  : 

2 

e*^  =r  (2.7i828)''S  ^  3'*«^  —  2.7i828'-57««  =  4.81  ; 
hence  the  tensions : 

and 

Sx  =  e^^St  =4.81  X  19.68  =  94.68  legs  [208.73  pounds], 

consequently  the  average  tension  before  starting  the  machine  is  : 

St .+  Si       94.68  4-  19.68  ,       r  -^  J  1 

o  =   — - —  =  ■^ ^ —  =  57.2  legs  [126. 1  pounds]. 

2  2 

§  54,  Belt  Tensions — From  what  has  preceded  it  is  evi- 
dent that,  in  order  to  calculate  the  tensions  on  the  belt,  it  is 
necessary  to  know  the  coefficient  of  friction  between  belt  and 
pulley,  and  the  size  of  the  arc  covered  by  the  belt.  As  re, 
gards  the  first  we  have,  according  to  Morin  (see  his  Aide 
m^moire,  6r  his  Nouvelles  experiences  sur  le  frottement,  etc., 
Paris,  1838) : 
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(p  =  aso  for  hemp  ropes  on  wooden  drums. 

=  0.50  for  new  belts       **  "  " 

=  0.47  for  old  shop  belts  on  wooden  drums. 

=  0.38  for  moist  belts  on  turned  {i,e,y  smooth)  cast-iron 

pulleys. 

s=  0.28  for  dry  belts  on  turned  («>.,  smooth)  cast-iron 

pulleys. 

=  0.12  for  very  greasy  shop  belts  on  cast-iron  pulleys. 

The  arc  covered  by  the  belt  may  be  determined  from  the 
radii  AC  —  a  and  BD  ^  b  and  the  distance  -^  jff  =</  be- 
tween the  axes,  Fig.  173  and  Fig.  174.     We  must  distinguish 


Fig.  173 


between  two  cases  when  the  belt  is  open  and  when  it  is 
crossed.  When  the  belt  is  open,  as  in  Fig.  173,  we  can  deter- 
mine half  of  the  angle  DBF=^CAE  =  y^  by  means  of  the 
formula 

.  „^      BG      BD-AC 
!>.,  from 


Vi      b  —  a 


when  the  belt  is  crossed,  Fig.  174,  we  find  the  angle 


from 


DBF=27t^y^z=i2n  —  y^ 
.  ^^      BG      BD^AC 

cos  A  B  D  =^    -r-5i  =   ::-^ , 


AB 


AB 
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that  is, 

a  +  * 


cos 


'-0= 


In  the  latter  case  the  belt  covers  the  same  arc  2  «■  —  y  on 
each  wheel,  while  in  the  open  belt,  Fig.  173,  the  arc  y,  is 
covered  on  the  smaller  wheel  and  the  arc  y^  =  2  ?r  —  y,  on 
the  larger  wheel ;  consequently,  since  there  is  a  greater  arc  of 
contact  with  a  crossed  belt,  the  transmission  of  a  given  force 
can  be  effected  with  less  tension  on  the  belt  than  with  an 
open  belt. 

The  arc  y  must  be  always  understood  to  be  the  length  of 
the  arc  on  a  circle  whose  radius  is  unity,  if  therefore  y  is 
given  in  degrees  (y°)  we  shall  have 

y  =  0.017453  y^  or  y°  =  57.297  y  =  57.297  - , 

where  A.  is  the  length  of  the  arc  for  the  radius  a. 

The  length  of  the  whole  belt  when  it  is  an  open  belt  is 

l^  C D  ^-  E F ^-  arc E C ^  arc D F^2AG ^-y^a  ->t{2n''y^b, 

/=  2  d  sin—  •¥  y^a  +  {2  7r  ^  y^)  6, 

and  for  crossed  belt : 

/  =  2  rf  i/»  -  4-  (2  ?r  —  y)  (a  +  b). 

For  a  great  distance  between  the  axes  we  may  write 


therefore 


y 

cos—  =zO, 

2         ' 


Y=90%OTy^7t, 


hence  in  both  cases 

l=z2d+  7c(a  +  b). 
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The  exponential  quantity  ^  *  ^  can  be  determined  from  <^ 
and  Yi  ^nd  then  we  can  find  the  ratio  of  the  tensions  on  the 
belt.  The  following  table  of  belt  tensions  will  be  found  con- 
venient for  this  purpose : 


Values 

OF  e^  y. 

Ratio. 

NkW  BXLTBf 

Okdimaxy  bklts. 

Moist  bblts. 

COKS6  OK  WOODBN  WMSBLS. 

on  wooden 

on 

v^  .  y" 

dnimt, 

on  wooden 
dmms, 

on  iron 
pulleys, 

iron  pulleys. 

Ron^h, 

Polisbed, 

a»     360^ 

^  ■  0.0501 

*  -  0.47" 

^  -  o.a8. 

^  -  0.38. 

^  -  0.50. 

^  -  a33. 

0.2 

1.87 

X.80 

1.42 

1. 61 

1.87 

1.51 

0.3 

2.57 

2.43 

1.69 

d.os 

2.57 

1.86 

0.4 

3.51 

3.26 

2.02 

2.60 

3.51 

2.29 

0.5 

4.81 

4.38 

2.41 

3.30 

4.81 

2.82 

0.6 

6.59 

5.88 

2.87 

4.19 

6.59 

3.47 

0.7 

9.00 

790  . 

3-43 

5.32 

9.00 

4.27 

0.8 

12.34 

10.62 

4.09 

6.75 

12.34 

5.25 

0.9 

X6.90 

14.27 

4.87 

8.57 

16.90 

6.46 

I.O 

23  14 

19.16 

5.81 

10.89 

23.14 

7.95 

Example.  A  belt  on  cast-iron  pulleys  transmits  4  horse  powers  [3.95  H.  P.], 
and  has  a  velocity  of  3  meters  [9.84  ft.  per  sec],  the  radius  of  the  driving  pulley 
being  0.75  meter  [29.28  ins.],  that  of  the  driven  pulley  being  0.125  meter  [4.88 
ins.]  and  the  distance  between  the  shafts  2.25  meters  [87.83  ins.] :  how  large  are 
the  tensions  on  the  belt  ? 

Here  a  =  0.75,  ^  =  0.125,  ^=  3,25,  therefore  for  open  belts : 


hence 


and 


Xi      0.75— ai25       5 

cffs^—  = =  ~  =  0.277. .  ; 

2  2.25  18  "     ' 


•^=78'52V,and^=io6'7i'» 
Xi  =  147'  45',      r«  =  212*  15', 


on  the  other  hand  for  crossed  belt : 


cos 


hence 


and 


r  _      75  -^  12.5  _        7  _       n  aRR      • 
-  =  --^^^  =  -^=-0.388.. I 

J  =180^-67'' 7'=  "2' 53', 


y  =  225'  46'. 
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Id  the  first  case  we  must  of  coarse  assume  the  smaller  angle  y\  =  147"  45'  in 
order  that  the  belt  may  not  slip  on  either  of  the  two  circumferences.  We  there- 
fore have  here 

Y        147.75 
2  3r        360 

and  in  the  second  case,  for  crossed  belt : 

—  =  — , —  =  0,027. 
2  jr         360 

If  we  assume  q*  =0.28  we  shall  get  by  interpolation  from  the  table  for  the 
first  case: 

^  V  =  2.02  4-  0.1  (2.41  —  2.02)  =  2.06, 

and  for  the  second  cose  : 

^y  =  2.87  +  0.27  (3.43  -  2.87)  =  3.02, . 

which  agrees  fairly  with  the  direct  calculation.     The  force  to  be  transmitted  is 

,_     ^  75      4  X  75 
A  = =   —  =  100  kilograms  [22a  5  lbs.]  ; 

therefore  for  the  first  case  : 


Sr^ 


100  100 


2 


06  _  J  ~  r^  =  ^-3  Jf'Jograms  [207.9  lbs.] , 


51  =  2.06  X  94.3  =  194.3  kilograms  [428.4  lbs.],  and 

S  4-  S- 

^  =  -^-T — '■  =  144-3  kilograms  [318.1  lbs.]  ; 

2  ■ 

adding  10  per  cent  for  safety,  we  get  5=  158.7  kilograms  [349.9  Ib«-]  «s  the 
tension  on  the  belt  when  it  is  at  rest.     For  the  crossed  belt : 

^  100  100 

^^  ^  j:^^:^!  =  2":^  =  49. 5  kilograms  [109.  i  lbs.] , 

Si  =  3.02  X  49.5  =  149.5  kilograms  [329.6  lbs.], 

^  =  -^ — •  =  99-5  kilograms  [219.4  lbs.] ; 
or  for  safety 

•^=99'5  +  10  =  109.5  kilograms  [241.4  lbs.]. 

§  55.  BelU.— The  best  belts  are  usually  of  good  ox-hide 
tanned  with  oak  bark.  A  hide  will  give  two  strips  4  to  5 
millimeters  [o.  16  to  0.20  in.]  thick,  20  centimeters  [7.9  ins.] 
wide,  and  2^  meters  [98.4  ins.]  long.  These  strips  are  usually 
joined  by  being  laced  or  riveted  at  the  ends. 
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According  to  recent  experiments  *  the  modulus  of  elastic- 
ity for  neat's  leather  is  -£  =  1 5  to  20  kilograms  per  square 
millimeter  [21,300  to  28,400  lbs.  per  square  inch],  and  the 
ultimate  strength  2.9  kilograms  [4,125  lbs.  per  square  inch]t: 
the  working  stress  k  of  the  belt  may  be  taken  according  to 
Morin  equal  to  a2  kilogram  per  square  millimeter  [285  lbs. 
per  square  inch].  Reuleaux  makes  the  working  stress  de- 
pendent on  the  width  b  of  the  belt  according  to  the  formula 


200  ^ 


[>&=:8ov^^]; 


from  the  bracketed  formula  we  get  the  values  of  k  for  differ- 
ent values  of  b : 


b  = 

2 

4 

6 

8 

Inches. 

k=l 

'34 

226 

306 

380 

Pounds. 

The  thickness  of  the  belt  varies  between  4  and  6  millime- 
ters [0.16  and  0.20  in.],  consequently,  for  an  average  thick- 
ness of  5  millimeters  [0.18  or  -^  in.]  we  shall  have  for  every 
millimeter  [0.04  in.]  of  width,  a  tension  S^  =  bS  k^  i  x  5  X0.2 
=  I  kilogram  [2.2  lbs.],  hence,  for  a  given  tension  5,  the 
width  of  the  belt  b  =  5,. 

Now,  since  the  average  of  9  is  nearly  the  same  as  when 
the  belt  covers  almost  half  the  circumference  of  the  wheel,  i>., 
the  coefficient  of  friction  <p  =  0.28,  we  shall  get  S^  nearly 


equal  to  2  A'  =  2 

per  min.],  and  therefore 


— '>^^ — [2/^  =  66000 — lbs.,  r  being  here  feet 

V     ^  V 


N 
b  ^  2  K=  150 —  millimeters,  v  being  in  meters  per  second 

•  According^  to  the  experiments  of  Bevan  (see  Dingier,  Vol.  XVI.)  the 
modulus  of  elasticity  is  only  10,050  lbs.  per  sq.  inch  (7.33  kilograms  per  sq. 
millimeter). 

t  Experiments  of  Henry  R.  Towne  on  belts  give  3,086  lbs.  per  sq.  inch  for 
the  ultimate  strength  of  ordinary  belts  -g^  of  an  inch  thick  (see  Journal  Franklin 
Institute,  Jan.  x868). 
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N 
[^  =  1 100  —  inches,  v  being  here  in  ft.  per  minj. 

According  to  Armengaud  the  velocity  v  of  the  belt  should 

not  be  taken  less  than  0.5  {N  +  i)  meters  [about  100  {N  +  i) 

ft.  per  min.]. 

The  last  formula  for  b  shows  that  the  width  of  the  belt 

varies  directly  as  the  work  to  be  transmitted  and  inversely 

N     q  VN  1 

as  the  velocity.     When  —  =  ""    — =0.0065  L  for  example, 

when  jV=  10  horse  powers  and  v  =  8  meters  [1,580  ft.  per 
min.],  or  A^  =  5  horse  powers  and  v  =  4  meters  [790  ft.  per 
min.],  we  get  ^  =  0.19  meter  [7.4  ins.].  From  this  we  see 
that  if  we  wish  to  avoi.d  great  width  in  a  belt,  the  work 
transmitted  must  be  small  and  the  velocity  great.  When 
very  wide  belts  are  used  there  is  danger,  unless  they  are  very 
well  made,  of  their  stretching  unequally,  and  consequently 
of  their  not  hugging  the  face  of  the  wheel  uniformly.     For 

very  large  forces  f  —  j  two  belts  are  employed,  or  a  chain,  or, 

better  still,  toothed  gearing. 

In  order  to  keep  the  belts  flexible  and  make  them  durable, 
they  must  be  kept  greased  with  tallow  or  castor  oil. 

Gutta  percha  belts  have  nearly  the  same  properties  as 
leather  belts ;  their  density  is  nearly  the  same  (spec.  grav. 
=  0.84)  and,  according  to  experiments  made  by  Feistmantel^ 
pn  a  small  scale  to  be  sure,  the  strength  is  nearly  the  same, 
but  the  modulus  of  elasticity  is  about  30  per  cent,  less  than 
for  leather.  For  the  same  thickness,  therefore,  gutta  percha 
belts  may  be  given  the  same  width  as  leather  belts.  Gutta 
percha  belts  are  not  much  used,  because  they  have  the  defect 
of  stretching  when  slightly  heated,  and  thus  diminish  their 
tension.  On  the  other  hand,  vulcanized  rubber  belts  have 
given  satisfaction,  especially  where  they  are  exposed  to  moist- 
ure, as  in  distilleries  and  in  the  open  air  (with  agricultural 
and  hoisting  machinery).  When  leather  belts  are  exposed 
to  moisture  they  stretch  at  the  expense  of  their  width,  and 
require  frequent  tightening.     Rubber  belts,  however,  are  im- 
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pervious  to  moisture.  These  belts  do  not  consist  of  vulcan- 
ized rubber  alone,  but  also  of  strips  of  strong  hempen  cloth, 
so  enclosed  and  united  by  the  rubber  as  to  form  a  continuous 
whole.  Quite  recently,  instead  of  leather,  hemp  and  flax^  as 
well  as  woven  hair^  have  been  employed  for  belts. 

Example.    In  the  last  example  (§  54)  on  belt  gearing,  the  mazimam  tension 
of  the  crossed  belt  was  found  to  be 


5r= 


rr  150  kilograms  [330  lbs.]  nearly  ; 


the  width  of  the  belt  should  therefore  be 

^  =  5i  =150  millimeters  [6  ins.]. 
Its  length  may  be  found  from  the  formula  : 

y 
l^  2d  sin—  +  (2  jr  —  y)  {a  +  b)\ 

/=  a  X  a.25  sin  II2<»  53'  +  (0.75  +  o.  125) nr^ 225*46' 
s  4.146  +  3.448  =  7.594  meters  [299  ins.]. 

§  56.  Tlfhtenlng-pulleys.— Since  belts,  particularly  when 
they  are  new,  stretch  considerably,  they  must  be  tightened 
from  time  to  time.  If  the  ends  of  the  belt  are  fastened  as  in 
Fig.  175  or  Fig.  176,  this  tightening  may  be  easily  done,  but 
when  they  are  laced,  Fio.  176.  Fxo.  175.  Fig.  177.  Fig.  178. 
as  in  Fig  177,  or  are 
glued,  the  separat- 
ing and  reuniting  of 
the  ends  of  the  belt 
are  troublesome,  on 
which  account  a 
joint  is  employed  which  may  be 
easily  broken,  belt  screws,  Fig.  178, 
being  used  for  this  purpose.  In 
some  cases  it  may  be  of  advantage 
to  tighten  the  belt  by  a  special 
device  called  a  tight ening'-puUeyy  or 

by  moving  one  of  the  shafts  so  as  to  increase  the  distance 
between  the  axes.    The  latter  method  is  rarely  employed, 


B 
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except  in  the  hoisting  gear  of  grinding-mills,  because  in 
general  shafts  must  be  rigidly  supported.  But  there  is  fre- 
quent occasion  to  employ  tightening-puUeys,  especially  where 
it  is  also  desirable  to  have  a  convenient  arrangement  for 
throwing  in  and  out  of  gear. 

Two  such  tightening-pulleys  are  shown  in  Fig.  179  and 

Fig.  179.  Fig.  180. 


Fig.  i8a  In  Fig.  179  the  pulley  B  is 
carried  by  a  slide  which  is  drawn  down 
by  a  weight,  on  the  other  hand,  in  Fig. 
180  the  pulley  is  placed  on  the  bent 

lever  A  O  B,  and  is  pressed  against  the  belt  by  a  weight  hang- 
ing from  the  arm  O  A.  If,  in  the  latter  case,  a  represents 
the  lever  arm  O  A  ot  the  weight  G,  and  6  the  lever  arm  O  B 
of  the  tightening  force  P,  we  have : 

P  =  %G,    also    G=~P. 


The  tightening  force  P  bisects   the  angle  E,MF,  =  S, 
Fig.  181,  included  between  the  two  directions  of  the  belt 
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ME  and  MF^,  and  if  5  is  the  tension  on  the  belt  we  have,  as 
for  a  loose  pulley  (Vol.  I.,  §  163) : 

i)     P=  2  Scos-. 

'  2 

To  determine  the  tension  5  we  must  know  whether  the 
tightening-pulley  presses  against  the  tight  or  the  slack  side 
of  the  belt,  in  the  first  case  5,  and  in  the  second  •S'^'must  be 
substituted  in  the  above  formula.  Moreover,  the  arc  of  con- 
tact F  G\s  increased  by  an  amount  equal  to  F  F^  by  the 
action  of  the  tightening-pulley ;  if,  as  above,  we  make  the 
angle E C H ^  FD  G=zy,?LnAt\it increment ECE^^FDF^ 
=  Yx^  we  shall  have : 


2) 


1 


•S,  =  ^ ,...<> r  ,     and 


5.= 


^(7 

+  y') 
k 

r 

^(y 

+  /) 

— 

I 

The  angle  included  between  the  two  directions  M E^  and 
M F^  is  £,  M F^  =  SMS  =  d,  and  may  be  determined  as  fol- 
lows:   In  consequence  of  the  tightening  by  the  pulley  MO, 

the  portion  of  the  belt  EF=zd  sin -is  transformed  .into 

E  F 
E  E^MF^  F,  which  is  approximately  equal  to -^ ,  and  conse- 


quently increases  in  length  by 

E  F  y 

X  = —  E  F=zd  sin- 

,6  2 

sin  — 
2 


6 
stn— 

2 


v'«!    /' 


and  the  ratio  of  this  increment  to  the  whole  length  /  is 

r 


^  (  I  —  sin  -] 


d  sin 
A.  __  ^     .    y 

Istn  — 
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X  k 

But  we  must  also  assume  -j  =  -^,  where  k  represents  the 

working  tension    and   E  the  modulus  of    elasticity  of    the 
belts ;  we  can  therefore  place : 


I     _     ^        Ik 


9 


that  is, 


3)     ^<«r  = 


Sin  -,  dE  sin  ^ 

2  2 


•   Y 
.01  2 


2         ^  ^       Ik  ■"      .    y  />fe' 

1  +  n       -y^^^  +  ^rc^ 

dEsin^^  ^      ^^ 

2 

If  we  make  the  assumption  that  the  increment  of  the  arc 
of  contact  y,  caused  by  applying  the  tightening-pulley,  is  the 
same  for  each  of  the  two  belt  pulleys  C  E  and  D  F^  that  is, 
EC E^  =  F DF^  =  y\  we  can  place : 

*=  SMS^CDF,  ^DCE,  =  ^  -  /  +  180"  -  ^^  +  y' ) 

=  2  (90°  -rO. 

hence,  —  =  90°  —  y\ 

and 

4)        y'  =  9o<'-|. 

If  we  substitute  this  value  y'  in  the  above  formulas  (2)  for 
5|  and  5,,  we  shall  find  the  required  belt  tensions,  from  which 
we  may  then  find  the  tightening  force  from  formula  (i) : 

F=2S  cos  -f 

care  being  taken  to  substitute  5,  or  5,  for  5  in  the  calcula- 
tion according  as  the  tightening-pulley  presses  against  the 
tight  or  slack  side  of  the  belt.  Since  the  force  P  is  directly 
proportional  to  5,  it  will  generally  be  well  to  let  the  tighten- 
ing-pulley act  against  the  slack  side  of  the  belt,  because  this 
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will  make  P  less,  and  thus  diminish  the  friction  on  the  jour- 
.  nals  of  the  pulley. 

The  crossed  belt  E FGH,  Fig.  182,  needs  two  tightening 
pulleys  M,  M„  acting  in  opposite  directions.  Since  the  arcs 
of  contact  are  here  greater  than  a  semi-circumference,  and 
equal,  they  are  a  more  perfect  means  of  transmission.     The 


two  tightening- pulleys  may  here  be  fastened  to  the  single 
lever  MOM,  and  can  be  pressed  against  the  belts  by  the 
weight  C,  but  tighten  ing-pulleys  are  seldom  employed  for 
crossed  belts. 

Example.  Suppose  thai  for  ihebcll-gear,  Fig.  180,  with  oprr  bell,  the  force 
to  be  Iransmitted  A'=  130  kilograms  [J90  lbs.],  Ihe  radius  o(  one  wheel  4=0.75 
meter  [39.  ;3  ini.],  the  radius  of  the  otherd  =  o.i3S  meter  [4  ga  Ins.],  and  the 
ditlance  between  the  axes  ^  =  3.35  meters  [88.58  ids  ].  we  shall  have,  a«  id  the 
example  of  g  S4,  for  the  arc  of  contact  of  the  smaller  wheel : 


y  =  147°  4J'.  Hid  »"  ~  =  0.961. 

and  for  the  total  length  of  the  belt. 

/=3^««^  + Xa  +  ft*-?*)*. 

=4.5x0.961 -i-a.s79''0"S  + 

3.706  X  a7S, 

=  7.434  meters  [24-35  '«•]- 

hence  the  ratio, 

J      a.«5       ^^ 

H  we  also  ■ 

isMme  '*-'*-'     we      t 
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.  r 

^  stn  , 

.    ^  2  o.q6i 

""7=      .    Y       I    k    =a96x  +  ao4i»=°-^^^' 

hence—  =  73°  33',  that  is,  the  arc  of  contact  of  the  belt  on  the  tightening-pulley  is 
2 

«  =  147"*  6'. 

and  the  increment  of  the  arc  of  contact  on  the  belt  pulleys  which  is  caused  by 
tightening  the  belt  is 

^'  =  90® =  16   27'. 

Now,  since 

;^  +  y  =  147**  45'  +  16*  27'  =  164**  12', 
also 

/       •     .X  «  164.2 

<p(^  +  ^')  =  o«28  — J~  *  =  0.801, 

and 

^♦(y  +  yO  _:2.7i83°*»»  =  2.222, 

the  tension  of  the  slack  side  of  the  belt,  against  which  the  tightening-pulley  here 
acts,  must  be 

•S*  =  -r. — -s—T^ = =  '06.4  kilograms  [234.6  lbs.], 

^(y  +  y)— I       2.222—1  ■»        6         L  .^  j» 

and  the  force  of  the  tightening-pulley : 

P  ^^S%cos  —  •=  212.8  X  a283  =  60  kilograms  [132.3  lbs.]. 

The  use  of  the  tightening-pulley  is  not  always  an  advantage,  for  the  friction 
of  the  shafts  and  the  resistance  due  to  the  stiffness  of  the  belt  when  it  is  bent  about 
the  pulley,  add  new  hurtful  resistances  to  the  gearing.  Although  this  apparatus 
prevents  the  belt  from  being  excessively  tightened,  and  thus  reduces  the  friction 
of  the  shafts  which  would  otherwise  occur,  this  advantage  is  partly  neutralized  by 
the  resistances  of  the  tightening-pulley. 

§  57.  The  Oaldlng  of  Belts.— If  a  belt  Ay  Fig.  183,  is 
guided  to  a  smooth  cylindrical  pulley  B  C\m.  direction  nor- 
mal to  the  axis,  i>.,  in  a  direction  which  coincides  with  the 
middle  plane  of  the  pulley,  it  will  remain  on  the  surface  of 
the  pulley  during  its  rotation  without  needing  special  means 
for  guiding  it.  But  if  a  belt,  Fig.  184,  approaches  its  pulley 
in  a  direction  inclined  at  a  certain  angle  a  to  the  middle 
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plane  of  the  pulley,  the  belt  will  no  longer  stay  upon  the 
pulley,  but  will  fall  to  the  side  of  it,  because  the  inclination  a 
tends  to  make  the  belt  describe  a  helical  path  having  the 
pitch-angle  a  on  the  face  of  the  pulley.      A  very  small  angle 

Fig.  185. 


a  suffices  to  cause  the  belt  to  fall  off,  and  consequently,  in 
hanging  a  pulley,  special  care  must  be  taken  that  the  belt  is 
exactly  guided  into  the  plane  of  the  pulley. 

On  the  other  hand,  in  leading  the  belt  off  the  pulley,  the 
receding  portion  A  of  the  belt.  Fig.  185,  may,  experience 
shows,  make  quite  a  large  angle  (up  to  25°  and  more)  with 
the  middle  plane  B  C  without  danger  of  the  belt  falling  off. 
The  reason  of  this  is  that  the  force  which  must  be  exerted 
upon  the  receding  portion  of  the  belt  to  pull  it  off  must  be 
sufficiently  large  to  overcome  the  considerable  friction  exist- 
ing between  pulley  and  belt,  while  with  the  advancing  portion 
of  the  belt  a  suitable  direction  only  need  be  given  to  have 
it  leave  the  pulley  with  the  helical  motion  already  described. 
This  action  may  be  readily  seen  on  any  belt  communicating 
motion  between  two  pulleys.  For,  if  a  lateral  pressure  be 
exerted  upon  the  belt  while  it  is  in  motion,  a  slight  force  will 
be  sufficient  to  push  it  off  if  applied  near  the  point  C  or  Z?, 
Fig.  186,  where  the  belt  runs  on  to  the  pulleys,  while  it  will 
require  considerable  exertion  at  the  points  E  and  /%  at  which 
the  belt  is  delivered,  to  pull  it  from  the 
pulleys.  It  follows  from  this,  that  in 
cases  where  engagement  and  disengage- 
ment are  effected  by  shifting  the  belt 
alternately  on  to  a  fixed  and  loose  pul- 
ley, the  shifting  lever  must  be  applied 
to  the  belt  near  the  points  C  and  D. 

These  explanations  make  evident  the  conditions  that  must 
be  fulfilled  if  the  belt  is  to  run  properly,  that  is,  without 
special  means  being  employed  to  keep  it  from  running  off. 
15 


Fig.  z86.. 
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Since  it  is  here  only  a  question  of  guiding  the  belt  to  its  pul- 
ley in  the  middle  plane  of  the  latter,  we  have  for  the  arrange- 
ment of  every  pair  of  pulleys  the  fundamental  condition  that 
the  point  at  which  ttie  belt  is  delivered  from  each  pulley  must  be  in 
the  middle  plane  of  the  other  pulley.  This  condition  is  perfectly 
general,  applying  not  only  to  two,  but  to  any  number  of  belt 
or  guide  pulleys.  Moreover,  this  condition  that  the  belt  shall 
advance  properly  to  its  pulley  is  the  onlyonetobe  fulfilled, 
provided  the  belt  is  not  delivered  at  too  oblique  an  angle, 
say  not  more  than  25°  or  30°,  with  the  planes  of  the  pulleys. 
If  the  above  condition  is  fulfilled,  that  the  point  at  which 
each  belt  is  delivered  must  be  in  the  plane  of  the  other  pul- 
ley, the  belt  will  run  properly  for  tha  direction  of  motion 
assumed,  but  it  does  not  necessarily  follow  that  it  will  suffice 
for  an  opposite  direction  of  rotation  of  the  pulleys.  If  the 
latter  motion  takes  place,  the  points  at  which  the  belts  before 
ran  on  to  the  pulleys  will  now  become  the  points  at  which 
the  belt  is  delivered  from  the  pulleys,  consequently  it  is  plain 
that  the  above  fundamental  condition  must  also  be  fulfilled 
for  this  opposite  direction  of  rotation.  For  example,  if  three 
pulleys  are  connected  by  a  belt  in  the  manner  shown  in  Fig. 
187,  the  belt  will  run  properly  in  the  direction  indicated  by 

the  arrows,  for  the 
' '  point  of  delivery  A 

lies  in  the  plane  of 
the  pulley  j5,  the 
point  of  delivery  C 
in  the  plane  of  the 
pulley  E,  and  the 
point  of  delivery  £ 
in  the  plane  of  the 
pulley  A  D.  But  this  arrangement  is  not  suitable  for  the 
opposite  direction  of  motion,  for  then  the  point  'B  will  be- 
come the  point  of  delivery  of  the  pulley  B  C,  and  should  lie 
in  the  plane  A  D,  which  is  not  the  case,  neither  does  the 
point  E  lie  in  the  plane  of  the  pulley  B  C.  This  shows  that 
if  a  belt  is  correctly  placed  for  one  direction  of  rotation,  it 
does  not  follow  that  it  will  run  properly  for  the  opposite 
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direction ;  but  the  above  rule  enables  us  to  judge  readily  in 
any  given  case  whether  the  arrangement  is  such  as  will  allow 
the  belt  to  run  correctly  in  one  or  both  directions. 

The  simplest  case  of  belt  transmission  is  when  two  shafts 
are  directly  connected  by  means  of  a  belt — an  open  belt,  Fig, 
188,  being  employed  when  the  two  shafts  have  the  same 
direction  of  rotation,  and  a  crossed  belt.  Fig.  189,  when  they 
have  opposite  directions  of  rotation.  As  the  shafts  are 
parallel,  the  above  condition  will  be  fulfilled  and  the  belt  will 
run  properly  when  the  middle  planes  of  the  pulleys  coincide, 
and  it  is  also  evident  that  the  belt  will  then  run  as  well  in 
one  direction  as  the  other. 

When  a  crossed  belt  is  employed,  each  of  the  two  parts 
between  the  pulleys  is  twisted  180°,  thus  enabling  them  to 
pass  each  other  at  the  place  where  they  cross.  It  has  already 
been  stated  that  when  the  belts  are  crossed  the  arcs  of  con- 
tact are  greater,  consequently  the  belts  do  not  need  to  be 
tightened  as  much  to  produce  a  given  amount  of  friction. 
In   cases   where   the   direction   of 

rotation    of    the   driven    shaft    is     ^"'-  '*°-  ^^'t'  ^^^ 

unimportant,  crossing  of  the  belt  J 
is  employed  to  overcome  a  resist- 
ance which  would  cause  an  open 
belt  to  slip.  It  has  this  disad- 
vantage, however,  that  the  belt  is 
unequally  strained  and  therefore 
tears  more  readily.  If  I,  is  the 
average  length  of  a  straight  por- 
tion of  the  belt  measured  from 
point  of  contact  to  point  of  con- 
tact, and  i  the  width  of  the  belt, 
the  corresponding  length  of  the 
helical  edge  caused   by  the  twisting  will  be  : 

'■  =  |/'.-  +  (t)"'  "  -PP"-™'"'/  =  '.[■+!  (t)"]  • 

hence  the  elongation  of  each  edge : 
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from  which  we  can  easily  judge  of  the  force  causing  the 
elongation,  that  is,  of  the  diminution  of  strength  caused  by 
the  twisting. 

If  the  two  shafts  are  not  parallel,  and  consequently  the 
planes  of  the  pulleys  do  not  coincide,  we  may  still  satisfy  the 
condition  for  proper  running  by  suitably  placing  the  pulleys. 
For  this  purpose  the  wheels,  Fig.  190,  must  be  so  placed  with 
reference  to  each  other,  and  the  belt  so  placed  upon  them, 
that  the  straight  line  A  C  connecting  the  tv}o  points  of  delivery 
will  coincide  with  the  intersection  of  the  two  planes  of  the  pul- 
leys, for  then  the  point  of  delivery  of  each  wheel  will  lie  in 
the  plane  of  the  other  wheel.  This  line  A  C  is  moreover 
equal  and  parallel  to  the  shortest  distance  J/ A' between  the 
shafts.  The  advancing  portions  of  the  belt  are  tangent  at 
the  points  B  and  D,  while  the  receding  portions  are  oblique 
to  the  planes  of  the  pulleys  at  A  and  C.  This  oblique  deliv- 
ery causes  a  lateral  pressure  and  a  corresponding  lateral 
friction  between  belt  and  pulley  as  well  as  in  the  bearings 
of  the  shafts,  but  the  velocity  ratio  is  not  changed.  To 
p  diminish     this     friction 

as  much  as  possible,  as 
well  as  to  prevent  the 
belt    from  running   off, 
t  we  must  observe   what 
has  already    been  said 
concerning  the  amount 
of  deviation  of  the  re- 
ceding belt.     According 
to  Rcdtenbacher  the  dis- 
■  tance  A  C  between  the 
pulleys  must  be    taken 
equal  to  at  least  double 
the    diameter    of    the 
lai^er     pulley,     which 
would  give  for  the  angle 
of  deviation  tan  y  =  \,or  y  =  26"  40'.    Concerning  the  stress 
on  the  belt,  see  article   by  Volker,  Zeitschrift  deutsch.  Ing. 
i860,  p.  115. 
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We  know  from  what  has  preceded  that  transmission  o£ 
motion  can  take  place  in  only  one  direction,  as  represented 
in  the  figure  by  arrows,  for  an  opposite  rotation  would  make 
of  the  points  B  and  D  points  of  delivery  not  in  the  planes  of 
the  other  pulleys.  But  there  is  no  difficulty  in  so  arranging 
that  transmission  of  motion  may  be  possible  for  an  opposite 
rotation  of  one  of  the  pulleys ;  this  is  effected,  as  may  be  seen 
from  the  figure,  by  shifting  the  pulley  A  D  upon  its  shaft  an 
amount  equal  to  the  diameter  of  the  pulley  B,  the  new  posi- 
tion being  ^hown  in  the  figure  by  dotted  lines  £,.  In  both 
cases  the  pulley^  turns  in  the  same  direction,  and  it  is  clear 
that  for  an  opposite  rotation  of  this  pulley  A  the  belts  may 
be  arranged  so  as  to  transmit  motion  whatever  the  rotation 
ol  B;  we  have  simply  to  shift  B  on  its  own  axis  through  a 
distance  equal  to  the  diameter  of  A.  To  show  this,  let  MM 
andiVA^,  Fig.  191,  be  the  projections  of  the  axes  upon  a 
plane  perpendicular  to  their  shortest  distance,  we  shall  then 
have  the  four  possible  positions  of  the  pulleys  corresponding 
to  the  four  different  motions  above  mentioned,  which  can  be 
obtained  by  uniting  each  direction  of  rotation  of  one  pulley 
with  each  direction  of  rotation  of  the  other.  Evidently  these 
four  different  arrangements  are  represented  by  ^,5,  ,.^,5,, 
A,  B,  and  A^  5, ,  the  points  of  delivery  corresponding  to  these 
positions  being  projected  in  C,,  C,,  C,  and  C,  respectively. 
If  the  shafts,  as  is  here  assumed,  cross  at  right  angles,   a 

reversal  of   the 

,  ,.  ,  Fic.  loi.  Fig.  192. 

rotation  of   one  ' 

pulley  only  re- 
quires the  shift- 
ing of  the  other 
pulley  upon  its  J 
axis.  But  if  the 
shafts  are  not  at 
right  angles,  two 
pulleys,  accord- 
ing to  Fig.  192, 

must  be  suitably  shifted  upon  their  shafts  even  though  but 
one  of  them  is  to  receive  an  opposite  rotation.     Heref^,^,, 
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A^B^y  A^B^^iYi^  A^B^Q}i^^x\y  show  the  relative  positions  of 
the  pulleys,  corresponding  to  the  four  cases  of  motion  before 
mentioned. 

The  foregoing  discussion  also  shows  that  transmission  of 
motion  by  belts  is  possible  for  any  direction  of  rotation  when 
the  shafts  cross  each  other  without  intersecting,  and  in  this 
respect  they  do  not  differ  from  parallel  shafts  in  which  the 
different  directions  of  rotation  are  effected  by  open  and 
crossed  belts.  To  distinguish  the  crossed  belts  of  parallel 
shafts  in  which  each  half  of  the  belt  is  twisted  180°  from  the 
belts  employed  for  two  shafts  which  cross  at  right  angles 
without  intersecting,  the  latter  are  called  quarter-twist  belts, 
each  half  of  the  belt  receiving  a  twist  of  90°.  We  may  also 
speak  of  one  eighth  twist,  a  twelfth  twist,  etc.,  according  as 

the  angle  made  by  the  shafts  is  ^-tt—  ,  - —  ,  etc. 
**  ^  8        12 

■ 

§  58.  Onlde  Pulleys. — If  the  condition  developed  above 
for  belt  transmissions  cannot  be  satisfied,  we  must  have 
recourse  \,o  guide  pulleys.  This,  for  example,  is  always  the 
case  when  two  shafts  intersect,  for  then  although  the  point 
of  delivery  of  one  pulley  A  can  be  brought  into  the  plane  of 
the  other  B^  yet  the  point  of  delivery  of  the  pulley  B  cannot 
be  brought  into  the  plane  of  the  first  pulley  Ay  unless  the 
pulleys  are  allowed  to  touch  so  that  on  each  pulley  the  point 
of  contact  will  be  the  point  at  which  the  belt  is  both  received 
and  delivered,  that  is  unless  the  arc  of  contact  on  each  pulley 
is  equal  to  the  whole  periphery.  Although  such  an  arrange- 
ment is  perhaps  possible  with  a  small  cord,  it  would  not  be 
possible  with  a  belt  of  any  width.  Guide  pulleys  must  also 
be  employed  with  parallel  shafts  when  for  any  reason  the 
two  pulleys  cannot  be  brought  into  the  same  plane.  This, 
case  is  represented  in  Fig.  193,  where  both  guide  pulleys  E 
and  G  have  a  diameter  EF  equal  to  the  perpendicular  dis- 
tance of  the  middle  planes  of  A  and  B.  Now  if  both  pulleys 
E  and  G  be  placed  upon  a  common  shaft  parallel  to  the 
planes  of  the  pulleys  A  and  -ff,  the  belt  will  allow  of  only  one 
directfon   of  rotation.     For  the  direction  of  rotation   indi- 
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cated  by  the  arrows,  the  pulley   EF  must  lie  in   a  plane 

which   will  touch   A  C  a.t  the  point  of  delivery 

^,  while  the  pulley  G 1/ must  lie  in  a  plane  which       '"'  '** 

is  tangential  to  the  pulley  at  its  point  of  delivery 

D.      For  the  opposite  rotation,  the  pulleys  £F 

and  (7// must  be  so  shifted  on  their  shafts  that 

G  H  will  lie  in  a  plane  which  is  tangent  to  ^4  C  at 

C  and  £i^  in  a  plane  which  is  tangent  to  5/?  at 

B.     Generally  in  such  an  arrangement  it  is  only 

necessary  to  transmit  motion  in  one  direction,  but 

if   motion  in    both    directions  is   required,  guide 

pulleys  must  be  placed  upon  different  shafts,  so 

that  the  plane  of  the  pulley  £  /"will  contain  the 

two  points^  and  B  and  the  pulley  G H  the  points 

Cand  D.     The  shafts  of  the  guide  pulleys  E  and 

G  will  in  this  case  only  coincide  when  A  C  and 

BD  are  of  equal  size. 

If  in  this  case  B  D  he  regarded  as  a  guide  pulley,  and 
EFand  G H as  driving  pulleys  which  are  to  communicate 
motion  to  their  respective  shafts,  this  arrangement  will  permit 
a  driving  pulley  ^  C  to  transmit  motion  in  opposite  direc- 
tions to  two  other  shafts,  say  counter-shafts  for  looms,  etc. 
Such  arrangements,  frequently  found  in  spinning-mills,  etc., 
economize  space ;  but  considering  the  wear  of  belt  and  friction 
due  to  belt  pressures,  probably  transmission  by  two  separate 
belts  is  preferable. 

Again,  when  the  pulleys  of  two  shafts  which  cross  but  do 
not  intersect  cannot  be  placed  so  that  the  line  of  intersec- 
tion of  their  planes  will  touch  both  pulleys  (see  §  57),  two 
guide  pulleys  must  be  employed.  For  this  purpose  suppose 
that  from  any  two  points  E  and  F  oi  the  line  of  intersection 
O  Z,  Fig.  194,  tangents  E  A  and  E  B  a.s  well  as  F  D  and  F  C 
are  drawn  to  their  respective  wheels.  Now,  if  in  each  of  the 
two  planes  A  E  B  and  D  F  C,  we  so  place  a  guide  pulley,  E 
in  one  plane  and  F  in  the  other,  that  they  will  be  touched  by 
the  tangents,  we  shall  have  an  arrangement  which  will  permit 
rotations  In  both  directions,  for  the  plane  of  each  guide  pul- 
ley contains  the  points  at  which  the  belt  is  received  and 
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delivered.     Consequently,  these  points  may  interchange  their 
functions,  and  transmission  of  motion  may  take  place  in  op- 


posite directions.  The  two  guide  pulleys  E  and  /"are  to  be 
placed  upon  separate  shafts. 

For  two  intersecting  shafts  X  and  Y,  Fig.  195,  this  ar- 
rangement can  be  simplified  when  the  transmission  is  to  take 
place  in  but  one  direction,  by  placing  the  two  guide  pulleys 
upon  one  and  the  same  shaft.  To  do  this,  suppose  two 
planes  to  be  passed  through  the  points  of  delivery  A  and  C, 
perpendicular  to  the  line  of  intersection  of  the  middle  planes 
of  the  pulleys,  and  in  these  two  parallel  planes,  suppose  equal 
pulleys  E  and  F,  placed  so  that  the  straight  line  A  E  will  be 
tangent  at  E  and  C  H  tangent  at  F.  The  common  shaft  E  F 
wilt  then  be  parallel  to  the  line  of  intersection  of  the  middle 
planes  of  the  pulleys.  Rotation  can  take  place  in  only  one 
direction,  because  the  belt  leaves  the  guide  pulleys  obliquely 
at  (?  and  F\  if  rotation  in  the  opposite  direction  is  desired, 
the  perpendicular  planes  must  be  passed  through  B  and  Z*, 
and  in  these  planes  the  pulley  E  must  be  placed  tangent  to 
B  G  and  /^tangent  to  D  F ;  i,  e.,  the  pulleys  E  and  F  must 
be  shifted  on  their  shaft. 

In  this  last  arrangement  the  belt  is  delivered  obliquely- 
only  from  the  guide  pulleys,  while  the  portions  of  the  belt 
which  advance  toward  and  recede  from  the  belt  pulleys  both 
lie  in  the  planes  of  the  latter.     If  the  belt  is  also  allowed  to 
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Fig.  196. 


leave  the  pulleys  A  D  and  B  C  obliquely,  we  may  still  further 
simplify  this  ar- 
rangement for  in- 
tersecting  shafts  by 
employing  but  one 
guide  pulley  jE", 
Fig.  196.  To  do 
this  B  is  placed  in 
such  a  position  that 
its  middle  plane 
will  pass  through  the  point  of  delivery  oi  A  D  and  the  guide 
pulley  £,  so  that  its  plane  will  contain  the  point  of  delivery 
C  of  the  pulley  -ff,  and  that  it  will  itself  be  touched  by  the 
middle  plane  of  A  D,  thus  satisfying  the  above  fundamental 
condition  that  each  pulley  must  contain  the  point  of  delivery 
of  the  preceding  pulley. 

Sometimes  guide  pulleys  are 
employed  only  to  pull  the  belt  to 
one  side  to  economize  space.  In 
other  cases  they  are  employed  as 
guide  and  tightening-pulleys  si- 
multaneously, as  in  Fig.  197,  where 
the  belt  runs  over  two  pulleys  E 
and  Fj  carried  by  a  lever  which 
turns  at  M  and  is  pressed  up 
against  the  belt  by  the  weight  G.* 
Guide  pulleys  are  also  applied 
in  cases  where  the  driven  pulley 
is  carried  on  a  movable  frame  or 
carriage  and  partakes  of  the  mo- 
tion of  the  latter,  for  example,  in 
spinning  machines  and  traveling 
cranes.  In  these  cases  cotton  cords  are  generally  used  in- 
stead of  belts,  and  run  at  extraordinarily  high  speeds;  in 
traveling  cranes  up  to  25  meters  [82  ft.]  per  second.     Fig.  198 


Fig.  197. 


J  to 


*  For  interesting  application  of  guide  pulleys  for  belt   transmissions  see 
Jifuleatix^s  Constructeur. 
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represents  the  rope  gearing  of  a  spinning  machine  (mule). 
Here    W  is  a   long    carriage    containing    several   hundred 

spindles  and  mov- 
^^^-  '98.  ing  back  and  forth 

in  a  direction  per- 
pendicular to  its 
length,  while  the 
thread  is  alternate- 
ly twisted  and 
wound.  It  is  there- 
fore a  question  of 
so  guiding  the  driv- 
ing cord  from  the 
driving  pulley  A  to  the  pulley  B  on  the  carriage  (which  com- 
municates motion  to  the  spindles  by  suitable  pulleys  and 
cords)  that  the  pulley  B  will  receive  the  proper  rotation  in 
every  position  of  the  carriage.  For  this,  one  guide  pulley,  C, 
is  placed  on  the  carriage  and  another,  Z>,  is  placed  beyond  the 
path  of  the  carriage  on  a  bearing  attached  to  the  foundation. 
Two  other  guide  pulleys,  E  and  F^  are  placed  close  to  the 
driving  pulley  A  to  change  the  direction  of  the  cord  from 
vertical  to  horizontal.  The  cord  passes  from  the  driving 
pulley  A  around  E  to  the  pulley  B  on  the  carriage,  which  is 
provided  with  two  grooves,  is  in  contact  with  one  groove  of 
this  pulley  along  the  arc  G  H,  then  passes  around  C,  is  a 
second  time  in  contact  with  the  pulley  B  along  the  arc  J  G 
of  the  other  groove,  and  finally  gets  back  to  the  pulley  A  by 
passing  over  the  fixed  guide  pulleys  D  and  F.  The  cord  is 
carried  twice  to  the  double-grooved  pulley  B  simply  in  order 
that  the  arc  of  contact  may  be  sufficiently  large.  It  is  clear 
that  with  this  arrangement,  if  the  direction  of  the  straight 
lines  between  D  and  E  coincides  with  the  direction  of  motion 
of  the  carriage,  the  length  of  the  cord  will  be  the  sam.e  in  all 
positions  of  the  carriage,  and  consequently  motion  will  be 
transmitted  from  A  to  B  and  from  the  latter  to  the  spindles 
in  all  positions.  In  this  connection  we  must  remark  that  the 
motion  of  the  carriage  itself  causes  a  rotation  of  the  pulley 
B,  the  latter  rolling  on  the  tight  cord.     If  ze;  is  the  path  of 
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the  carriage  and  b  the  radius  of  the  pulley  B^  the  latter  will 


w 


make -,  revolutions  for  every  outward  motion  of  the  car- 

riage,  and  as  many  revolutions  in  th«  opposite  direction  for 
every  inward  motion  of  the  carriage,  the  motion  received  by 
the  pulley  B  from  the  rotation  of  A  being  increased  or  dimin- 
ished by  this  amount. 

.  The  arrangement  of  rope  gearing  for  a  traveling  crane  is 
shown  in  Fig.  199.     Here  AT  A' is  a  bridge,  movable  on  the 


Fig.  Z99. 


H 


rvTT^ 


rails  J  J.  On  the 
bridge  is  the  hoist- 
ing gear  or  crab  W^ 
which  can  be  mov- 
ed in  the  direction 
KK.  The  motion  K 
is  received  from 
the  rope  pulley  Ay 
thjs  rope  being 
guided  along  the 
horizontal  pulleys 
5,   C  A  and  E, 

which  are  all  carried  by  the  bridge  K  Ky  and  after  passing 
around  the  pulley  F^  which  has  an  arrangement  for  tighten- 
ing the  rope,  returns  to  A.  We  see  that  in  this  arrangement 
the  pulley  £,  which  moves  the  bridge  along  its  track,  receives 
motion  from  A  in  every  position  of  the  bridge.  Since  the 
two  pulleys  G  and  //,  carried  by  the  crab,  can  be  brought 
into  contact  with  the  ropes  B  C  and  D  Ehy  means  of  pres- 
sure pulleys,  as  desired,  it  follows  that  for  every  position  of 
the  crab  Won  the  bridge,  the  motion  from  A  can  be  trans- 
mitted to  G  and  H,  the  pulley  G  driving  the  hoisting  gear 
for  lifting  the  load,  and  H  moving  the  crab  along  the  bridge. 
What  was  said  in  the  preceding  example  concerning  the 
rotation  of  the  pulleys  in  consequence  of  their  motion  along 
the  rope,  applies  equally  well  to  this  example.  Hence,  if  b 
and  h  represent  the  radii  of  the  pulleys  B  and  //,  w^  a  mo- 
tion of  the  bridge  and  w^  a  simultaneous  motion  of  the  crab 
on  the  bridge  in  one  direction  or  the  other,  the  pijlley  B  will 
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receive  an  additional  rotation  amounting  to  ±  — ^,    and  H 

a  rotation  amounting  to  ±  - — ^  ±  — *-,  - 
^  ink      2nh 

The  rope  of  such  traveling  cranes  is  usually  allowed  to 

run  at  the  great  velocity  of  25  meters  [82  ft.]  per  second,  in 

order  that  it  may  perform  considerable  work,  even  when  the 

force  transmitted  is  slight.* 

§  59.  Wire  Rope  Oearlng.'l — Wire  rope  was  first  used 
by  Hirn  Brothers  in  Alsace  (1850)  for  transmitting  power 
over  great  distances  (up  to  1,000  meters  [3,280  ft.]);  it  differs 
from  belt  gearing  only  in  employing  wire  rope  instead  of 
belts.  The  distance  between  the  pulleys  is  always  consider- 
able, and  must  never  be  taken  less  than  15  to  20  meters  [50 
to  65  ft.],  consequently  the  wire  rope  will  sag  sufficiently  to 
prevent  its  being  torn  by  its  own  waight.  The  tension  on 
the  rope  caused  by  its  own  weight  generates  the  friction  on 
the  pulleys  necessary  for  transmission.  Strictly  speaking, 
this  is  also  the  case  with  horizontal  belts,  the  nearness  of  the 
pulleys  preventing  the  deflection  from  being  as  perceptible 
as  in  long  wire  ropes. 

.  For  transmitting  power  wire  ropes  are  employed  which 
are  composed  of  strands,  each  containing  six  or  more  wires, 
and  a  hemp   strand   in  the  centre.  Fig.  200.     The  diameter 

of  the  individual  wires  varies  bc- 
Fm.  200,  ,  J  -II-  Fic.  aoi. 

tween    0.5    and     2    millimeters         ^ 

[002  and  O-08    in.],   the  diame- 

»ter  and  transmitting  capacity  of 
the  rope   depending   essentially 
upon  the  number  of  wires  which 
it  contains.     On  account  of  the 
stifl'ncss   of    the   larger  sizes   of 
wire    it    is   advisable,  when   the 
force  to  be  transmitted  is  large,  to  increase  the 
number  v  of  the  wires,  but  to  keep  their  diameter 
S  as  small  as  possible. 

*  See  article  by  Lenli,  Zeitschr.  deuLsch.  Ing.,  p.  3S9. 
fCoftceming  wire  rope  gearing  nea  Reulcaux,  Dar  Conslructear. 
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Wire  rope  transmission  takes  place  only  between  parallel 
shafts,  and  generally  between  pulleys  of  the  same  size.  The 
wire  ropes  bear  against  the  bottom  of  a  groove,  Fig.  201,  on 
the  pulley,  which  is  lined  with  gutta  percha  or  cork,  and 
transmit  the  motion  by  means  of  friction  from  pulley  to 
pulley  just  as  belts  do.  Therefore  the  laws  determined  for 
belt  gearing  apply  equally  to  wire  rope  gearing  and  we  have 
(see  §  53), 

*       ^*y  —  I  *      e^y  —  I  2 

If  we  assume  the  coefficient  of  friction  between  rope  and 
pulley  to  be  9>  =  o.24  and  with  equal  sized  pulleys  y^n 
we  have 

£^7s^K       2.11  K  ^ 

e  -753  —    I  I. II  5^  ' 

5,  = = =  0.00  A  , 

^.753   —   I  I. II  :^         ' 

C,  0.00   +    I.QO  r/. 

S  —  ^.^:! ^  =  i.4oA!^. 

2  ^ 

In  round  numbers  these  values  become 

which  we  will  assume,  as  they  also  give  somewhat  greater 
safety. 

If  we  know  the  force  K  acting  with  the  radius  R  at  the 
circumference  of  a  pulley,  we  shall  have  for  the  effective 
cross  section  of  the  wire  rope 

4  K        K 

where  v  represents  the  number,  S  the  diameter  and  >&,  the 
working  tension  of  the  wires.     To  determine  this  permissible 
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tension  k^  correctly,  we  must  remember  that  the  wires  are 
here  subject  to  two  different  stresses,  the  tension  k^  caused 
by  Sx  and  the  bending  stress  k^  which  results  from  bending 
the  wires  around  the  pulley  having  the  radius  R.  This 
bending  stress  k^  may  be  easily  determined  from  the  modulus 
of  elasticity  E  and  the  elongation  A.  of  the  wire  while  bend- 
ing. If  we  assume  that  the  length  of  the  middle  layer  of 
fibres  in  a  wire  remains  unchanged  while  the  wire  bends  about 
the  pulley  whose  radius  is  R^  and  that  the  inner  layers  shorten 
and  the  outer  ones  lengthen,  then   will  the   length   of  the 

outermost  layer  whose  radius  is  /?  +  -be  tt  f  7?  +  -j  ,  while 

its  original  length  will  be  n  R^  the  same  as  that  of  the  in- 
variable layer.  The  elongation  per  unit  of  length  will  there- 
fore be 

n(R^^-nR 


%-' 


7tR  ~2R' 

and  the  stress  corresponding  to  this  rate  of  elongation  will 
be  (see  Vol.  I,  §  204), 

£~  2R'°'    '~2R' 

Assuming  the  modulus  of  elasticity  of  iron  to  be  20,000 
kilograms  per  square  millimeter  [28,500,000  lbs.  per  square 
inch],  we  get  for  the  bending  stress 


,  _  10,000  (^ 
'  R 


yoS      r    _  14,250,000  <y"] 


Now  if  k  represents  the  total  permissible  stress  in  the  wires, 
and  if  we  assume  for  the  excellent  material  of  which  small 
wires  must  be  made  k  =  18  kilograms  per  square  millimeter 
[25,600  lbs.  per  square  inch],  we  have 

^  =  ^,  4-  ^,  =  18  ,     [25,600] , 
therefore 

>&.=  18 ->&,=  18  -  1^1^  [>&.  =  25,600  - '4^5 joootf-j  ^ 
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which  must  be  introduced  into  the  above  formula  for  the 

cross  section  of  the  wire  rope. 

'  k       I 
If  according  to  Reuleaux  we  assume  -^  =^  -^s  the  ratio  for 

k^      2 

which,  other  things  being  equal,  the  radius  of  the  pulley  be- 
comes a  minimum,  we  shall  get  k^  =  6  kilograms  per  square 
millimeter  [8,500  lbs.  per  square  inch],  and 

=  -g-  ,otv6^=L  0425  K[vd^z=z  0.0003  ^]  • 

If  instead  of  the  resistance  K  at  the  circumference,  we 
have  given  the  number  of  horse  powers  N  to  be  transmitted 
and  the  velocity  of  the  rope  v  in  meters  per  second  [feet 
per  second],  we  shall  have 

yd*  =  0.425  Ar=  0.425  — —  =  32—, 

\  V  6*  =  0,0003  K  =  0.0003  — =  0.165  —    . 

These  formulas,  which  result  from  assuming  ^,  =  i^a  =  6 
kilograms  [8,500  lbs.  per  square  inch],  of  course  suppose 
that  the  bending  stress  in  the  wires  will  not  exceed  k^  = 
12  kilograms  [17,000  lbs.  per  square  inch],  consequently  the 
radius  R  of  the  pulleys  must  at  least  have  the  value 

„  _  10,000  <y  _  10,000  (?  _  g      ^ 
r^e  =  14*250,000^  ^  14.250,000  (?  ^  g  g  ^"1 

L  "      ia  17,000  ^        J' 

When  a  different  radius  R  is  employed,  we  must  find 

,  _  10,000  (J   r,  _  14,250,000  cy"] 

'^'~  ~:r~  .  r* R     J' 
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and  then  substitute  18  —  >&a  [25,600  —  ^a]   for  ^„  in  the  for- 
mula for  V  (5". 

Since  the  tensions  on  the  rope  depend  on  its  sag  or  deflec- 
tion, it  is  important  to  determine  the  latter  in  order  to  give 
to  the  rope  the  above  calculated  tensions,  which  prevent  it 
from  slipping  yet  are  not  excessive.  Let  d  be  the  distance 
between  two  shafts  C  and  Z?,  which  have  the  same  height, 
Fig.  202,  and  let  A  =  £  A!"  be  the  deflection  of  the  rope,  the 
curve  of  the  latter  being  assumed  to  be  approximately  a 
parabola,  also  let  EA  T=  a  he  the  inclination  of  the  ends 
A  and  B  of  the  rope  to  the  horizon,  we  shall  then  have 

E  T  2'h  4 A 


and  hence,  when  V  is  the  vertical  component  of  the  tension 
5  of  the  rope,  and  G  =  2  W,  the  weight  of  thie  portion  A  KB 
of  the  rope,  we  shall  have 


Ah 
Approximately  this  becomes 


•^  =  87/' 


hence  the  deflection  of  the  rope  at  the  centre  is 

Gd 


h  = 


85 


From  this  equation  we  may  obtain  the  deflection  of  the  driv- 
ing  or  driven  portions  of  the  rope,  and  also  the  deflection  of 
the  rope  when  it  is  at  rest,  by  substituting  for  S 
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and  therefore  get 


Gd, 


and  A„  = 


Gd 

12  K' 


Fig.  202. 


The  weight  of  the  wire  rope  per  running  meter,  when  the 
specfic  gravity  of  iron  wire  is  y,y,  and  the  shortening  of  the 
wire  by  twisting  is  taken  at  10  per  cent.,  is 

a  =—     -~ '-^  =  0.00672  y  <5' 

^        9      4  X  1000 


10  TT  (J*  v  X  7.7  X  12  -,  ,,  .       -     ^T 

[^  = '—^ =  2.91  y  <>*  lbs.  per  running  foot], 

9  4  X  ^7'7    ' 

consequently  under  the  assumption  (^,  =  6  kilograms  [>t,  = 
8,500  lbs.])  which  gave  k  <J»  =  0.425  A'  [k  6*  =  0.0003  -^]  we 
have 


=  2i?|/( 


-y+  {2hy  =  0.00286  AT  Vdf'  +  (4/1)' 


[G 


=-i/(lr 


+  (2  /ly  =  0.000873  Kyf^~V{^ 


when  ^and  A  are  expressed  in  feet],  or  approximately: 

G^  =  0.00286  A"^, 
[(9  =  0.000873  AT  rf]. 


x6 
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Substituting  we  get 

K  = -p-—  d*  =  o.oooi 79  d^ ;   //,  =  0.000358  d^ ; 

Ao  =  0.000238  d*. 
[Aj  =  0.0000545  d';    A,  =  0.000109  rf' ;    A^  =  0.0000726  ^/»]. 


:h 


1)12 


Hence,  when  the  distance  between  the  shafts  equals  lOO 
meters  [328  ft.],  the  deflections  are  as  follows:  //,  =  1-79 
meters  [5.87  ft.]  ;  //,  =  3.58  meters  [11.74  ft],  and  A^  =  2.38 
meters  [7.80  ft.]. 

In  order  that  the  deflections  may  not  become  too  great, 
guide  or  supporting  pulleys  K  K^  may  be  placed,  as  in  Fig. 
203,  from  60  to  120  meters  [about  200  to  400  ft.]  apart.  But 
instead  of  these  it  is  better  to  employ  a  pulley  with  two 
grooves,  which  receives  motion  from  A  by  means  of  one 
rope  and  communicates  motion  to  B  by  means  of  another 
rope  running  in  the  second  groove.  This  arrangement  of 
rope  gearing  with  intermediate  stations  has  the  advantage 
that  short  ropes  may  be  used  instead  of  long  ones,  thus 
making  it  more  convenient  to  hang  the  ropes  and  to  repair 
them  in  case  of  breakage. 

In  cases  where  the  height  under  the  ropes  is  limited,  the 
deflection  or  sag  may  be  diminished  by  tightening  the  rope, 
i.  r.,  giving  a  greater  tension  to  it  than  would  be  necessary 
to  prevent  sliding.  As  a  consequence,  the  rope  must  be  of 
larger  size,  and  the  friction  on  the  journals  is  greater,  but 
these  circumstances  are  of  little  account,  for  the  diameters  of 
the  ropes  are  generally  small  and  the  resistance  of  friction  is 
comparatively  small.  (See  Reuleaux^  on  tightening  of  wire 
ropes.) 
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If  the  axes  of  the  pulleys  C  and  D  do  not  lie  in  the  same 
horizontal  plane,  we  have  the  case  shown  in  Fig.  204,  where 
the  curve  of  the  rope  A  KB  is  made  of  two  unequal  parts, 
A  K  and  K  B^  whose  deflections  K  E  and  K  L  are  represented 
by  It  and  h\  and  their  horizontal  projections  A  E  and  B  L 

Fig.  204. 

^  -- ^ .— , 

'  '  ^^ 

-  K- 

AT  \ 

by  d'  and  d'\  The  given  difference  in  height  E  L  oi  the  two 
pulleys  is  //  =  //—  /i\  and  their  horizontal  distance rf=  d' -Vd". 
Now,  according  to  the  above  we  may  place  h  =  /i  d^  and 
//"  =  p,  ^"»,  where  /i  is  a  coefficient  depending  on  the  tension 
of  the  rope  (for  example,  if  for  the  driving  portion  of  the 
rope  we  have  /i  =  4  x  0.000179,  for  the  driven  portion  we 
have  /*  =  4  X  0.000358,  etc.) ;  hence  we  also  have 

A  =  /i  {d'-  -  d  "»)  =  //  (^'  -  rf")  id'  +  d")=:^d{d'  --  d"), 
and  therefore 

^d 
consequently  the  horizontal  distances  are 

,,      k-\-i.id^        ,„      }id*  —  h 

a  = J-,     a    = — - — -.— > 

2^d  2}id 

and  the  height  of  the  arcs 

Remark.  Concerning  wire  rope  transmission,  see  Reuleaux^s  Constructeur, 
also  Le  Vignole  de  Mecaniciens,  par  Armengaud  aine,  as  well  as  different  articles 
in  technical  journals — among  others,  Zeitschrift  deutsch.  Ingenieure,  1862,  p.  212, 
l86(),  pp.  480,  731,  and  1870,  p.  14 ;  Dingler's  Polyt.  Journal,  Vol.  172,  No.  3. 
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§  60.    R^slstancei  of  Belt  aiid  Rope  Oearlng*— In  the 

preceding  investigations  we  neglected  the  influence  of  the 
hurtful  resistances  which  accompany  belt  and  rope  transmis- 
sions. Since  in  most  cases  these  resistances  are  not  insignifi- 
cant, we  will  now  discuss  them  in  order  to  ascertain  what 
corrections  should  be  applied  to  the  foregoing  results.  The 
principal  resistance  of  every  belt  transmission  is  the  friction 
of  the  journals  of  the  pulleys,  that  due  to  stiffness  of  the  belt 
when  bent  around  the  pulleys  being  generally  smaller.  In 
very  quickly  running  belts  and  ropes  the  resistance  of  the  air 
also  reaches  a  measurable  amount,  but  cannot  be  accurately- 
calculated,  therefore,  if  necessary  to  take  it  into  account,  its 
amount  must  be  estimated  approximately. 

The  friction  on  the  journal  is  directly  dependent  on  the 
pressure  with  which  the  shaft  is  pressed  against  its  bearing 
by  the  pull  of  the  belt  or  rope.  This  pressure  consists  not 
only  of  the  weight  of  the  pulley  and  its  shaft,  but  also  of  the 
tensions  of  the  driving  and  driven  portions  of  the  belt.  Since 
the  directions  of  these  two  tensions,  especially  when  the  pul- 
leys differ  but  little  in  diameter  and  are  far  apart,  may  be 
assumed  as  parallel,  we  have  for  the  friction  of  the  journals : 

r  representing  the  radius  of  the  journal  and  q)^  the  coefficient 
of  friction.  This  expression  when  reduced  to  the  circum- 
ference of  a  pulley  whose  radius  is  R^  becomes: 

The  resistance  due  to  the  stiffness  can  be  assumed,  as  in  ropes, 
to  be  directly  proportional  to  the  tension  S  and  the  square 
of  the  thickness  (J,  and  inversely  proportional  to  the  radius 
of  curvature  Ry  so  that  the  coefficient  of  stiffness  can  be  taken 
equal  to : 
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If  we  now  designate  by/=  ^^-^  the  coefficient  of  journal 

friction  reduced  to  circumference  of  pulley,  we  shall  have  for 
the  sum  of  the  two  resistances 


r      '  6^ 


If  now  5,  and  5",  again  represent  the  tension  of  the  driv- 
ing and  driven  portions  of  the  belt,  we  shall  have  the  tension 
5,  resisted  not  only  by  the  transmitted  force  K  at  the  cir- 
cumference and  the  tension  5, ,  but  also  by  the  resistances 
u  Si  and  u  5,  reduced  to  the  circumference.  We  therefore 
have 

S,  =  S,'h  K+uS,  +  uS,, 

or 

5,(1  -k)  =  5,(i  +  u)  +  K. 

If  we  assume  the  normal  condition  to  exist,  in  which  S^  is 
not  unnecessarily  large  but  possesses  the  value  needed  to 
transmit  the  force  AT,  we  may  from  what  has  preceded  place 


and  then  get 


or 


S,  =  S,e^y, 


S,e^y{i  -  u)  =  5,(1  +  u)-h  K, 


e'f'y  {i  -  «)  -(i  +  «)' 


and 


c  -.  ^*^^ 

o,  — 


^*y  (l  —  «)—  (l  +  «)* 


The  sum  of  all  the  resistances  due  to  friction  and  stiffness 
on  one  pulley  reduced  to  its  circumference,  is  therefore 

rr=(5,  +  5,)«<  =  5,(^'*v+  i)«, 
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consequently  for  both  pulleys  when  they  are  equal : 

2S^(e^y  +  i)  «. 

The  ratio  of  these  resistances  to  the  transmitted  or  effective 
force  A",  and  therefore  the  ratio  of  the  corresponding  quanti- 
ties of  work,  may  be  obtained  from 

W  _         2(€^y  +  \)u 

'K  ""  ^*>(i  —  «)  —  (I  +  «)  * 

If  we  assume  for  the  coefficient  of  friction  9?,  =0.08,  we 
shall  have 


r 
R^ 

0.20 

0.15 

O.IO 

0.08 

0.05 

/=o.oS^, 

0.016 

0.012 

0.008 

0.006 

0.004 

Moreover,  if  we  assume  the  stiffness  of  a  belt  to  be  equal 
to  that  of  an  equally  thick  rope  whose  diameter  ^  =  S  milli- 
meters [0.2  in.],  we  shall  have,  according  to  Eytelwein  (Vol, 
I.,  §  197),  for  every  winding  and  unwinding  of  the  belt, 

S  =  0.0186  =■  =  0.009  TT  > 

2  R  ^^  R 

m 

when  S  and  R  are  both  expressed  in  millimeters.     This  gives 
the  following  table : 


R  = 


j  = 


100 
0.0023 

200 
0.0012 

200 
0.0008 

500 

0.0004 

800 
0.0003 

1,000 


0.0002 


[s  —  0.23-5,  when  <y  and  R  are  expressed  in  inches  also  the 
following  table : 
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R- 


s  =- 


4 
0.0023 

8 
o.ooiiz 

12 
0.0008 

20 
0.0004 

32 
0.0003 

40 

o  0002] 


From  this  we  get,  for  example,  when  R  =  300  millimeters 
[12  ins.]  and  r  =  0.1  .^  =  30  millimeters  [1.2  ins.]  : 

u  =/-h  s  =  0.0088  =  about  0.009. 

If  we  also  assume  the  coefficient  of  friction  of  the  belt  on 
iron  pulleys  to  be  <p  =  0.28  and  the  arc  of  contact  equal  to  a 
semi-circumference,  that  is  ^'*Y  =  2.41  (see  §  54),  we  shall  get 
for  the  average  value  of  «  =  0.009  • 


IV 


2(r*y  4-  l)«  0.0614 

^ ^ —  ^  =  0.045 


K      ^♦>(i  —  «)-(i  +  «) 


1-379 


Therefore  to  overcome  the  resistances  of  this  belt  gearing 
will  require  an  amount  of  work  equal  to  4.5  per  cent,  of  that 
transmitted. 

From  the  foregoing  developments  we  may  easily  judge  of 
the  influence  which  the  velocity  of  the  belt  or  of  the  driven 
shaft  exerts  on  the  resistances.  For  if  we  assume  in  a  par- 
ticular case  that  the  velocity  of  the  belt  is  equal  to  v  when  N 
meter-kilograms  per  second  [.A^  foot-pounds  per  second]  are 

N 
transmitted,  we  shall  have  K=  -  ,  and  since  the  resistance 

V 

Wsit  the  circumference  of  the  pulley  is  directly  proportional 
to"  AT,  we  have 

V 


where 


a  = 


2  {e^y  -f  i)« 


^*>(l  —  «)  —  (l  +  «)' 


The  work  per  second  consumed  by  this  resistance  is 


N 
Wv  =  a  —  «/  =  a  N . 

V 
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and  we  see  from  this  that  the  loss  of  work  from  resistances 
would  be  independent  of  the  velocity  v\{  a  were  independ- 
ent of  V ;  but  a  is  not  independent,  for  as  the  velocity  v  in- 
creases, the  diameter  of  the  shaft  diminishes,  because  it  is 
subject  to  a  smaller  twisting  moment,  and  thus  reduces  the 
moment  of  the  friction. 

In  general  the  value  of  u  will  vary  between  the  limits 


and 


u^  —  0.016  +  0.0023  =  0.0183 


«a  =  0.004  +  0.0002  =  0.0042, 


the  extreme  values  of  f  and  s  given  in  the  tables  being 
assumed.  In  determining  the  resistances  we  may  therefore 
make  use  of  the  following  table,  when  ^*>  =  ^o«8ir  ==  2.41  : 


u- 

0.020 

0.015    . 

O.OIO 

0.006 

0.004 

w 

0.102 

0.076 

0.049 

0.029 

0.020 

It  should  be  remembered  that  these  values  are  applicable 
only  so  long  as  the  tension  on  the  belt  is  not  unnecessarily 
large,  />.,  so  long  as  the  relations  between  5„  5,  and  K  can 
be  expressed  by  the  formulas  of  §  53,  one  of  which  is 

When  this  is  not  the  case,  when,  for  example,  the  driving 
shaft  has  to  overcome  a  smaller  resistance  AT,  while  the  belt 
has  a  tension  S  corresponding  to  a  much  greater  resistance 
K,  the  tensions  5,  and  5,  for  overcoming  the  small  resistance 
AT'  will  no  longer  be  given  by  the  relation 


S,  =  S,e^y, 


but  must  be  found  from 


5,  -  5,  =  K\      and      5,  +  5,  =  2  S. 
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It  is  evident  in  this  case  that  because  of  the  dependence  of 
the  resistance^  of  friction  and  stiffness  on  5,  the  ratio  of  these 
resistances  to  the  smaller  force  K  will  be  much  greater  than 
their  ratio  to  the  larger  force  AT,  and  therefore  these  resist- 
ances will  consume  a  much  higher  per  cent,  of  the  useful 
work  actually  transmitted ;  the  per  cent,  being  greater  the 
smaller  the  ratio  of  the  transmitted  force  to  the  greatest  force 
that  could  be  transmitted  with  the  existing  tension  5.  We 
see  from  tjjiis  the  disadvantage  of  making  the  belts  too  tighty 
.and  also  that  when  the  useful  resistances  vary  considerably 
belt  gearing  is  not  very  economicaL 

The  conclusions  arrived  at  for  belt  gearing  apply  equally 
to  wire  ropes  ;  we  can,  however,  neglect  the  resistance  due  to 
stiffness,  because  the  small  diameter  of  the  wires  and  the 
large  diameter  of  the  pulleys  make  this  resistance  extremely 
small.     The  friction  of  the  journal  is  also  less  for  wire  ropes, 

for  the  ratio  -  is  always  much  smaller  than  in  belt  gearing. 

If  in  wire  ropes  we  assume  the  average  value  -  =  0.03,  we 
shall  find : 

/  =  0.08  -5  =  0.0024 , 


and  by  neglecting  s  and  taking  e^y  =  e""-^^  ^  2. 11  we  can 
find  the  loss  of  work  from 

W         2  (2. 1 1  4-  l)  0.0024 

-T>=  ^ ^ ^—    =  0.014, 

K      2.1 1  X  0.9976  -  1.0024      ^ 

that  is,  the  loss  will  be  only  1.4  per  cent,  of  the  useful  work 
transmitted.  This  agrees  with  experience,  for  the  hurtful 
resistances  in  wire  rope  transmissions  have  everywhere  been 
found  very  small.  It  seems  that  when  wire  ropes  run  with 
great  velocity,  a  greater  loss  is  occasioned  by  the  resistance 
of  the  air,  at  least  this  agrees  with  a  statement  of  Guilleaumey* 

*  Zeitschrift  deutsch.  Ingenieure,  187O1  p.  35. 
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according  to  which  the  loss  is  proportional  to  the  length  of 
rope,  amounting  to  \  of  one  per  cent,  of  the  useful  work 
transmitted  for  every  100  feet  [31  meters].  For  the  wire 
rope  transmission  at  Oberursal,  there  was  a  loss  of  8  horse 
powers,  100  horse  powers  being  transmitted  by  means  of  8 
ropes  each  125  meters  [820  feet]  long. 

The  relations  just  determined  apply  only  to  driving  and 
driven  pulleys,  and  not  to  the  guide  pulleys  in  belt  gearing, 
nor  to  those  at  the  intermediate  stations  of  wire  rope  trans- 
missions. Now  if  in  guide  pulleys  we  represent  by  S^  the 
tension  of  the  portion  of  the  rope  advancing  toward  the  pul- 
ley, Fig.  205,  and  by  y  the  arc  of  contact,  we  shall  have  the 
tension  5,  of  the  receding  portion  of  the  rope  increased  by 
the  resistances : 

I  +  ^  -V  f  sin  - 

jr  '  y 

I  —  s  —  J  stn  — 

-^         2 

At  an  intermediate  station  of  a  wire  rope  transmission, 

Fig.  20s.  Fig.  206.  ^^S-  ^^^^  .^^^^  f"^^*^^ 

^jfc^^^  ^ — >>,^  of    the    journals    is 

^y^^i^^%.     \i/f        VN,      principally  due  to  the 

^<  I   "Sjr     )  M  })      ^«  vertical  pressure,  for 

V  J  \^    ^  the  nearly  equal  hor- 

S  * — ^'^^^^"^s        izontal     tensions    of 

the  ropes  on  each 
side  neutralize  each  other.  Therefore  if  G  represents  the 
weight  of  the  rope  between  two  stations,  the  friction  of  the 

journals  at  the  intermediate  station  will  equal  <p^G  -,  when 
reduced  to  the  circumference  of  the  pulley. 

Remark.  The  loss  of  work  occasioned  by  the  stiffness  of  leather  belts  is 
determined  by  Autenheimcr^  from  the  work  necessary  to  bend  a  prismatic  bar, 
the  tension  of  whose  fibres  per  unit  of  area  is  k^  and  whose  modulus  of  elasticity 

*  See  Schweix.  polyt.  Zeitschrift,  1861,  No.  5,  or  Ztsch.  deutsch.  Ingenieure, 
i86z,  p.  30a. 
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is  £.     The  work  A  required  to  bend  such  a  bar  of  a  length  /  about  a  circle  whose 
radius  is  R,  is  expressed  by 

24  \        eJ     R»   ' 

where  d  is  the  width  and  d  the  thickness.     For  the  belt  in  which,  according^ 

to  §  55. 

Ji        0.2       0.2 

-^r  =  to —  0.013  to  0,01, 

£>  15         20  - 

we  can  neglect  [  £  }  ^^  comparison  with  I.  therefore  the  loss  of  work  at  one 

pulley  is 

.  E    /fid^ 

^  -  Ti     R'    ' 

Now  if  the  belt  transmits  a  force/  for  every  unit  of  area  of  its  cross  section, 
so  that  K  =  b  8p,  and  ICl—  ib8p  equal  to  the  useful  work  transmitted  through 
the  distance  /,  we  shall  have  the  ratio :         t 


E     S' 


Now,  since 


/sT/      lb  dp      24/  R^ 
.,      „  A  -  I 


we  have 


or 


J\.   — 

fcjl            ■  ■  1 

bdp  = 

t- 

zk    T ' 

and  for  an  average  value  when  ^^  =  /^'^  *  =  2.41 : 

p  =   -^  /'  =  o.  58  X  0.2  =  o.  116  kil(^ams[o.  58  x  285  =  165  lbs.  per  sq.  in] 
2.41 

This  value  for/  and  ^  =  20  [-ff  =  28,400]  give, 

A   _  20  25^  _  180  r  A   __  0.288"! 

in  "  24  XO.116    R^  "  R*  \jCl  "^     ^    J' 

For  example,  if  we  assume  ^  =  200  millimeters  [7. 87  ins.],  we  have 

A  180 


XI       200  X  200 


=  0.0045 ; 
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that  is,  the  stiffness  of  the  belt  causes  a  loss  of  work  when  the  belt  is  bent,  which 
is  equal  to  0.45  of  one  per  cent,  of  the  useful  work  K l\  this,  however,  is  under  the 
supposition  that  the  straightening  of  the  belt  requires  no  additional  work.  If  we 
suppose  the  second  pulley  to  be  of  the  same  size  as  the  first,  then  the  total  loss  of 
work  arising  from  the  stiffness  of  the  belt  will  be  twice  that  given  above,  or  0.9  of 
one  percent.,  in  round  numbers  I  percent,  of  the  useful  work  transmitted. 

§  61.  Ei08§  due  to  Creeplug  of  Belt. — In  consequence  of 
the  different  tensions  5j  and  5,  of  the  driving  and  driven  por- 
tions of  the  belt,  there  arises  a  loss  due  to  the  so-called  creeping 
of  the  belt  on  the  pulleys,  the  result  of  which  is  that  the  cir- 
cumference of  the  driven  pulley  runs  a  little  slower  than  that 
of  the  driving  one  (the  circumferences  always  being  measured 
at  the  middle  of  the  belt,  the  corresponding  radius  being 

/?  +  —).     To  determine  this  effect,  let  us  take  any  piece  of 

belt  whose  length  is  /  before  it  is  stretched.  This  piece,  when 
it  is  part  of  the  driving  (tight)  side  of  the  belt,  which  is  sub- 
ject to  the  tension  i^,  will  be  stretched  by  the  specific  force 

>&,=  T-| .     When  this  piece  is  part  of  the  driven  (slack)  side, 

it  will  be  subject  to  a  stress  per  unit  of  section  equal  to 

^2=  -^ .     By  these  tensions  k^  and  k„  the  piece  under  consid- 
00 

eration  will  be  (Vol.  L,  §  204)  stretched 

k  k 

l~r  and  I  -^  respectively, 


so  that  the  lengths  of  the  piece  while  in  the  driving  and 
driven  portions  of  the  belt  will  be  respectively. 


/(r4-§)and/(i  +  -|). 


These  lengths  also  give  the  velocities  of  the  circumferences 
of  the  driving  and  driven  pulleys,  for  it  is  evident  that  every 

piece  of  belt  of  the  length  /f  I  +^)  which  the  driving  pul- 
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ley  draws  to  itself  is  afterwards  given  off  by  it  as  a  shorter 

length  /  f  I  +  -^  )>  and  that  this  latter  length  must  also  be  the 

circumferential  motion  of  the  driven  pulley.  The  loss  of  mo- 
tion which  is  thus  caused  bears  to  the  motion  of  the  driving 
pulley  the  following  ratio : 


'(■4-)-'(-l)  -I 


(-1) 


-f 


Now  we  have 


whose  average  value  is 


_i     _     I     _ 


From  this  value,  and  from  £  =  20,  >{•,  =  0.2  [£  =  28,400  and 
^i  =  275  lbs.  per  sq.  in.],  we  get : 


^__  I  —0.415 

' 77-  —  — .    ^  ^  =  0.0058. 

14-—       I  +  100  ^ 

The  loss  due  to  slipping  or  creeping  is  therefore,  on  an 
average,  about  Yz  of  one  per  cent. 

In  wire  ropes  the  loss  due  to  creeping  of  rope  is  insignifi- 
cant, because  the  material  stretches  but  little;  when 

E  =  20,000  [28,400,000  lbs.  per  sq.  in.], 
ki=  6  [8,500  lbs.  per  sq.  in.],  and 
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the  loss  due  to  creeping  is  : 


I 
I 

=  aoooi6. 


20,0CX) 

I  +  —^ — 


Inflnence  of  Centrfftigal  Force. — When  belts  and  ropes 
run  at  high  velocities,  the  centrifugal  force  exerts  consid- 
erable influence  on  them  by  dimin- 
ishing the  pressure  with  which  the  belt 
is  pressed  against  the  circumference  of 
the  pulley,  thus  reducing  the  friction 
between  belt  and  pulley.  When, 
therefore,  a  belt  has  to  transmit  a  given 
circumferential  force  K^  it  must  be 
tightened  more  the  greater  the  cen- 
trifugal force.  To  ascertain  the  influ- 
ence more  exactly,  let  us  suppose  A  C  B^  Fig.  207,  to  be  the 
arc  of  contact  of  a  belt  on  a  pulley,  and  that  5  is  the  tension 
of  the  belt  at  any  point  D.  The  tension  at  the  point  £*, 
whose  angular  distance*  from  D  \s  S  y^  will  then  be  expressed 
hy  S  -{■  6  S,  and  if  we  let  F  represent  the  friction  on  the  ele- 
ment D  E,  we  shall  have  for  the  limit  at  which  sliding  will 
take  place  d S=  F.  But  the  friction  is  determined  by  the 
normal  pressure  N,  which  is  the  resultant  of  the  three  forces 
Sf  S  -h  S  Sf  and  centrifugal  force,  which  act  on  the  piece  of 
belt  D  £.    The  resultant  of  the  two  tensions  5  and  S  -h  ^  S  is 

(T    '   ^y      /  n  .   ^  c'\    '    ^y 
Ssin—^  +  (S  +  oS)  stn  —^  , 

2        ^  '2 

which  may  be  taken  equal  to  S  S  y  on  account  of  the  small- 
ness  ol  6  y  and  d  S.  The  centrifugal  force  of  the  piece  of 
belt  is  equal  and  opposite  to  the  resultant  of  the  two  ten- 
sions, and  we  therefore  have : 


§6l.]  INFLUENCE  OF  CENTRIFUGAL  FORCE,  25$ 

q  representing  the  weight  of  a  unit  of  length  of  the  belt,  v  its 
velocity,  and  R  the  radius  of  the  pulley  measured  to  the  mid- 
dle of  the  belt. 

The  friction  between  pulley  and  belt  for  the  element  of 

the  arc  is  therefore  ; 

SS^F^<p{sdY^qdY^. 
and  hence  we  have 

S  —  q  — 

s 

This  gives,  for  the  limits  y  and  o,  or  5,  and  5,,  the  ex- 
pression : 


q)\  dy^   I 


o  J5a     -  V" 


that  is 


or 


hence 


also 


and 


S-q- 
S 


Sj-q  — 
ipy=  hyp  log 1,, 

s 


5,  =  5,6<^-?-^(^-i), 


ir  =  5.-53=(53-^J)(^-i), 


»         ^T  -  I  ^    g' 

S  =    -7 +     ?   — • 

€^y  —1      ^  g 


The  force  AT  to  be  transmitted  therefore  diminishes  when 
the  centrifugal  force  increases,  and  varies  directly  as  the  dif- 
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ference  between  the  tension  S^  and  the  measure  of  the  cen- 

trifugal  force  q — .     If  we  substitute  in  the  formula   found 

g 

above 

S^  =  q  — ,  we  shall  get  K=o,  and  5,  =  5,. 

This  gives  us  the  limit  of  belt  velocity  at  which,  suppos- 
ing a  permissible  value  to  be  assumed  for  5^  or  5„  transfer  of 
force  is  no  longer  possible.  If  we  let  /  represent  the  cross 
section  of  a  belt  or  rope,  k  the  greatest  permissible  pressure 
per  unit  of  cross  section  and  €  the  heaviness  of  the  material  per 
unit  of  volume,  we  shall  have  for  the  above  limit  5,  =  Si  =/k, 
and  q  =/«,  and  the  greatest  possible  velocity  v  may  be  de- 
termined from 

g 

when  the  same  unit  of  weight  and  linear  unit  are  employed 
throughout.  But  when /is  in  square  millimeters,  k  in  kilo- 
grams per  square  millimeter,  s  =  milligrams  per  cubic  milli- 
meter, g  =  acceleration  of  gravity,  and  v  =  velocity  in  milli- 
meters per  second,  we  have 


1,000,000  g* 


or 


v=  y  —^  i,ooo»ooo  =  1,000  y  —  millimeters  =  y  —  meters. 

[when  f  is  in  square  inches,  k  in  pounds  per  square  inch,  e  in 
pounds  per  cubic  inch,  g  and  v  in  feet  per  second,  we  have 

^'^    feet]. 


Y      12  B 


•  Again  assuming  for  leather  belts  k  =  0.2   [285   lbs.  per, 
square  inch]   and  f  =  0.9  [0.0325   lbs.  per  cubic  inch],  we 
have 


/. 
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V  =  i/Q'2><9-^^o^  46.8  meters  [153.5  ft.]  ; 

for  wire  ropes,  when  >6=  6  kilograms  [8,500  lbs.]  and  €  =  T.y 
[0.278  lbs.  per  cubic  inch],  we  shall  have  for  the  greatest 
velocity  that  can  be  transmitted 


V  =  i/6x  9,810^  g^  ^  mtt^rs  [287  ft.], 


Example.  If  a  circular  saw  makes  1,200  revolutions  per  minute,  and  trans- 
mits 6  horse  powers,  how  tight  must  the  belt  be  drawn  when  the  driving  pulley 
has  a  diameter  of  0.24  meter  [9.45  inches]  ? 

Here 

r  =  —r-—  X  0.24  X  3.14  =  15.08  meters  [49.05  feet], 

and  the  force  at  the  circumference 

K  =  -^-^  =  29.8  kilograms  [657  lbs.]  ;      . 
i5»o« 

hence  when  the  arc  of  contact  is  0.45  of  the  circumference  we  have 

^♦y  _^o.a8  X  0.45  X  a»_2.2 

and 

-         e^^  K         z/*      2.2x29.8  /  X  o.g        15.082 

^♦y_i      ^  g  1.2  1,000x1,000    9.810 

=  54.6  +  0.021/. 

Now  if  the  belt  has  a  width  b  and  a  thickness  equal  to  5  millimeters  [o.s  in.],  we 
can  get  from 

54.6  +  0.021  X  5  ^  =  5  ^  X  0.2 

^  =  -  /-  =  61  millimeters  [2.4  ins.]. 
0.895  ^    ^       ■' 

The  effect  of  the  centrifugal  force  in  this  case,  is  to  require  an  increase  in  the  ten- 
sion and  consequently  in  the  width  of  the  belt  100  —  89. 5  =  10. 5  per  cent.  The 
influence  of  the  centrifugal  force  is  appreciable  only  when  the  velocities  are  ex- 
ceptionally large. 

17 


258  MACHINERY  OF   TRANSMISSION.  [§62. 

§62.  Construction  ofBelt  Pullefi. — Thewheels.sheaves, 
pulleys  and   drums  employed  in  belt  gearing  are  generally 
made  of  iron,  occasionally  of  wood.     The  width  of  the  face 
of  the  wheel  is  usually  from  a  fifth  to  a  fourth  greater  than 
belt,  and  the  rim  is  slightly  rounded,  being 
itre,  thus  facilitating  the  putting  on  of  the 
ling  its  tendency  to  run  off.     As  rounding 
lifficult,  it  is  omitted  when  it  is  necessary  to 
quently  for  the  purpose  of  imparting  and 
From  what  has  preceded  we  know  that 
:ds  only  a  slight  lateral  pressure  at  the  point 
e  the  belt  runs  on  to  the  pulley,  in  con- 
h  pressure  the  obliquely  advancing  belt  will 
y  in  the  direction  of  the  arrow  as  long  as 
1.     Frequent  use  is  made  of  this  to  set  in 
motion  or  stop  a  machine  by  placing  two 
equal  pulleys  close  together  upon  its  shaft, 
one  being  keyed  and  the   other   turning 
loosely  on  the  shaft.     As  the  belt  is  driven 
by  a  constantly  running  pulley  of  double 
width,  the  machine  will  be  set  in  motion 
or  not  according  as  the  belt  runs  over  the 
fixed  or  the  loose  pulley.     Care  must  also 
be  taken  to  bore  the  pulley  so  that  it  will 
run   true  on  its  shaft,  otherwise  the  belt 
will  be  apt  to  run  off;  the  conditions  stated 
in  §  58  concerning  the  arrangement  of  pul- 
leys   should    be   carefully   observed    also, 
ict  upon  the  belt  which  tend  to  run  it  off — 
weiglit  of  the  belt  for  upright  shafts,  or  when 
belt  does  not  lie  exactly  in  the  plane  of 
le  case  in   crossed  belts — the  wheel  must  be 
projecting  edge  to  prevent  the  running  off 

ooden  pulleys,  say  to  ^  meter  [about  10  ins.] 
;  turned  from  a  single  piece,  latter  pulleys 
d  of  several  pieces.  One  of  the  lai^er  pulleys 
209,  two  views  being  given.     Here  the  inter- 
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mortised  to  the 


§62-1 

mediate  pieces  D  and  ZJ,  are   rabbeted  < 
side   pieces  A    and   B,   and 
firmly  connected   by  means  '"■    ^* 

of  bolts  EF,  EF\  the  out- 
side of  the  bolts  is  covered 
with  wood  and  an  eye  C  is 
left  for  the  reception  of  the 
shaft.  Another  arrangement 
of  wooden  pulleys  is  shown  in 
Fig.  210,  the  adjacent  pieces 
being  so  placed  that  their 
fibres  cross.     These  wheels  have  also  two  disks  composed 

of    wooden     sectors 
Fic.  ato.  ,  ,  , 

which  are  united  to 
the  body  of  the  wheel 
by  means  of  wooden 
pins  and  iron  bolts 
I  FG,HK.  As  these 
I  disks  are  latter  than 
the  body  of  the 
wheel,  they  form  pro- 
jecting edges  which 
prevent  the  belt  from 

running  off.     Wheels  of  still  latter  diameter  are  ma:de  up  of 

arms  and  rims,  the  rims  being  usually  of  wood  and  the  arms 

of  cast  iron. 

Long  drums  carrying  several 

belts  are  covered  with  strips  of 

wood,   the   arms   being   of   iron. 

Such  a  drum   is  shown    in    Fig. 

211  ;  the  strips  A  B  are  fastened 

by  small  screws  a,  b,  c,  to  the  rings 

of  the  arms  EF,E^F^. 

On  account  of  their  unchange- 

ableness,  cast-iron  pulleys  are  al- 
ways preferable  to  wooden  ones, 

although  the  greater  smoothness 

of  the  former  requires  a  tighter  belt,  and  consequently  causes 
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Tiore  friction  on  the  shaft,  than  the  latter.    Small  wheels  up 

to  J  meter  [about  lO  ins.]  diameter  have  the  form 

'°'  *^         of  a  disk  A  B,  Fig.  212,  FG  being  the  hub  and 

D  E  the  projecting  edge.     A  section  of  an  ordi- 

r  nary  cast-iron  pulley  is  shown  in  Fig,  213,  I,  side 

J  views  of  two  styles  being  shown  in  Fig.  213,  II 

and  III.     The  width  A  A  =  B  B  oi  the  rim  is 

usually  i,  =  1.25  b,  where  b  is  the  width  of  the 

belt ;  the  thickness  of  the  outer  edge  of  the  rim, 

being 

c,  =  0.03 1>  +  0.005  -^I 

Fig.  ai3. 


and  the  thickness  at  the  middle 

f,  =  o.i2i  +  0.005  J?, 
the  rise  at  the  crown  being  //  =  0.03  b,  and  the  depth  of  the 
inner  surface  A,  =  0.06^,  as  shown  in  Fig.  214. 

The  arms  of  cast-iron  pulleys  „       ^ 

are  often    made   of   the  curved     .  i  1 

shape  shown  in  Fig.  213,  III,  in     p-^^-— ^^^— ^~|^— »i 
order    that   they   may   contract   ej^^^l^—^l^^^^^^^^^^i, 
while   cooling    without   causing  — ^^^.-grrrrr^— | 

too  great  a  tension  in  the  arms.  [J  I 

This  is  liable  to  occur  when  the 
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arms  are  straight,  because  of  the  slower  cooling  of  the  heavier 
rim  and  nave.  To  diminish  as  much  as  possible  the  resist- 
ance of  the  air,  the  arms  are  given  an  elliptical  cross  section, 
the  axes  being  a  and  b,  the  larger  axis  a  lying  in  the  middle 
plane  of  the  pulley.  The  width  of  the  arm  a,  at  the  nave 
should  be,  according  to  Reuleaux, 

0,  =  0.4  DA-  , 

40' 

and  the  width  at  the  rim, 
when  the  number  of  arms  is 


m  =  about 


K-f)- 


Generally,  the  number  of  arms  lies  between  4  and  8.  A 
calculation  of  dimensions  of  the  arms  according  to  the  prin- 
ciples of  flexure,  the  arms  being  regarded  as  fastened  to  the 
nave,  and  bent  by  the  force  acting  at  the  circumference,  is  of 
little  practical  value,  because  there  is  no  certainty  as  to  the 
part  which  the  individual  arms  take  in  transmitting  the  force. 
When  such  a  calculation  is  made,  it  will  be  well  to  make 
each  arm  sufficiently  strong  to  bear  the  whole  force. 

The  nave  is  given  a  length  /=  1.4^,  and  a  thickness 
e  =  0.3  b.  The  diameter  of  the  eye,  of  course,  depends  upon 
the  size  of  the  shaft  d,  which  may  be 
found  from  §  15  to  be 


Fig.  215. 


'=-i/^[--«i/--r]- 


It  is  not  customary  to  strengthen 
the  naves  of  belt  pulleys,  and  for 
average  sizes  and  forces,  flat  keys.  Fig. 
215,  having  no  key-way  in  the  shaft,  may  be  employed. 
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Example.  A  cast-iron  pulley  i  meter  [39.37  ins.]  in  diameter  makes  60 revo- 
lutions per  minute,  and  transmits  3  horse  powers  [2.96  H.  P.]  ;  what  should  its 
dimensions  be  ? 

The  velocity  of  the  belt  is  v  =  3. 14  meters  [10.3  ft.],  hence  the  force  trans- 
mitted is 

K-=- --=  7i.6kilogTams  [157.9  lbs.]. 

3*^4 

Under  ordinary  circumstances,  ^  =  0.28,  ;/- =  jr,  we  can  assume,  §55,  the 
width  of  the  belt 

b  =  2K  =  144  millimeters  [5 .  67  ins.]. 

From  this  follows  the  width  of  the  pulley 

b\  =  1.25^  =  180  millimeters  [7.2  ins.]. 

The  thickness  of  the  rim  at  the  edge^i  =  0.03  x  144  +0.005  ^  50o  =  about  7 
millimeters  [about  0.28  in.],  and  at  the  middle  :  ^a  =  o.  T2  x  144  +  2.5  =  about 
20  millimeters  [about  0.8  in.],  the  rise  or  swelling  of  the  face  of  the  pulley  being 
4.3  millimeters  [o.  17  in.]. 
The  number  of  arms  is  : 


m 


=i(-fS)- 


and  the  width  of  the  arms, 


at  the  centre  \^\—  0.4  x  144  +  ^ —  =  70  millimeters  [2.8  ins.], 

at  the  edge  :  Qa  =  *  x  70  —  46  millimeters  [1.84  ins.]. 

The  thickness  of  the  arms   may  be  assumed  at,  say,  35  and  24  millimeters 
[1.4  and  0.96  ins.]. 

As  the  diameter  of  the  shaft  in  this  case  is 

</  =120  i/ _3_  =  56.7  =  about  60  millimeters  [about  2.4  ins.], 
f     60 

we  have  for  the  external  diameter  of  the  nave, 

/>  =  60  +  2  X  0.3  X  144  =  146.4  =  about  150  millimeters  [about  6  ins.]; 

and  for  the  length, 

/  =  1.4  X  144  —  about  200  millimeters  [about  8  ins.]. 

§  63.  stepped  Cones* — In  many  cases  in  practice  it  is 
necessary  to  drive  the  shaft  of  a  machine  at  different  times 
with  different  speeds,  while  the  countershaft,  or  main  line  of 
shafting  from  which  the  motion  is  received,  rotates  with  a 
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constant  velocity.  This  is  always  the  case  in  lathes  and 
boring  machines,  for  in  these,  for  a  given  material,  the  tool 
must  have  a  constant  speed  relatively  to  the  work,  and  con- 
sequently the  number  of  revolutions  must  be  inversely  as  the 
diameters  of  the  different  pieces  of  work.  In  such  cases 
stepped  cones  are  used,  which,  ^s  A  B  Cand  D E F,  Fig.  216, 
consist  essentially  of  a  series  of  pulleys  placed  side  by  side 
on  the  same  shaft.  Generally  these  pulleys  are  cast  in  one 
piece  with  the  disk  A  B  and  the  nave  a  b.    In  the  smaller  pul- 

Fio.  «6. 


leys  the  nave  projects  into  the  interior  of  the  stepped  cone, 
but  when  the  pulleys  are  lai^e  they  are  supported  by  an  ad- 
ditional nave^if  and  disk  C.  It  is  evident  that  when  the 
driving  shaft  fT-Y"  turns  with  constant  speed,  it  can  commu- 
nicate  a  smaller  number  of  revolutions  to  the  driven  shaft 
D  y,  if  the  belt  is  shifted  from  the  position  H  K  to  the  posi- 
tion LM,  and  that  this  number  will  become  smaller  yet  if 
the  belt  is  placed  upon  the  still  smaller  driving  wheel  A  B 
and  the  still  lai^er  driven  wheel  E  F. 

In  order  that  the  length  of  the  belt  may  remain  un- 
changed when  shifted  from  one  pair  of  pulleys  to  another, 
the  diameters  of  the  pulleys  must  be  determined  according 
to  a  certain  law.  If  the  belts  are  crossed,  as  in  Fig.  217,  we 
have,  according  to  §  54,  for  the  arc  of  contact  y  of  the  belt : 
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and  the  length  of  the  belt : 

a,  and  hi  being  the  radii  of  the  pulleys  and  d  the  distance 
Fig.  ai?.  Fic  ai8. 


between  the  axes.  If  we  let  <z,  diminish  as  rapidly  as  b^  in- 
creases, we  shall  have  the  same  sum : 

a,  +  i,  =  a,  +  *,  =  (7j  +  ij  .  ,  .  . 

for  every  belted  pair,  consequently,  neither  the  arc  of  contact 
nor  the  length  of  the  belt  will  change  when  the  latter  is 
shifted  from  one  pair  of  pulleys  to  another. 

On  the  other  hand,  with  open  belts,  Fig.  218,  we  have : 


and  the  length  of  the  belt 

/=  2dsin^  +  yff,  +  (27r  —y)^,. 

If  we  assume 

sin'-=\  —  ~\ cos-  )  —  I (        ,      I , 

2  2\2/  2\       d     J' 

approximately,  and 
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yz:z7C^{7t^y)=n'^2stn ^  ^n  —  2  cos— 

K  —  ^x 


d        ' 


substituting,  we  shall  have 


If  V,  represents  the  velocity  ratio, 


^1 


we  shall  also  have 


from  which 


,  _  -yr(r,  +  i)^+  \/4(y,  -  !)'(/- 2dry+  ?r'(y,  -f  i/rf' 

2  (1^,  -  I)' 

may  also  be  obtained.  By  means  of  this  formula,  therefore, 
when  the  length  /  of  the  belt,  the  distance  d  between  the 
axes,  and  the  velocity  ratio  v,  are  given,  we  find  the  radius  b^ 
and  then  the  corresponding  radius  from  a^  =  v,  b^.  When  the 
distance  d  between  the  shafts  is  great,  the  arc  of  contact  will 
differ  but  little  from  a  semi-circumference,  and  we  shall  have 

/=2^/  +  «'(a,  +  3,)=  2^/+  n{y^  +  i)*,; 
hence 

.         /—  2d 


<^i  +  i)  ' 
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which  expression,  when  y  =  i,  gives  the  exact  result : 

,       /—  2d 

0,  = =  a^ 

*  27t  ' 

In  stepped  cones  the  distance  between  the  shafts  is  gen- 
erally given,  and,  assuming  that  the  length  of  the  belt  remains 
constant,  it  is  required  to  so  determine  the  radii  of  the  indi- 
vidual pulleys  that  the  velocity  ratios  will  satisfy  certain 
given  conditions.  In  lathes  and  boring  machines,  for  example, 
the  requirements  are  best  met  by  making  the  velocities 
which  can  be  attained  by  the  separate  pairs  of  pulleys  the 
terms  of  a  geometrical  series.  If,  therefore,  v  is  the  velocity 
of  the  first  pair  of  pulleys  a^  and  d„  the  velocity  ratios  of  the 
rest  must  be 

where  «  is  a  constant  number  which  may  be  determined  from 


_n.JV 

-y  V' 


V  representing  the  greatest  and  v  the  least  velocity  of  the 

driven   shaft.     In  such  cases  it  is  always  possible   to   find 

stepped  cones  which  will  satisfy  the  requirements,  but  the 

two  pulleys  will  then  generally  be  unlike,  for  with  a  given 

distance  d  between  the  shafts,  the  length  of  belt  must  remain 

the  same  for  all  pairs.     Now,  it  is  often  desirable  in  practice 

to  let  two  stepped  cones  work  together  which  have  been  cast 

from  the  same  pattern  and  are  therefore  exactly  alike.     For 

this  case  we  may  employ  the  following  calculation.     If,  as  in 

Fig.  216,  the  number  of  steps  is,  say,  «=  5,  and  if  the  ratio 

V 
of  the  greatest  to  the  least  velocity  -  =  ar  is  given,  and  the 

above  condition  be  retained  that  the  velocities  shall  form  a 
geometrical  series,  we  shall  have 

Now,  if  y  is  the  velocity  ratio  of  the  first  pair  of  pulleys,  and 
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a„  a„  a^  a^  and  a^  the  radii  of  the  pulleys,  we  shall  have  for 
the  velocity  ratios  of  the  pairs : 


No.  of  the  pair. 

I 

2 

3 

4 

5 

Ratio  of  the  radii. 

£1 

at 

^4 

a» 

«3 

at 

Is 

Velocity  ratio. 

V 

re 

y  c* 

V  £* 

re* 

It  is  also  clear  that  since  the  stepped  cones  are  exactly 
alike  the  velocity  ratio  of  the  middle  pair  is  equal  to  unity, 
and  consequently  we  have 


*'       (^a  y       Va 


^zr  t 


SO  that  the  velocity  ratios  of  the  individual  pairs  form  the 
series 


yl'  j/i' ''  ^'''  ^- 


If  d  is  the  distance  between  the  shafts,  the  middle  pulley  a^ 
may  be  taken  of  any  desired  size,  and  the  exact  length  of 
belt  will  be 


/=  2d  •{■  2  7ray 


Now,  from  this  length  /,  the  distance  d  and  the  velocity  ratios 


-Vi 


and  ye 


"V  « 


we  can  find  the  radii  rt-,,  /r,,  a^,  and  a^  from  the  above  formulas. 
Very  often  when  stepped  cones  are  used  the  number  of 
possible  velocity  ratios  is  increased  by  employing  an  arrange- 
ment which  permits  the  shaft  of  the  machine  to  be  driven 
directly  by  one  of  the  stepped  cones,  or  indirectly  by  placing 
toothed  gearing  between  the  stepped  cone  and  the  shaft  of 
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the  machine.     The  arrangement  shown  in  Fig.  219  is  often 

thus  used   in  lathes,  the  driven 

Fig.  319.  1       J  1  A 

.  cone  bemg  placed  on  a  sleeve  A 

and,   as  was  explained    in  %  42, 

either   rigidly    attached    to   the 

wheel  b„  turning  the  latter  and  the 

spindle,  or  turning  loosely  on  the 

spindle    and    indirectly   turning 

the  latter  by  means  of  the  gearing 

T^-r~ .  This  enables  us  to  obtain 
fci  ^.  -^^ 

2  n  different  velocity  ratios  when 
the  number  of  pulleys  on  each  cone  is  «.  If  it  is  also  re- 
quired that  these  ratios  form  a  geometrical  series  whose  factor 
is  t,  we  shall  have 


ity  to  the  least.     The  velocity  ratios  fomi  the  series  : 

v,y  e,    V  t'.    .    .    »-("-',    V  fx,    y  /*  I,    v  fi  t'.    .    .    v  /j  f"  ■ ', 

H  being  the  velocity  ratio  of  the  toothed  gearing  ~  ■,-.    From 

this  follows  that,- since  v  fi=  v  e'"  €,  we  must  have  ft  =  £". 

Example.  For  a  tathe  wJih  back  geais.  il  U  required  to  obtain  two  equal 
four-stepped  cones,  so  that  the  velocities  will  form  (he  terms  of  a  geometrical 
series,  the  ratio  of  the  extremes  heing  1  :  24.  What  dimensions  must  be  given  to 
the  Individual  pulleys  and  ihe  wheels,  if  the  smallest  pulley  is  to  have  a  radius 
of  So millimeteis  [3.2  ins.],  the  distance  between  the  shafts  of  (he  cones  being- 
3  meters  [7B. 74  int.]?    We  have  here 

and  for  the  Telocity  ratio  of  the  two  pairs  of  toothed  wheel* 
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If  we  designate  the  radii  of  the  pulleys  or  steps  by  tti,  Ot»  as  and  04,  we  have 


and  therefore 


di 


—    "♦    _ 


y?  =  5:i^  =  '58  millimeters  [6.32  ins.]; 


hence  for  the  length  of  belt  we  have,  approximately, 

/=  2  </  -r-  AT  (158  +  80)  =  4,000  +  747  =  4.747  millimeters  [187  ins.]. 
The  velocity  ratio  of  the  first  pair  of  pulleys  is: 


hence  that  of  the  second  is  : 


ai       158 

'^  =  s;  =  -80  =  ^-975, 


^^  =  -^=  :r  *  =  ^'975  X  0.635  =  1.255 ; 


consequently,  for  tts  we  have 
and 


I— 2d        4.747—4,000  .,,.  -         ,      _ 

— — ^^  =  —HI !t! =  105.5  millimeters  [4.15  Ins.]  ; 

^C   +   l)  3.14x2.255  •'    •*  Lt      3  Jf 


a,  =  a,  X  Kj  =  105.5  X  1.255  =  132.4  millimeters  [5.21  ins.]. 

Remark.  In  practice  the  radii  of  the  stepped  cones  often  increase  by  equal 
increments,  so  that  they  form  the  terms  of  an  arithmeiical  series.  It  is  easy  to 
see  that  in  this  case,  if  there  are  only  3  steps  on  a  cone,  the  velocities  will  in- 
crease in  the  same  ratio,  i.e.,  they  will  form  terms  of  a  geometrical  series.  For 
if  a  represents  the  radius  of  the  smallest,  a  +  e  the  radius  of  the  middle,  and 
a  +  2  c*  the  radius  of  the  largest  pulley,  the  velocity  ratios  will  be  determined  by : 


Vi  —  _  ,  ^  _ ;  ra  r=  _        =  I,  and  v^  = 


hence 


a  +  e 


When  there  are  more  than  three  pulleys  or  steps  on  a  cone,  this  relation  only 
exists  approximately,  the  approximation  being  closer  the  smaller  the  ratio  of  the 
increment  e  to  a.     For  example,  when  the  cones  have  4  pulleys  we  have 


Radii 


Velocity  ratios 


a-\'3e 


a  +  e 


»'«  = 


a  +  e 
a  +  2tf 


a  ■¥2e 


y3  = 


a  +  2e 


fl-h  3^ 


r4  = 


a+  3e 
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hence  (he  ratio  of  the  velocilies  : 


j-j        o  +  c    a-l-3*      a'  +  4.(?+3^       v,  * 


—  deviating  from  these  ratios  by  a  quantity  which  13  smaller  the  snuller  the 
ratio  of  f  to  0.  In  the  above  example  we  found  the  radii  So.  105. 5,  131.4  and 
158  millimeters,  that  is,  iheydlflered  but  lillle  from  the  tenns  of  :in  arithmetical 
series  having  the  common  difference  1'  =  36  millimeter^  [l,o2  ins.]- 

§  64.  Conical  Drums. — Instead  of  stepped  cones  use  is 
sometimes  made  of  conical  drums  A  and  B  tapering  opposite 
ways,  Fig.  220,  the  position  of  the  belt  being  controlled  by 
the  belt  shifter  DC  E,  which  encloses  the  belt  at  the  points  D 
and  E,  where  it  runs  on  to  the  pulleys.  If  the  belt  were  not 
thus  guided,  it  would  be  compelled  by  the  conical  shape  of 
the  drum  to  change  its  position.      The  belt  tends  to  take  the 


n^ 


position  shown  in  Fig.  221,  and  its 

contact  with  the  drum  is  not  along 

a  circular  arc  but  an  ellipse  A  B H, 

whose  plane  is  perpendicular  to  the 

element  E  F.     It  is  evident  that  when  it  has  this  position  the 

direction   of  the  belt  at  A  tends  to  make  it  move  from  the 

smaller  to  the  larger  end  of  the  drum.      This  is  also  the 


Fig.  333.  Fta.  333. 
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reason  why  a  belt  always  tends  to  move  toward  and  stay  at 
the  middle  of  a  rounded  pulley. 

Conical  drums  have  the  advantage  of  allowing  the  velocity 
ratio  to  be  gradually  changed  within  certain  limits,  neverthe- 
less it  is  not  easy  to  obtain  an  exact  velocity  ratio  unless 
narrow  belts  or  cords  are  employed;  for  if  we  imagine  the 
belt  CDEFio  touch  the  conical  surfaces  A  and  B,  Fig.  222, 
it  is  evident  that  some  portions  of  the  belt  must  slip  on  the 
drums,  for  the  ratio  of  the  two  radii  CH  and  KF  is  differ- 
ent from  that  oi  D  G 
and  IE,  As  a  conse- 
quence the  true  veloc- 
ity ratio  of  the  motion 
will  lie  somewhere  be- 
tween those  just  given, 
and  may  perhaps  be 
equal  to  the  ratio  of 
L  M  and  N  0,  but 
with  wide  belts  it  can- 
not be  given  with  accuracy  on  account  of  the  obliquity  of  the 
action  on  the  conical  drums.  For,  as  may  be  seen  from  the 
figure,  the  pull  of  the  belts  will  principally  pass  through  the 
points  Z>  and  F.  Another  disadvantage  connected  with  this 
is  that  the  belt  is  veiy  unequally  strained  by  this  oblique  pull, 
and  this  combined  with  the  slipping  causes  rapid  wear. 
These  evils,  of  course,  increase  with  the  width  of  the  belt 
and  are  less  noticeable  with  cords.  On  this  account  belts 
have  been  made  of  two  thin  leather  strips  enclosing  a  cord, 
as  in  Fig.  223,  the  small  surface  of  contact  thus  obtained 
greatly  diminishing  these  evils  and  giving  a  more  central 
pull.  On  the  other  hand,  they  have  greater  stiffness,  causing 
them  to  wear  rapidly. 

In  order  that  the  belts  of  conical  drums  may  always  have 
the  same  tension,  the  length  of  the  belt  must  be  the  same  in 
every  position.  This  is  the  case  with  crossed  belts  when  the 
sum  of  the  circles  connected  by  the  belt  is  everywhere  equal, 
and  from  what  has  already  been  said  we  can  assume  this  to 
be  approximately  true  for  open  belts  also,  when  the  ratio  of 
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the  distance  between  the  shafts  to  the  radii  of  the  drum  is 
sufficiently  large,  /.^.,  when  the  arcs  of  contact  differ  but 
little  from  segii-circumferences. 

Let  A  A  and  B  By  Fig.  224,  be  two  parallel  shafts  of  cones 
placed  so  close  together  that  their  normal  distance  C  D  is 
equal  to  the  constant  sum  of  their  radii,  it  is  then  evident 
that  any  straight   line  £  F,  oblique  to   the  axes,   may  be 

regarded  as  the  generatrix  of  two 
cones  which  satisfy  the  above 
condition  of  constant  length  of 
belt.  For  evidently  in  every 
position,  for  example  at  //,  the 
sum  of  the  radii  ///  +  H  K  is 
equal  to  the  distance  CDy  the 
middle  point  G  oi  C D  corre- 
sponding to  that  position  in  which  the  velocity  ratio  of  the 
cones  is  unity.  If  the  belt  is  shifted  out  of  this  middle 
position  CD  through  the  distance  X  =  CJ  to  a  position /AT, 
the  velocity  ratio  will  be 

__  J  H  ^a  —  \  tan  q>  _^l  —X 
""  ICH  ~"  ^  +  A  tan  q)  "~  /+  A  ' 

where  a  =^  C  G  represents  half  the  distance  between  the  axes, 
q)  the  angle  of  inclination  of  the  axes  to  the  generatrix,  and 

/  =  the  length  of  an  element  of  the  cone  measured 

tan  q} 

from  G  to  the  vertex.     We  then  get : 


A  = 


a 


'-*'  =  /' 


tan  <p   1  +  y        i  +  v 

This  equation  shows  that  equal  variations  in  the  position  of 
the  belt  A  are  not  accompanied  by  equal  variations  of  the 
velocity  ratio  v.     For  example,  we  get  for  1^  =  o.i,  0.2,  0.3, 

A  =  0.82/,  0.67/,  0.54/,  etc. 

If  the  cones  are  to  be  so  formed  that  the  velocity  ratios 
for  equal  variations  in  the  position  of  the  belt  will  form  a 
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geometrical  series,  the  profile  of  the  cone  must  be  made  like 
the  curve  M  G L,  which  when  referred  to  6^(9  as  an  axis  of  A" 
and  to  6^  C  as  an  axis  of  Y,  is  represented  by  the  equation : 

_LJ  _  a-y  _    , 

where  f  is  a  certain  constant  number  which  is  determined  by 
assigning  to  a  certain  value  x,  for  example  G  N,sl  given  value 
r.  From  this  equation  we  see  that  the  numerical  value  of^ 
is  the  same  for  equal  and  opposite  values  of  xr.  Drums  with 
such  curved  profiles  are  seldom  used ;  they  may,  however,  be 
found  in  roving  machines.  Occasionally  a  cone  is  used  with 
a  cylinder,  their  axes  being  parallel,  and  then  the  belt  is  kept 
tight  by  a  tightening  pulley,  which  must  likewise  be  employed 
in  all  cases  where  the  above  condition  of  constant  length  of 
belt  cannot  be  satisfied. 

Sometimes  expanding  pulleys  are  employed  for  varying 
the  velocity  ratio,  namely,  when  it  is  necessary  to  regulate 
the  motion  accurately,  as  in  machines  for  manufacturing  end- 
less paper.  There  are  many  kinds  of  these  pulleys,  but  they 
consist  essentially  of  a  rim  composed  of  several  sectors  which 
can  be  moved  in  a  radial  direction,  by  means  of  screws  or 
spiral   guides.     By   thus  varying  the   distance   of   the   sec- 

FiG.  335.  Fig.  326. 


tors  from  the  centre,  the  cir- 
cumference of  the  pulley  may 
be  regulated  within  certain  nar- 
row limits.     One  of  the  simplest  pulleys  of  this  kind  is  shown 
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in  Fig.  225.  Here  the  six  sectors  A,B,  .  .  ,  . ,  which  consti- 
tute the  rim,  are  provided  with  studs  which  pass  through 
sockets  D,  E  of  the  star-shaped  nave  C  and  are  fastened 
to  the  latter  by  means  of  set  screws.  In  this  case  each 
arm  must  be  separately  and  equally  moved,  but  there  are 
other  pulleys  in  which  all  the  arms  A,  B,  ,  .  .  .,  Fig.  226, 
are  moved  simultaneously  through  equal  distances.  They 
consist  of  a  disk  C  which  can  turn  about  the  shaft  and  has 
for  each  arm  a  spiral-shaped  groove  D,  into  which  fits  a  pin 
or  projection  of  the  corresponding  arm  E.  The  set  screws  ^^ 
fasten  the  arms  to  the  star-shaped  centre-piece  G  which 
guides  them.  The  arrangement  shown  in  Fig.  227  is  used 
for  the  same  purpose,  for  example,  in  flax  spinning  machines. 
Here  a  cone  B  is  keyed  to  the  shaft  A  and  an  opposite  cone 
C  is  placed  so  that  it  can  slide  along  a  feather  D,  a  fork- 
shaped  lever  fitting  into 
!■  iG.  227.  ^jjg  ngck  groove  E,  serving 

to  move  C  a  certain  dis- 
tance along  the   shaft  A. 
The   cone   B   is   provided 
with  recesses  b,  into  which 
enter   the    ribs    c   on  the 
other   cone    C,    in   such   a 
way  that  there  is  a  sort  of 
mutual  penetration  of  the  two  cones.     From  this  it  is  evi- 
dent that  the  diameter  of  thfe  neck  or  gorge  of  the  two  cones, 
in  which  the  belt  F  runs,  is  variable  and  dependent  upon 
the  position  of  the  two  cones. 

For.fuller  information  concerning  expansion  pulleys,  see 
Verhandlungen  zur  BefOrderung  des  Gewerbfleisses  in  Preus- 
sen,  1843.     S^e  a\50  RedCenbacher :  Die  Bewegungsmechani&- 


%  65.  Cordi  and  Rope*. — When  the  force  to  be  trans- 
mitted is  small,  ropes  or  cords  of  hemp,  cotton  or  catgut  arc 
substituted  for  belts.  Cords  have  the  advantage  of  staying 
on  their  pulleys,  and  of  being  easily  deflected,  and,  as  already 
mentioned,  are  better  suited  for  conical  drums  than   belts. 
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The  pulleys  used   with  cords  or  ropes  have  a  groove  for 
holding  the  cord,  as  shown  at  A,  B,  C,  Fig,  228.     The  sharp 
groove   at   B  (angle    of    about    60°) 
causes  the  rope  to  wedge   itself  be- 
tween the  sides,  thus  producing  great- 
er friction  and  consequently  a  smaller 
tension.      To  prevent  the  cord   from 
slipping,  the  sides  of  the  groove  are 
notched,  as  at  CC;  moreover  grooved 
pulleys  have  the  advantage  of  being 
suitable   for    both    large    and    small 
cords.     Stepped  pulleys,  too,  are  often  used  in  rope  gearing, 
especially  in  small  lathes,  Fig.  229  showing  one,  AC  B,  having 

Fic.  aa^.  Fig.  230. 


♦H 


three  grooves.    The  diameter  of  cords, 
according  to  Reuleaux,  should  not  be 
taken  less  than  4  ^7^[aio6  y'T^'in.] 
when   P  represents  the    force   at  the 
circumference,   which   is  to  be   trans, 
mitted. 
Recently,  for  the  transmission  of  lai^e  forces,  a  sort  of 
angular  chain  belt  has  been  employed ;  its  action,  like  that  of 
ordinary  belts,  depending  upon  friction,  and    its   chain-like 
structure    serving   simply   to    unite    the    separate   portions. 
Such  a  belt,  invented  by  Clissold  and  shown  in  Fig.  230,  has 
been  employed  with  advantage  in  steam  pile-drivers.     This 
belt  consists  of  iron  links  a  and  b  united  by  bolts  f,  thus  form- 
ing a  chain  whose  flat  links  are  covered  with  leather  strips  c 
which  bear  against  the  sides  of  the  V-shaped  groove  of  the 
pulley  A.     In  this  form  of  belt  the  friction  is  increased  in  the 
same  way  as  in  Minottos  friction  wheels  (§  52).     The  calcula- 
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tion  of  such  a  belt  gearing  is  like  that  of  the  ordinary  belt 
gearing,  except  that  we  must  take  here,  as  in  friction  wheels, 
for  the  coefficient  of  friction  the  value, 


Fig.  231. 


T^ici-      ■I'^w;, 


<P 


stn      +  <p  cos  — 


0.2S 


0.259  +  0.28  X  0.966 


If  we  again  assume  a  = 
30**  and  (p  =  0.28,  we  shall 
get  for  the  coefficient  of  fric- 
tion : 


=  0.53. 


Another  singular  belt  given  hy  Angstrom*  is  shown  in 
Fig.  231.  Here  the  chain  consists  of  short  and  long  links,  a 
and  d,  into  the  latter  of  which  wooden  wedges  c  are  driven, 
which  fit  the  groove  of  the  pulley -^4.  To  increase  the  fric- 
tion as  well  as  the  durability,  the  wedges  are  so  cut  that  their 
rubbing  surfaces  are  cross-grained. 

§  66.  Spur  WTiccls. — The  transmission  of  motion  be- 
tween two  shafts,  by  means  of  friction  wheels  and  belt  pul- 
leys, is  possible  only  so  long  as  the  resistance  to  be  over- 
come does  not  exceed  the  friction  which  arises  at  the  circum- 
ferences of  the  wheels,  when  one  wheel  ceases  to  obey  the 
driving  action  of  the  other.  To  prevent  this,  the  friction 
must  be  made  sufficiently  large,  in  one  case  by  pressing  the 
friction  wheels  more  closely  together  and  in  the  other  by 
tightening  the  belt  sufficiently.  But  such  a  pressure  or  ten- 
sion involves  a  corresponding  amount  of  friction  of  the  shafts 
in  their  bearings,  so  that  friction  wheels  cannot  be  employed 
to  advantage  where  the  force  to  be  transmitted  is  considera- 
ble, as  is  generally  the  case  in  slowly  running  shafts.  Neither 
can  they  be  employed  where  it  is  necessary  that  the  mt)tions 
of  two  shafts  shall  have  exactly  the  desired  ratio  at  every  in- 
stant, as  in    screw-cutting   machines,  clocks,   or  measuring 

*  Zeitschr.  deutsch.  Ingenieure,  1 868,  p.  706. 
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instruments,  for  experience  shows  that,  even  with  the  greatest 
pressures,  friction  wheels  will  occasionally  slip.  These  diffi- 
culties have  led  to  the  construction  of  tootlied  wheels^  i.  e.y 
wheels  whose  surfaces  have  such  a  form  that  the  motion  of 
one  wheel  compels  the  other  to  move  under  all  circum- 
stances, provided  the  strength  of  the  material  is  not  exceeded. 
Toothed  wheels,  as  is  well  known,  have  their  circumferences 
provided  with  certain  projections  or  teeth  and  intermediate 
depressions  or  tooth  spaces,  so  that  the  teeth  of  one  wheel 
cap  enter  the  spaces  of  the  other  and  thus  transmit  motion 
from  one  wheel  to  the  other  without  being  compelled  to  gen- 
erate friction  by  pressing  the  wheels  together.  We  will  now 
examine  the  particular  case  in  which  the  shafts  are  parallel, 
that  is,  the  case  of  spur  wheels.  Fig.  232  represents  the  por- 
tions   of     the    two 

wheels    A     and    B  ^'^-  ^^a. 

which  are  in  gear, 
the  tooth  C  of  the 
wheel  A  pressing 
against  the  tooth  D 
of  the  wheel  B  and 
thus  turning  the 
latter.  If  P  is  the 
point  of  contact  of 
the  two  teeth  C  and 
Dj  and  lies  upon 
the  line  of  centres 
A  By  it  is  easy  to 
see  that  when  the 
wheel  A  turns 
through  the  small 
angle  or,  the  wheel 
B  will  turn  through 
the  angle  p  given 
by  the  proportion 

or :  y^  =  ^  :  ^, 

where  a  and  b  are 
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the  distances  of  the  point  P  from  A  and  B  respectively. 
This  will  be  true  whatever  the  direction  in  which  the  teeth 
act  upon  each  other  at  P,  for  if  this  direction  is  represented 
by  the  straight  line  E  E^  and  if 

AF=a^  and  B  G  =  b^ 

represent  normals  drawn  from  the  axes  to  the  line,  the  line 
EE  and  the  point  P  will  shift  through  a  distance  r^=  a^a 
when  the  shaft  A  turns  through  the  small  angle  a,  and  tljis 
shifting  will  correspond  to  a  rotation  fi  of  the  normal  B  Gy 
for  which  77  =  ^^  /J.     Hence  follows  : 

a^oc  z=^b^§,ox  a  \  fi  —  b^  \  a^^b  \  a. 

At  the  instant  when  the  point  of  contact  P  of  two  teeth 
lies  upon  the  line  of  centres  A  B^  the  two  wheels  A  and  B 
turn  exactly  like  two  friction  wheels  whose  radii  are  A  P=  a 
and  B  P  =  b.  If  now,  as  is  generally  the  case  in  practice,  the 
condition  is  to  be  fulfilled  that  a  uniform  motion  of  one 
wheel  A  must  produce  a  uniform  motion  of  the  other  wheel 

B,  evidently  the  velocity  ratio  —  must  have  the  same  value 

every  instant,  /.  e,,  it  must  be  equal  to  —  even  when  the  point 

of  contact  of  two  teeth  does  not  lie  on  the  line  of  centres 
A  B,      When,  therefore,  the  tooth  C,  touches  the  tooth  D 
at  P^y  we  must  also  for  this  position  satisfy  the  condition  : 

a  I  ft  =^  b  \  a. 

We  see  from  the  drawing  that  this  condition  can  be  satis- 
fied only  when  t/te  direction  0/  pressure  of  the  teeth  at  P^  passes 
through  the  point  P,  i.  e.,  tvhen  the  normal  E^  P^  to  the  toothed 
surfaces  in  contact  at  P,  passes  through  the  point  P  at  which 
contact  takes  place  in  the  line  of  centres ^  for  then  only  does  the 
relation  hold  : 

b  \  a-b\\  a\. 
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where  a'^  and  b'^  represent  the  perpendicular  distances  of  the 
axes  A  and  B  from  the  direction  E^  P^  of  the  pressure  at  /*,. 
Of  course  this  holds  when  two  teeth  C,  and  D^  are  in  contact 
at  a  point  P^  upon  the  other  side  of  the  line  of  centres  ;  here 
also  the  normal  E^  P^  to  the  toothed  surfaces  in  contact  at  P^ 
must  pass  through  the  point  of  contact  P  on  the  line  of 
centres.  We  see  from  this  that  the  forms  of  the  teeth  cannot 
be  arbitrarily  assumed,  but  must  be  so  chosen  as  to  satisfy 
the  above  condition. 

If  through  the  point  /*,  at  which  two  teeth  come  in  con- 
fact  on  the  line  of  centres,  we  pass  two  circles  concentric  to  the 
axes  and  touching  at  /*,  we  know  from  what  has  preceded  that 
the  circumferential  velocities  of  these  two  circles  of  the  wheels 
will  be  the  same,  and  will  be  the  sameyi7r  these  circles  only,  as 
is  the  case  also  with  two  friction  wheels  having  the  same  radii. 
In  a  circle  A^  whose  radius  is  greater  than  a,  the  circumferential 
velocity  will  be  greater  than  that  of  the  circle  which  touches 
it  and  is  concentric  to^,  for  the  radius  of  the  latter  is  smaller 
than  b  ;  in  like  manner  in  the  circle-^,,  whose  radius  is  smaller 
than  a,  there  must  be  a  smaller  circumferential  velocity  than 
in  that  circle  of  the  wheel  B  with  which  the  circle  A^  is  in 
contact.  Since  the  two  circles  A'  and  B'  passing  through  P 
have  equal  velocities,  they  roll  upon  each  other,  /.  e.,  they 
move  upon  each  other  without  sliding ;  on  the  other  hand, 
on  account  of  the  difference  of  velocities  which .  exists  in  any 
other  two  circles  which  come  in  contact,  sliding  will  take 
place,  the  amount  being  greater  the  greater  the  difference  of 
velocities,  1.  ^.,  the  greater  the  distance  of  these  circles  from 
those  passing  through  P.  From  this  now  follows  that  the 
distance  of  two  adjacent  teeth  measured  on  the  circumfer- 
ences passing  through  P,  must  be  equal  on  each  of  the  two 
wheels,  for  the  distance  of  two  teeth  on  any  other  two  circles 
which  are  in  contact  must  be  different  on  the  two  wheels. 
The  distance  of  two  teeth  from  centre  to  centre,  or  the  dis- 
tance between  two  homologous  surfaces  measured  along  the 
circumferences  of  the  circles  passing  through  P  is  called  the 
pitch  of  the  teeth,  or  simply  pitch,  consequently  the  oft-men- 
tioned circles  of  equal  velocity  on  which  the  pitch  is  laid  off, 
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are  known  as  the  pitch  circles.  From  what  has  been  said  we 
know  that  these  circles  are  not  realized  in  actual  construc- 
tions, but  are  ideal  circles  so  situated  between  the  addendum 
circles  A^  and  B^  and  the  root  circles  A^  and  B^  of  the  wheels, 
that  the  ratio  of  their  radii  is  inversely  proportional  to  the 
angular  velocities  of  the  wheels.  From  §§  40  and  41  it  fol- 
lows that  the  pitch  circles  of  the  wheels  must  be  regarded  as 
the  centroids  which  represent  the  relative  motion  of  the  two 
wheels,  the  point  of  contact  P  being  the  instantaneous  centre^ 
and  the  straight  line  through  P  parallel  to  the  axes,  the  m- 
stantancous  axis. 

%  67.  lAw  GoTemliiiir  the  Formation  of  Tooth  iEiurftices 
for  Spur  Wheels.— With  the  help  of  what  has  been  estab- 
lished in  §  26,  Introduction,  concerning  axoids,  it  will  be  easy 
to  establish  the  conditions  which  the  surfaces  of  the  teeth 
of  spur  wheels  must  satisfy.  Let  ol  and  §  again  represent 
the  angular  velocities  of  the  parallel  shafts  A  and  j5,  Fig. 
233,  and  let  the  point  P  be  so  assumed  on  the  line  of  centres 

A  B  that  its  distances  P  A  =ia 

Fig    29t 

and  P  B  =  b  will  be  inversely 
proportional  to  the  angular 
velocities,  and  consequently 
aa^  b  fii  then  we  know  from 
what  has  preceded  that  the 
cylindrical  surfaces  which  pass 
through  P  and  are  concentric 
to  the  axes  A  and  By  represent 
the  axoids  for  the  relative 
motion  of  A  to  B,  We  can 
also  represent  this  motion  by 
supposing  the  cylinder  A  Pto 
be  fixed,  and  the  other  axoid 
or  cylinder  B  P  rolled  abotit  the  former  with  a  velocity  equal 
to  a  +  /^  (see  §  27,  Introduction).  If  the  wheels  were  cort- 
structed  as  smooth  friction  wheels,  such  a  direct  rolling 
would  actually  take  place,  for  the  cylindrical  surfaces  of  the 
friction  wheels  may  be  regarded  as  the  embodiment  of  the 
axoids  or  surfaces  of  instantaneous  axes.     But  in  toothed 
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wheels  these  pitch  cylinders  A  P  and  B  P  are  not  actually 
constructed,  consequently  the  wheels  do  not  always  touch  at 
P^  but  generally  elsewhere  at  /J,  along  the  line  of  contact  of 
two  teeth.  These  teeth  are  likewise  to  be  regarded  as  cylin- 
drical surfaces,  whose  elements  are  parallel  to  the  axes  A 
and  B  and  whose  normal  sections  are  represented  by  the 
curves  P^  P,  and  P^  P^  which  touch  at  P^^  that  is,  have  a 
common  tangent  N  P^,  The  contact  of  the  tooth  surfaces  is 
therefore  a  straight  line  L  which  is  parallel  to  the  axes  A  and 
By  and  perpendicular  at  P^  to  the  plane  of  the  drawing,  i.  e,, 
perpendicular  to  the  plane  of  the  curves  /J,  P^  and  P^  P^.  If 
we  again  suppose  the  wheel  A  to  be  fixed  and  the  wheel  B 
rolled  about  A,  the  motion  will  no  longer  take  place  about 
the  instantaneous  axis  P,  but  around  the  line  of  contact  L  at 
Poi  for  this  is  now  the  line  of  support  of  the  wheel  B.  We 
see  from  this  that  the  instantaneous  motion  of  the  toothed 
wheels  is  in  reality  a  slight  rotation  about  the  axis  at  /J, 
while  the  condition  to  be  fulfilled  requires  a  slight  rotation 
about  the  instantaneous  axis  at  P.  These  two  axes  at  P  and 
Pq  are  parallel,  and  since,  according  to  §  4,  Introduction,  two 
equal  rotations  in  the  same  direction  about  parallel  axes 
difTer  only  in  a  translation  or  shifting  perpendicular  to  the 
plane  of  the  axes,  we  may  infer  that  the  actually  existing 
rotation  about  the  axis  jPo  can  be  replaced  by  the  instantane- 
ous rotation  about  the  axis  P  prescribed  by  this  problem, 
provided  the  tooth  surfaces  permit  a  simultaneous  translation 
of  the  moved  system  in  a  direction  perpendicular  to  the 
plane  of  the  axes  P  and  P^.  But  two  cylindrical  surfaces 
which  touch  along  a  straight  line  b  will  evidently  permit 
translation  only  in  their  plane  of  contact,  consequently  the 
plane  of  contact  common  to  the  tooth  surfaces  at  P^y  which 
is  projected  at  P^  N,  must  be  perpendicular  to  the  plane  of 
the  axes  -Pand  P^.  In  other  words,  wherever  two  teeth  are  in 
contact y  the  plane  normal  to  the  tooth  surfaces  at  their  line  of 
contact  must  pass  through  the  instafitaneous  axis  at  Py  for  what 
has  here  been  proved  of  an  arbitrarily  assumed  point  of  con- 
tact Pq,  holds  for  every  other  position  of  the  point  and  of  the 
line  of  contact  L  projected  in  it. 
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Having  developed  the  fundamental  condition  which  all 
tooth  surfaces  must  satisfy,  we  can  now  deduce  a  general  law 
for  generating  correct  tooth  surfaces,  the  application  of  which 
wil  Igive  us  the  various  correct  forms  of  teeth  employed  in 
practice. 

In  order  that  we  may  develop  this  law,  let  us  imagine  a 
third  cylindrical  axoid  C  P  parallel  to  the  two  cylindrical 
axoids  A  P  and  B  Py  and  let  us  for  the  present  assume  that 
the  base  C  P  of  the  third  axoid  is  also  circular,  although,  as 
we  shall  show  later,  the  law  holds  good  when  the  cylinder 
has  a  non-circular  base. 

Let  us  suppose  this  auxiliary  axoid  C/*  with  a  radius  c  to 
be  brought  into  such  a  position  that  its  element  L  will  coin- 
cide with  the  instantaneous  axis  P,  the  auxiliary  axoid  C  will 
then  touch  the  primary  axQids  A  and  B  in  this  line,  L  or  jP 
touching  A  on  the  outside  and  B  on  the  inside,  when,  as  as- 
sumed in  the  figure,  the  two  wheels  A  and  Bgear  externally, 
/.  r.,  lie  upon  opposite  sides  of  the  common  tangent  plane. 
When  the  wheels  A  and  B  gear  internally,  the  third  axoid  C 
touches  simultaneously  the  two  axoids  A  and  B  on  the  in- 
side or  on  the  outside,  u  r.,  they  lie  upon  the  same  side  of 
the  common  tangent  plane.  If,  now,  the  auxiliary  axoid  C 
rolls  without  sliding  through  an  arc /^Z' on  the  outside  of 
the  cylinder  A^  the  line  of  contact  L  will  pass  from  its  posi- 
tion P  to  another  Z,  determined  by  the  equality  of  the  arcs 
PL  and  Z,  Z'.  During  this  motion  the  line  Z  generates  a 
cylindrical  surface  parallel  to  the  axis  Ay  the  base  of  the  sur- 
face being  the  epicycloid  P  L^,  In  the  same  way  by  rolling 
the  cylinder  C  upon  the  inner  surface  of  By  the  motion  of  the 
straight  line  Z  generates  a  cylindrical  surface  parallel  to  B 
with  a  hypocycloid  P  Z,  for  its  base. 

It  may  now  be  easily  shown  that  these  two  cylindrical 
surfaces  P  L^  and  P  L„  when  they  are  employed  as  the  pro- 
files of  two  teeth  of  the  wheels  A  and  -5,  will  satisfy  the 
general  condition  developed  above  for  correct  gearing.  To 
do  this,  let  us  suppose  the  cylinder  C  to  roll  through  the 
angle  a  =  PA  L  about  the  axoid  A  into  the  position  C,  then 
from  what  has  preceded  we  know  that  this  rolling  of  the 
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cylinder  C  will  be  equivalent  to  two  rotations,  one  a  about -^ 

and  another  y  = about  C,     This  angle  y  is  represented  in 

the  figure  by  L  C  Z„  and  we  also  see  fronri  the  figure  that 
the  plane  passed  through  L  Z,  parallel  to  the  axes,  is  per- 
pendicular to  the  surface -PZ,  at  Z„  for  the  element  of  this 
surface  at  Z,  can  be  regarded  as  a  small  element  of  a  circular 
cylinder  whose  axis  is  at  Z'.  If  we  now  imagine  the  whole 
system,  /.  ^.,  the  cylinder  A  as  well  as  C,  to  have  a  rotation 
about  the  axis  A  equal  to  —  a^  the  cylinder  C  will  return  to 
its  original  position  C,  the  line  of  contact  L  coinciding  with 
the  instantaneous  axis  P,  and  the  whole  motion  of  the  cylin- 
der C  reducing   to  a  rotation   about  its  own   axis  equal  to 

y  —  —  .     Now,  the  straight  line  Z,  coincides  with  P^  when 

PC P^=y,  and  if  we  suppose  the  surface  PL^  to  be  rigidly  con- 
nected with  Ay  it  will  take  the  position /^  T',  when  the  system 
is  turned  back,  so  that  the  plane  passed  through  P/J,,  parallel 
to  the  axes,  is  again  perpendicular  to  the  surface  P^  P,  at  P^ 
In  the  same  way  we  can  show  that  a  rolling  of  the  cylin- 
der C  on  the  inside  of  the  cylindrical  surface  B  from  C  to  C 
through  an  angle  -- y5=  7^5  Z",  corresponds  to  a  two-fold 
rotation  of   the  cylinder  C,  one  —  fi  about  B  and  another 

y'  z=z  ■{  -      about  its  own  axis.     This  angle  y'  is  represented 

in  the  figure  by  Z"  C"  L„  and  the  plane  passed  through  U  Z, 
parallel  to  the  axis  is  evidently  normal  to  the  surface  P  Z,  at 
Zj.  Now,  if  the  cylinder  B^  its  surface  P  Z,  and  the  cylinder 
C  be  all  turned  about  the  axis  B  through  the  angle  +  /?,  C 
will  pass  from  the  position  C  to  the  original  position  C,  and 

the  whole  motion  of  C  will  reduce  to  a  rotation  y  =  — .    As 

c 

the  required  motion  of  the  wheels  A  and  B  must  satisfy  the 

condition  a  a  ^  b  fi,\\.  follows  that  y  =  y\  uc^  in  the  two 

cases  here   considered,  the   auxiliary   axoid   C  has   turned 

through  one  and  the  same  angle : 

^^    c   '^   c 
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and  in  the  same  direction.  From  this  follows  that  the  two 
positions  Z,  and  Z,  of  the  generating  line  L  finally  coincide 
in  the  same  line  /^,  and  that  the  plane  passed  through  this 
line  and  the  instantaneous  axis  P  is  normal  to  the  two  profiles 
P^P^  and  P^  P^  The  lattei*  profiles  must  therefore  touch  in  the 
straight  line  P^,  and  any  pressure  exerted  by  one  tooth  surface 
on  the  other  must  pass  through  the  instantaneous  axis  P  and 
be  perpendicular  to  it.  This  evidently  satisfies  the  general 
condition  to  which  all  correct  tooth  surfaces  are  subject. 

The  property  just  found  for  surfaces  generated  by  rolling 
the  cylinder  C  on  the  axoids  of  the  wheels,  is  by  no  means 
limited  to  the  case  in  which  the  rolling  cylinder  C  has  a  cir- 
cular base,  but  holds  good  whatever  curve  be  chosen  as  its 
base,  provided  the  elements  of  this  cylinder  are  parallel  to 

the  axes.  For  if  we  suppose  any 
curve  O  P  Q  Fig.  234,  to  be  as- 
sumed as  the  base  of  the  cylinder 
which  rolls  on  the  axoids  A  and  By 
the  line  of  contact  P  will  again 
generate  two  cylindrical  surfaces 
whose  cross  sections  are  represent- 
ed by  the  curves  -PZ,  and  P  L^, 
When  the  cylinder  C  rolls  about 
the  axis  A  through  an  angle  PAL' 
=  a^  the  line  of  contact  Z  passes 
from  P  to  Z„  and  at  the  same  time 
the  point  O  of  the  curve  O  P  Q 
passes  to  L\  the  length  of  the  arc 
P  O  being  equal  to  PL. 
When  the  rolling  takes  place  on  the  inside  of  the  axoid  B^ 
this  same  point  O  passes  to  a  point  Z",  so  that 

arc  PO-  arc  P Z", 

and  the  line  of  contact  Z  passes  from  its  position  P  to  Z,, 
Evidently  here  also  the  plane  through  L  Z,  parallel  to 
the  axes  is  normal  to  the  surface  PL^  at  Z„  and  the  plane 
through  Z"  Z,  parallel  to  the  axes  is  normal  to  the  surface 
P  L^  at  Zj.     But  it  is  also  evident  that  the  rotation  of  the 
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system  A  and  C  around  A^  through  the  angle  L  A  P^  —  a 
and  a  rotation  of  the  system  B  and   C  about  B  equal  to 

L'* B P=  ft  =^—  will  bring  the  rolling  cylinder  in  both  cases 

back  into  the  same  position,  ue,^  the  elements  Z,  and  Z,  of 
the  generated  surfaces  P  Z,  and  P  Z,  will  come  in  contact 
at  the  same  straight  line  /J,»  and  the  normal  plane  common 
to  these  two  surfaces  at  the  line  of  contact  will  pass  through 
the  instantaneous  axis  P.  To  prove  this  we  have  only  to 
show  that  in  each  of  the  two  cases  considered,  the  result  of 
the  rolling  on  the  axoids  A  or  B,  and  the  subsequent  back- 
ward rotation  about  the  axes  A  or  B^  is  a  rotation  of  the  roll- 
ing cylinder  (9 -P  (3  through  the  same  angle.  This  is  easily 
done  as  follows :  suppose  normals  to  be  drawn  for  all  points 
of  the  curve  0  PQ,  they  will,  as  is  well  known,  envelop  a 
curve  P  E  Vy  which  is  the  ei'olute  ol  O  P  Q  and  contains  the 
centres  of  curvature  of  the  latter;  we  can  therefore  regard 
any  element,  for  example  D,  of  the  surface  O  P  Q,  as  an  in- 
finitely small  portion  of  a  cylinder  whose  axis  is  E  and  whose 
radius  \s  D  E.  If  we  represent  the  angle  at  the  centre  (of 
curvature)  subtended  by  this  element  hy  6  y  and  the  radius 
(of  curvature)  of  the  element  by  5»  then  if  we  roll  this  ele- 
ment on  the  element  6  a  ol  A  ox  on  S  fi  of  B,  the  rolling 
cylinder  will  turn  about  its  own  axis  E  through  the  angles 

--^— and  respectively.       Since   these    two   values   are 

equal,  it  follows  that  for  the  rolling  of  every  element  of  the 
cylinder  O  P  Q  on  the  corresponding  elements  S  a  and  d  )S, 
the  rotations  ol  O  P  Q  about  its  own  axis  will  be  equal. 
Consequently  the  sums 

a  d  a         ,     [  l^  ^  P 


n-  -^  1 


a 


must  be  equal,  and  these  sums,  represent  the  total  angles  of 
rotation  of  the'  cylinder  O  P  Q,  which  result  from  a  rolling 
equal  to  P  D  O,  and  a  subsequent  backward  rotation  about 
A  and  B  respectively. 

The  fundamental  law  governing  the  formation  of  tooth 
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surfaces  for  spur  wheels  may  therefore  be  expressed  as  fol- 
lows : 

Two  tooth  surfaces  ivhich  will  work  together  correctly^  i.  e., 
transmit  a  constant  velocity  ratio,  can  always  be  generated  by 
an  element  of  any  cylinder  parallel  to  the  axes,  which  is  rolled 
without  sliding  on  the  axoids  A  and  B  of  the  wheels.  As  till 
more  general  law  governing  the  formation  of  tooth  surfaces, 
will  be  deduced  hereafter. 

It  is  hardly  necessary  to  remark  that  while  in  external 
gearing  the  cylinder  C  simultaneously  rolls  on  the  outside  of 
the  axoid  A  and  on  the  inside  of  B,  or  the  reverse,  in  internal 
gearing  the  rolling  on  the  axoids  takes  place  simultaneously 
either  on  the  inside  or  the  outside  of  both  axoids,  so  that 
with  internal  gearing  the  curves  generated  at  the  same  time 
lie  upon  one  and  the  same  side  of  the  line  of  contact  of  the 
pitch  circles. 


§  68.  Oeneral  Form  of  Tooth. — The  general  law  just 
developed  for  spur  wheels  immediately  leads  us  to  the  va- 
rious forms  of  teeth  used  in  practice,  when  we  make  the 
assumptions  corresponding  to  the  particular  cases. 

We  can  first  suppose  the  form  of  a  tooth  on  one  wheel  to 
be  assumed  at  pleasure,  for  theoretically  it  is  generally  possible 

to  find  a  form  of  tooth  for 
the  other  wheel  which  will 
work  correctly  with  the  ar- 
bitrarily assumed  form.  If 
PP,  Fig.  235,  is  a  cylindri- 
cal tooth  surface  united 
and  parallel  to  the  axis  A^ 
we  can  always  find  a  cylin- 
der r„  r,,  c^  c^  .  ,  .  whose 
rolling  on  ^„  a„  a^  a^  ,  ,  . 
will  generate  the  tooth  sur- 
face PPy  provided  the  nor- 
mals from  all  points  of  PP 
meet  the  curve  ^„  a^,  a^^ 
a.  *  .  .     For  if  we  erect  at  any  points  p^,  p^,  Py  p^  ...  of  the 


§  68.]  GENERAL  FORM  OF  TOOTH,  28/ 

■      * 

profile  Z*/' of  the  tooth,  and  prolong  them  until  they  inter- 
sect the  cylinder  A  at  ^„  a„  a^,  a^  .  .  ,  and  construct  the 
triangle  r,  /,  c^  with  the  three  sides 


^2/2  =  ^3  A ;    ^i  A  =  ^1 A  I    ^2  ^i  =  ^2  ^i> 


also  make 


also 


r,  ^3  -  a^  a^         and         ^3/,  =  a^Pv 

c^  c^  ^  a^  a^        and         r^/,  =  ^4  A»  etc., 

^a^j  =  ^j^j         and  .       Cj^p^-=-  a^p^y  etc., 


we  then  have  a  polygon  p^  c^  c^  c^  c^  .  .  *  ,  or  when  the  dis- 
tances are  small  enough,  a  curve  which  is  the  section  of  a  cyl- 
inder parallel  to  the  axes  whose  rolling  on  the  cylinder  a,  a^  a^ 
.  .  .,  will  generate  the  given  tooth  surface /^P.  Hence  if  this 
cylinder,/,  c^  c^  c^  .  .  .  is  rolled  on  the  inside  of  the  cylinder 
b^  b^  b^  .  .  ,  y  the  element  p^  of  the  rolling  cylinder  will  gen- 
erate the  tooth  surface  Q  Q  of  the  other  wheel  B,  which  will 
work  correctly  with  PP. 

To  draw  Q  Q,  however,  it  is  not  necessary  to  specially  con- 
struct the  auxiliary  cylinder  ^x  r,  ^3  .  .  .  ,  for  Q  Q  may  be 
more  easily  obtained  by  describing  from  the  points  ^„  b„  b^ 
b^  .  .  .  (which  meet  the  points  a„  a„  a^  a^,  .  .  .)  as  centres, 
and  the    corresponding    normal   distances,  ^r,  /„  a^  p„  a^  p^ 

«4  A  •  •  •  *^  radii,  the  circular  arcs  ^i  ^a  ^3  ^4  •  •  •  >  for  the 
latter  evidently  envelop  the  required  curve  Q  Q» 

The  curve  Q  Q  thus  found,  satisfies  the  kinematic  condi- 
tions of  the  motion,  but  it  does  not  follow  from  this  that  it  is 
also  practically  useful,  or  even  that  it  can  be  realized  in  con- 
struction, for  it  is  possible  for  these  curves  to  intersect  each 
other,  in  which  case  they  would  of  course  not  be  applicable 
to  actual  teeth.  The  conditions  which  the  tooth  surfaces 
must  satisfy  in  this  respect  and  in  respect  to  the  durability 
of  the  teeth  will  be  more  fully  discussed  hereafter. 

The  method  given  by  Reuleaux  for  finding  a  tooth  sur- 
face which  will  work  with  another  given  profile,  is  shown  in 
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Fig.  236.     Let  the  curve  /,  /.  p^  p^  be  the  given  profile  on  the 
wheel  A,  and  let  the  nor- 
'°'    ^  *  mals  a'p  again  be  drawn  for 

various  points  of  this  curve, 
and  find  the  points  of  in- 
tersection a„  a„  Uy  a^.  .  ., 
of  the  normals  with  the 
pitch  circle  A'  and  the  cor- 
responding points  /■„  ^j,  *,, 
^^  .  .  .,  of  the  pitch  circle 
R.  Now  if  any  one  of 
the  points  a,,  a„a^.  .  . ,  co- 
incides with  the  instanta- 
neous centre,  contact  of 
the  teeth  will  take  place  at 
the    corresponding   points 

/it  Ar  A  '  ■  ■ '  '^^  ^^^  "°''* 
mals.  Consequently,  if, 
with  A  as  A  centre,  circles  be  described  through  p„  p„  p^ .  ■  .  , 
and  other  circles  be  described  with  P  as  a  centre,  and  the 
normals  ap  as  radii,  the  points  of  intersection  of  the  arcs  will 
form  a  curve  c,-r,  e^  c^  which  is  the  locus  of  the  points  of  con- 
tact, and  is  called  the  line  of  contact.  It  is  clear  that  the 
points  ^„  q„  g,  .  .  .  ,  of  the  required  second  profile  can  now 
be  found  by  describing,  through  these  points  c,  circles  whose 
centre  is  at  B  and  then  cutting  these  circles  by  arcs  described 
from  i„  fij,  i^j,  as  centres  with  radii  equal  to  the  length  of  the 
normals  already  mentioned,  so  that 

.     b,q,  =  a,p„         S^q,=a,p,  .... 

This  construction  gives  us  the  required  profile  g,q,  .  .  .,  and 
at  the  same  time  the  line  of  contact  r,  c,  .  .  . ,  the  latter  be- 
ing of  course  cut  at  right  angles  by  the  two  profiles  at  the 
point  of  contact,  which  in  the  figure  is  assumed  to  be  the  in- 
stantaneous centre  P.  The  line  joining  any  point  c  of  this 
■Curve  with  the  instantaneous  centre  /',  gives  the  direction  of 
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the  pressure  exerted  by  the  two  teeth  upon  each  other  at  the 
instant  in  which  they  are  in  contact  at  e. 

The  method  just  given  is  seldom  used  in  practice,  and  is 
of  interest  only  because  it  shows  that  for  any  assumed  form 
of  tooth  on  one  wheel  we  can  find  the  proper  form  of  tooth 
for  the  other  wheel ;  this  method  is  suitable  principally  for 
cases  where  for  some  reason  the  form  of  one  tooth  is  pre- 
scribed. 


Kia  237. 


§  69.  CycloldBl  Prolllei. — In  accordance  with  the  law 
developed  in  §  67,  it  is  customary  in  practice  to  give  to  the 
teeth  of  spur  wheels  surfaces  which  can  be  generated  by  an 
element  of  a  cylinder  rolled  on  the  axoids  of  the  pair  of 
wheels.  The  rolling  cylinders  which  are  chosen  always  have 
circular  cross  sections,  and  the  nature  of  the  generated  tooth 
surfaces  can  therefore  be  easily  ascertained  from  the  known 
properties  of  the  roulettes  which  are  generated  by  a  point  of 
a  circle  rolling  on  other  circles. 

Let  A  and  B,  Fig.  237,  be  two  parallel  axes,  and  let  P  be 
the  point  of  contact  of  the  pitch  circles  A'  and  B'.  From 
the  point  C  on  the  line  of  cen- 
tres A  By  describe  a  circle,  which 
will  pass  through  P\  then,  if 
this  circle  is  rolled  on  the  out- 
side of  B'  and  on  the  inside  of 
A\2l  point  yon  this  circle  will 
generate  the  epicycloid  H^J H^ 
while  its  circle  is  rolling  on  B\ 
and  the  point  J  will  generate 
the  hypocycloid  G^J  G^  while  the 
rolling  is  taking  place  in  A\ 
These  two  cur\^es  touch  at  Jy 
and  have  there  a  common  normal 
passing  through  P.  Therefore, 
if  we  give  to  the  teeth  of  the 
two  wheels  cylindrical  surfaces 
whose'  elements  are  parallel  to  the  axes  and  whose  bases 
19 
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are  the  two  cycloids  Gy^  G^  and  //",  H^^  they  will  have  correct 
forms  of  teeth. 

If  we  suppose  the  wheel  A  to  drive,  and  to  turn  with  uni- 
form velocity  a  in  the  direction  of  the  arrow,  the  tooth  sur- 
face Gj  G^a,  which  is  fixed  to  this  wheel,  will  act  against  the 
tooth  surface  H^  //,  of  the  wheel  B  aty,  and  give  to  the  lat- 

A  P 
ter  a  uniform  rotation  >5  =  —  a-j^-r^  in  the  direction  of   its 

arrow.  During  this  rotation  the  point  of  contact  J  of  the 
two  cycloidal  profiles  will  change  its  position  and  gradually 
reach  the  point  of  contact  P  of  the  two. pitch  circles,  for 
when  the  two  pitch  circles  have  turned  through  equal  arcs, 
G^P=  H^Pj  the  initial  point  G^ol  the  hypocycloid  G^G^ 
will  coincide  at  P  with  the  initial  point  H^  of  the  epicycloid 
//,  //a-  At  this  instant  the  line  of  centres  A  B  will  be  the 
common  tangent  to  the  two  curves  at  P.  It  is  plain  from  the 
mode  of  generating  the  two  cycloidal  curves  C,  G^  and  //,  H„ 
that  their  point  of  contact  while  moving  from  y  to  -Pwill  re- 
main on  the  circumference  of  C,  for  through  every  pointy, 
of  this  circumference  we  can  imagine  two  cycloids  to  be 
drawn  which  are  identical  with  the  first,  and  which  touch 
at  y,  the  distances  of  their  initial  points  from  P^  meas- 
ured along  the  pitch  circles,  being  equal.  The  circle  C  be- 
tween y  and  P  is  therefore  the  line  of  contact  (or  locus  of  the 
points  of  contact  of  the  curves) ,  while  the  pitch  circles  turn 
through  the  equal  arcs  6^,  /*,  and  //",  P  which  lie  in  front  of  the 
line  of  centres*  When  the  point  of  contact  of  the  two  pro- 
files has  moved  to  P  in  the  line  of  centres,  i>.,  when  the 
profiles  have  taken  the  positions  PG  and  PHy  and  the  uni- 
form rotation  is  then  continued,  these  profiles  can  no  longer 
act  on  each  other,  and  therefore  the  arrangement  must  be 
such  that  at  the  instant  when  two  teeth  are  dX  PG  and 
PN  ^nd  are  about  to  separate,  two  other  tooth  surfaces, 
having,  say,  the  positions  G^  G^  and  //,  //,,  will  begin  to  act 
on  each  other.  The  point  y,  at  which  a  new  pair  of  teeth 
come  in  contact,  is  easily  found  at  the  intersection  o^  the 
circle  C  with  the  addendum  circle^  i,e,y  with  the  circle  de- 
scribed from  ^  as  a  centre  with  the  radius  B  H  oi  the  outer- 
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most  point  H  of  the  tooth  surface.  If  we  suppose  the  pitch 
circles  A  and  B'  to  be  provided  with  teeth  whose  distances 
apart,  measured  along  the  circumferences,  are  P  G^  and  P H^^ 
and  give  to  the  teeth  the  cylindrical  surfaces  PG  and  P  H^ 
then  a  uniform  rotation  of  the  wheel  A  with  a  velocity  a  will 
evidently  cause  a  similar  rotation  of  the  wheel  B  with  a  ve- 
locity >5.  With  this  arrangement  the  teeth  will  be  in  contact 
only  in  front  of  the  line  of  centres  A  B^  that  is,  only  while 
the  arcs  //,  P  and  C,  P  are  passing  the  line  of  centres,  and 
while  the  wheel  A  drives.  But  it  is  also  evident  that  with 
the  same  tooth  surfaces  the  wheels  can  rotate  in  a  direction 
opposite  to  the  arrows,  provided  the  wheel  B  drives,  the  dif- 
ference being  that  the  tooth  P H  first  comes  in  contact  with 
PG  dX  P^  the  point  of  contact  of  the  profiles  traveling  from 
P  toy  along  the  circumference  of  C.  The  contact  of  the 
teeth  then  takes  place  behind  the  line  of  centres,  i.  e,,  after 
the  profiles  have  passed  the  point  of  contact  P  of  the  pitch 
circles.  The  arcs  of  the  pitch  circles  which  pass  the  line  of 
centres  while  two  teeth  are  in  contact  are  called  the  arcs  of 
action,  and  the  angles  at  the  centre  which  subtend  these  arcs 
are  the  angles  of  action, 

§  70.  General  Form  of  Cycloldal  Teeth.— The  differ- 
ence  between  the  two  wheels  A  and  B,  is  that  the  axoid  of 
B  has  projections  with  profiles  like  PH,  while  the  other 
wheel  A  has  depressions  bounded  by  the  profiles  PG,  the 
projections  of  B  entering  the  depressions  of  A.  It  is  evident 
that  the  wheel  A  could  also  be  provided  with  projections 
outside  of  the  pitch  circle  and  the  wheel  B  with  correspond- 
ing depressions  on  the  inside  of  the  pitch  circle,  as  in  the 
following  construction. 

If  on  the  two  pitch  circles  A'  A'  and  B'  B\  Fig.  238,  we 
roll  any  circle  C,  on  the  outside  of  B'  E  and  on  the  inside  of 
A  A\  then  from  what  has  preceded  we  know  that  a  point  P 
of  the  rolling  circle  will  give  the  epicycloid  P H  2s  the  pro- 
file for  the  projections  of  the  wheel  B  and  the  hypocyloid 
PG  diS  the  profile  for  the^ depressions  of  the  wheel  A,  If  in 
the  same  manner  we  roll  any  other  circle  C^  on  the  outside  of 
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A  A'  and  on  the  inside  of  B  B\  we  shall  get  the  epicycloid  PL 

as  the  profile  for  the 
projections  of  the  wheel 
A  and  the  hypocycloid 
PKior  the  correspond- 
ing depressions  of  B. 
Now  if  these  curves 
are' drawn  through  the 
points  F^F^  .  .  . ,  diS 
well  as  -£,  -£,  .  .  . ,  of 
the  pitch  circles,  so 
that  the  rectified  arcs 
PE^,  PE^  .  .  . ,  are 
equal  to  each  other 
and  to  the  rectified  arcs 
PF^,PF^  .  .  .,  and  if 
the  curves  are  limited 
by  the  circles  A^^A^,  B^  and  B^^  concentric  to  A  and  -ff,  we 
shall  get  the  profiles  of  all  the  tooth  surfaces  that  work 
together.  Were  the  direction  in  which  the  wheels  revolve 
invariable,  we  could  give  to  the  backs  of  the  teeth  Z,  D^  G^ 
and  //,  Z>a  K^  any  forms  whatever,  provided  they  did  not 
prevent  the  following  tooth  surfaces  from  acting ;  for  ex- 
ample, they  could  be  made  flat  as  shown  in  the  teeth  E^  and 
F^,  In  order  that  either  of  the  wheels  A  and  B  may  be  em- 
ployed as  driver,  whatever  the  direction  of  rotation,  it  is  cus- 
tomary to  give  a  form  to  the  teeth  of  such  character  that 
the  two  sides  of  a  tooth  will  be  symmetrical  with  reference 
to  the  radius  passing  through  the  middle  of  the  tooth,  i^e.^ 
the  curves  on  the  two  sides  will  be  alike  but  will  be  generated 
by  opposite  directions  of  rolling. 

It  is  evident  from  what  precedes  that  each  of  the  teeth 
LGG^L^  and  HKK^H^c^n  be  regarded  as  composed  of 
two  parts,  which  are  separated  from  each  other  by  the  sur- 
faces of  the  axoids  or  pitch  cylinders.  The  parts  whichr  pro- 
ject beyond  the  pitch  circles  (in  external  gearing),  2iS PL  L^D^ 
and  P  H  H^  Z?„  are  called  the  addenda  ;  the  parts  inside  of 
the  pitch  circles,  as  PG  G^D^  and  P  KK^D^y  are  called  the 
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roots;  the  tooth  surface  above  the  pitch  circle,  as  P L^D^L 
and  P  Hy  D^  //"„  are  called  \}[i^  faces  of  the  teeth,  and  the  parts 
below,  ^s  PGj  D^  G^  and  PK^,  D^  A^„  \\i^  flanks  of  the  teeth ; 
the  space  between  two  teeth,  sls  L  G  C/  V^is  simply  called  the 
sfiace.  The  innermost  circles  of  the  teeth,  as  Aj  A^  and  -5,  ^„ 
are  called  the  root  circles,  the  Outermost  circles,  as  A^A^  and 
B^  B^f  are  called  the  addendum  circles.  The  distance  between 
the  root  circle  and  the  addendum  circle  is  called  the  length 
of  the  tooth,  the  dimension  of  the  tooth  in  a  direction  parallel 
to  the  axes  is  called  its  breadth.  By  the  thickness  of  a  tooth 
is  understood  the  dimension  of  the  tooth  which  is  measured 
along  the  pitch  circles,  for  example,  the  arcs  P D^  and  P  D^ 
respectively ;  in  most  cases  it  would  be  sufficiently  accurate  to 
substitute  the  chords  of  the  arcs  for  the  arcs  themselves. 
^y  pitch  of  the  toothy  or  simply  the  pitch,  we  are  to  understand 
the  arcs  of  the  pitch  circles  included  between  two  similarly 
situated  tooth  surfaces  for  example,  the  arcs  PE^,  PPu 
PE„  PF^ ....  From  what  has  been  said  we  know  that 
these  arcs  are  equal  in  the  two  wheels  that  work  together, 
there  being  on  the  wheels  no  other  two  circles  in  contact  in 
which  the  distances  of  the  teeth  from  each  other  on  one 
wheel  are  equal  to  those  on  the  other.  This  evidently  de- 
pends on  what  has  already  been  said  of  the  axoids,  namely, 
that  in  them,  i,e,y  in  the  pitch  cylinders,  the  velocities  of  the 
two  wheels  are  equal.  Although  the  pitch  circles  are  not 
evident  to  the  eye  in  actually  constructed  wheels,  they  have 
nevertheless  decided  significance  for  the  whole  motion,  and 
are  by  no  means  to  be  regarded  as  something  arbitrary. 

The  generating  circle  C^  is,  according  to  the  above,  the 
line  of  contact  or  locus  for  the  points  of  contact  of  two  tooth 
profiles,  consequently  the. point  of  intersection  f  of  this 
circle  with  the  addendum  circle  B^  of  the  wheel  B,  will  give 
the  point  at  which  the  top  of  the  tooth  on  B  will  be  first 
touched  by  the  flank  of  the  tooth  on  the  wheel  A.  After  the 
wheels  have  turned  so  far  that  the  two  profiles  touch  on  the 
line  of  centres,  that  is,  at  P,  further  motion  will  not  be  ac- 
companied by  cessation  of  action  of  these  teeth,  as  was  the 
case  in  Fig.  237,  where  the  teeth  of  A  had  flanks,  and  those 
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of  B  faces,  only;  for  now  the  IdiCt  PL  will  act  on  the  flank 
PK  ^.nd  will  cause  the  wheel  B  to  turn  till  the  tooth  of  A 
leaves  the  tooth  of  B  at  N,  This  point  N  will  be  found  at 
the  intersection  of  the  second  generating  circle  C^  with  the 
addendum  circle  A^  of  the  wheel  Ay  for  it  is  evident  that  for 
the  just  described  action  of  P%  on  PK,  the  generating  circle 
Ca  will  be  the  line  of  contact.  When,  therefore,  the  teeth  of 
each  wheel  have  faces  as  well  as  flanks,  the  teeth  will  be  in 
action  both  before  and  behind  the  line  of  centres ;  for  when  A 
drives,  as  in  the  present  case,  the  point  of  contact  will  travel 
from  y  through  Pto  Ny  while  when  the  direction  of  rotation 
is  opposite  and  B  is  the  driver,  the  point  of  contact  will 
travel  in  the  opposite  direction  on  the  generating  circles, 
namely,  from  iV  through  PtoJ.  It.  is  also  clear  that  if  this 
opposite  rotation  is  effected  by  yl  as  a  driver,  the  symmetri- 
cal form  of  the  teeth  will  cause  the  point  of  contact  of  the 
tooth  profiles  to  travel  from  R  along  the  circle  (7,  to  P,  and 
from  there  along  the  circle  C2  to  5,  the  point  of  contact  hav- 
ing the  opposite  path  S PR  when  the  wheel  B  turns -^  in  the 
direction  of  the  arrow.  When,  therefore,  the  profiles  of  the 
teeth  touch  at  some  point  of  the  double  arcs  J P N  and 
7?  P 5  respectively,  we  can  find  the  direction  of  the  pressure 
between  the  teeth  for  the  instant  by  drawing  a  line  between 
this  point  and  the  point  of  contact  P  oi  the  pitch  circles. 

We  see  from  this  that  the  direction  of  pressure  is  per- 
pendicular to  the  line  of  centres  for  a  single  instant  only, 
namely,  when  contact  of  the  profiles  takes  place  on  the  line 
of  centres,  and  that  in  general  the  direction  of  pressure  will 
deviate  from  the  normal  direction  T Py  the  deviations  ex- 
tending to  the  directions yP,  PiVand  R  Py  PS  respectively. 
These  deviations  are  evidently  greater  the  farther  the  points 
/y  Ny  S  and  R  are  from  Py  or  the  more  the  teeth  project  be- 
yond the  pitch  circles.  This  shows  that  the  construction  in 
which  the  teeth  have  both  faces  and  flanks  is  more  advan- 
tageous than  the  construction  shown  in  Fig.  237,  where  the 
teeth  of  one  wheel  are  without  faces,  and  those  of  the  other 
without  flanks,  for  in  the  latter  case,  the  deviation  of  the 
direction  of  pressure  from  the  normal  J*/*  is  greater.     This 
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deviation  causes  friction  on  the  shafts  and,  as  will  be  shown 
later,  increased  friction  between  the  teeth. 

It  follows  from  the  foregoing  remarks,  that  two  teeth  act 
on  each  other  in  such  a  way  that  the  face  of  one  tooth  works 
with  the  flank  of  the  other,  and  that  faces,  can  never  work 
with  faces,  nor  flanks  with  flanks,  if  the  condition  of  uniform 
transmission  of  motion  is  to  be  satisfied. 

That  the  forms  of  the  teeth  for  internal  gearings  Fig.  239, 
will  differ  from  those  found  for  external  gearing,  follows 
from  what  was  said  in  §  67,  Since  here  the  axes  of  two 
wheels  lie  upon 
the  same  side  of 
the  common  tan- 
gent plane,  the 
describing  cylin- 
der must  be  roll- 
ed on  the  out- 
side of  both  ax- 
oids  or  on  the  \ 
inside  of  both,  in  \ 
order  to  generate 
the  tooth  sur- 
faces which  work 
together.  Hence 
the  profile  of  the 
wheel  A  will 
have  for  its  flank 
the  hypocycloid 
generated  by  the 
describing  circle  C^  on  A*  and  for  its  face  the  epicycloid 
generated  by  the  describing  circle  C^  on  A'^  as  in  the  pre- 
ceding case,  but  for  the  wheel  B  the  profile  of  the  tooth  will 
have  the  hypocycloid  described  by  C,  in  B'  for  'it^^face  and  the 
epicycloid  oi  C^  on  B'  for  its  flank.  The  double  slvc/PN  of 
the  describing  circles  Cj  and  C,  is  again  the  locus  of  the 
points  of  contact  of  the  tooth  curves,  the  point  of  contact 
traveling  fromy  through  P  to  iVwhen  the  rotation  is  in  the 
direction  of  the  arrow,  and  A  is  the  driver.      When  the  direc- 
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tion  of  rotation  is  the  same  and  the  larger  wheel  B  is  the 
driver,  the  contact  of  two  profiles  will  take  place  along  the 
line  of  contact  SP R. 

The  case  in  which  one  of  the  wheels  has  an  infinite  radius 
and  becomes  a  rack  may  be  regarded  as  intermediate  be- 
tween the  two  cases  of  external  and  internal  gearing/  Here 
also  the  proper  profiles  for  the  teeth  can  be  deduced  from 
the  general  law,  P  H  and  P K^  Fig.  240,  representing  the 
face  and  flank  of  a  tooth  of  the  rack,  these  two  curves  being 
ordinary  cycloids  generated  by  the  describing  circles  C,  and 
f7a,  and  the  profiles  of  the  teeth  on  the  wheel  A  remaining 

the  same   as  before.     The 


Fig.  240. 


straight   line  B'  E   is  evi- 

dently  to   be   regarded   as 

the  pitch  circle  of  the  rack, 

in   the   same    manner    the 

A2  straight  lines  i?,  B^  and  B^  B^ 

take  the  place  cf  the  root 

■^"^    circle  and  addendum  circle  ; 

the     line    of    contact    will 

Bi  therefore  be  JPN  or  5  PR, 

according  as  the  wheel  A  or 

the   rack   B  is  the   driver, 

the  direction  of  motion  be- 


ing that  represented  by  the  arrow. 


§  71,  Teeth  with  Radial  Flanks. — The  results  thus  far 
developed  are  independent  of  the  size  of  the  describing 
circles,  consequently  the  cycloidal  profiles  obtained  will 
form  correct  tooth  surfaces  however  large  the  generating 
circles  are  taken.  By  making  certain  assumptions  with  refer- 
ence to  these  describing  circles,  we  shall  get  special  forms  of 
teeth  of  importance  in  practice,  which  we  will  now  examine. 
Since  a  hypocycloid  becomes  a  straight  line  and  a  diameter 
of  its  pitch  circle  when  the  diameter  of  the  rolling  circle  is 
half  that  of  the  pitch  circle,  we  have  here  a  means  of  forming 
correct  tooth  surfaces  which  are  partially /Z^^^'. 

For  if  we  take  the  radius  A  P,  Fig.  241,  of  the  pitch  circle 
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of  ^  as  the  diameter  of  the  describing  circle,  we  shall  get  for 
the  flank  of  the  tooth  A,  a  flat  surface  which  v:,  projected 
into  the  radius  PG;  in  like  man- 
ner the  flank  of  the  tooth  on  B  ^'<'-  =4'- 
will  have  the  radial  direction  PK, 
when  its  describing  circle  C^  has 
a  diameter  equal   to   the  radius 
B  P  oi   the   other   pitch   ci'cle. 
The  flanks  of  the  teeth  are,   of 
course,  the  epicycloids  generated 
by  rolling  (T,  on  B'  and  C,  on  A. 
This    radial  flank  gearing   was 
formerly     much     used    for    the 
wooden  wheels  of  mills,  etc.,  we 
therefore  find  in  the  correspond- 
ing text  books  the  rule  laid   down  that  the  flanks  of  teeth 
should  be  radial  and   their  faces  epicycloids  generated  by 
rolling  on  each  pitch  circle  a  describing  circle,  whose  diameter 
is  equal  to  the  radius  of  the  other  pitch  circle. 


■  Fig.  24a. 


Fig.  243. 


Also  in  internal  gearing,  Fig.  242,  the  smaller  wheel  A 
may  be  given  a  radial  flank  PG,  in  which  case  the  face  of 
the  larger  wheel  will  be  the  //^pocj'cloid  generated  by  rolling 
the  circle  C,  in  the  pitch  circle  B',  the  diameter  of  the  rolling 
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circle  being  equal  to  the  radius  A  P.  The  faces  of  A  and  the 
flanks  of  B  may  be  made  epicycloids  generated  by  rolling 
any  describing  circle  C^  on  the  pitch  circles.  On  the  other 
hand,  the  faces  of  the  larger  wheel  B  can  be  made  radial 
planes  only  whe7t  the  diameter  of  the  smaller  wheel  A  exceeds 
the  radius  of  tlu  larger  wheel.  The  reason  for  this  is  that 
the  radial  face  of  the  larger  wheel  corresponds  to  a  fiank  of 
the  smaller  wheel  generated  by  rolling  a  circle  C^  of  diameter 
B P^  on  the  inside  of  the  pitch  circle  A\  Now  if  the  rolling 
circle  Ca  is  greater  than  the  pitch  circle  -/I',  the  rolling  will 
produce  di  pericycloid,  i.e.j  a  curve  which  lies  entirely  outside 
of  the  pitch  circle  A  and  consequently  cannot  be  used  for 
the  flanks  of  A  which  lie  on  the  inside  of  this  pitch  circle. 
Since  the  faces  of  the  teeth  of  one  wheel  can  only  work 
with  the  flanks  of  the  teeth  of  the  other,  it  is  evident  that 
the  general  law  for  forming  tooth  curves  by  rolling  holds 
good  only  so  long  as  the  two  pitch  circles  at  their  point 
of  contact  lie  on  the  same  side  of  the  rolling  circle,  but 
does  not  hold  when  the  circumference  of  the  rolling  circle 
lies  between  the  pitch  circles,  as  is  the  case  with  C\,  Fig. 
242,  whose  circumference  lies  between  A  and  B .  ' 

From  this  follows  that  in  external  gearing,  Fig.  238,  the 
two  describing  circles  C,  and  C^  can  be  arbitrarily  chosen  only 
within  certain  definite  limits,  which  are  determined  by  the 
condition  that  neither  of  these  circles  shall  be  larger  than 
the  pitch  circle  in  which  it  is  rolled ;  for  example,  C,  cannot 
be  taken  greater  than  Ay  nor  C^  greater  than  B*,  in  Fig.  238. 
On  the  other  hand,  it  follows  from  this  condition  that  with 
internal  gearing,  Fig.  243,  instead  of  making  the  faces  of  the 
smaller  wheel  A  and  the  flanks  of  the  larger  wheel  B  cpicy^ 
cloids,  as  was  assumed  before,  we  can  give  them  the  forms  of 
the  two  pericycloids  PL  and  P K^  which  are  generated  by 
rolling  on  the  inside  of  the  pitch  circles^'  and  B  a  circle  C\y 
whose  diameter  is  greater  than  the  larger  pitch  circle  By  for 
in  this  case  the  elements  of  the  pitch  circles  at  the  point  of 
contact  evidently  lie  on  the  same  side  of  the  rolling  circle. 
If  we  make  the  flanks  of  the  wheel  A  radial,  and  consequently 
the  faces  of  the  wheel  B  hypocycloids  generated  by  rolling 
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the  circle  C^  of  diameter  A  -P,  in  the  pitch  circle  B^  evidently 
the  line  of  contact  will  be  the  double  arc  J  P  N  or  S  P  Ry 
according  as  -^  or  ^  is  the  driver. 

If  we  suppose  the  circle  C'^  to  gradually  increase  until  it 
becomes  infinite,  the  circumference  C^will  finally  become  a 
straight  line,  namely,  the  <5ommon  tangent  TP  and  the  tooth 
profiles  PZ  and  /"A"  will  now  be  the  involutes  of  the  pitch 
circles.  The  point  of  contact  of  these  curves  will  then  travel 
along  the  straight  line  to  Py  during  which  time  the  direction 
of  the  pressure  of  the  two  teeth  will  be  constantly  normal  to 
the  line  of  centres  A  By  and  therefore  work  very  favorably, 
because  there  is  no  component  of  the  pressure  acting  against 
the  axes  in  the  direction  of  the  line  of  centres.  It  is  clear  that 
in  this  case  the  involutes  are  in  a  certain  sense  the  limit  for 
the  epicycloids,  Fig.  242,  and  the  pericycloids,  Fig.  243. 

If  we  apply  radial  flank  gearing  to  racks,  Fig.  244,  evi- 
dently the  radial  flanks  PG  of  the  wheel  A  will  work  with 
the   faces  K  P  ol  the   rack,  which   are 
ordinary  cycloids  generated  by  the  circle  '  ^ 

C  of  diameter  A  P.     The  rack  itself  may         /^^      ^v 
be  recrarded  as  a  wheel  of  infinite  diame-      /  \/ 

tcr,  the  pitch   circle  being  the  straight  \'  I  •    VM^*'\«cfer  / 
line-P^,  from  which   immediately  fol-   \\^^\^^/^// 
lows  that  the  radial  flanks  P H  oi  the  '^"'^^r^i^P^r/'^ «r 
rack  are  normal  to  P  By  and  work  with  — l_-^^-^t_ — 
the  involute  faces -PZ  of  the  wheel  A',     -^s^^ 
The   line  of   contact  is  either  y/*iV  or 
SPRy  according  as  the  wheel  or  the  rack  drives.     The  tan- 
gential  position  of  the  portion  PN  of  this  line  of  contact 
shows  that  only  one  point  Pol  the  flank  P H ol  the  rack 
comes  in  contact  with  the  points  of  the  face  PLy  so  that  the 
form  ol  P If  is  unimportant.     Of  course,  with  this  construc- 
tion, the  wear  of  the  teeth  of  the  rack  will  be  very  great,  be- 
cause the  pressure  is  constantly  concentrated  on  the  same 
point. 

§  72.  Ptn  Gearing.— If  in  two  wheels  A  and  B,  Fig.  245, 
which  gear  externally,  we  give  to  the  describing  circle  Ca  the 
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greatest  possible  diameter,  i.c.,  make  it  equal  to  the  pitch 
circle  B,  the  curve  described  by  one  of  its  points  P,  will  re- 
duce to  the  point  /"itself,  while  the  faces  of  the  wheel  A  will 
evidently  be  epicycloids  /"£  or /"£„  generated  by  rolling 
C,  or  B-  on  A'.  These  epicycloids  may  therefore  be  employed 
when  the  wheel  B  has  a  tooth  at  iP  which  is  infinitely  small. 
Sometimes  In  practice  wheels  are  constructed  with  pins  in- 
stead of  teeth,  i.e.,  with  cylindrical  staves  of  circular  cross 
sectii>n,  as  PF,  such  wheels  being  called  piit  wltecls  or  trundles. 
The  proper  form  of  tooth  for  the  wheel  A,  which  will  work 
with  these  pins,  can  be  easily  obtained  from  the  epicycloid 
P  Ehy  finding  its  equidistant  curve  P  G,  whose  normal  dis- 
tance from  P  E  h  everywhere  equal  to  the  radius  P F  ol  the 
pin.  The  profile  of  the  tooth  is  therefore  the  curve  F  G  ox 
F,  Gj  which  envelops  the  circular  arcs  described  from  the 
points  of  the  epicycloid  P E  or  P E,&s  centres  with  a  radius 
equal  to  that  of  the  pin.  Inside  the  pitch  circle  the  wheel  A 
must,  of  course,  be  provided  with  recesses  F  H  F,  sulfi- 
FiG.  245.  ciently  large    to    admit  the 

pins,  the  profiles  of  the  recess- 
es being  unimportant,  as  they 
do  not  come  in  contact  with 
the  pins.    That  the  curve  FG 
i     thus  obtained  will  give  a  cor- 
rect   tooth    surface    for    the 
teeth    of    A    may   easily   be 
shown.     If  the  pin  were  infi- 
nitely   small    and    therefore 
only  a  straight  line,  the  epicy- 
cloid PE  would  be  the  proper 
tooth  curve,  and  for  any  posi- 
tion of    the   pin,  say  £>,  the 
straight  line  P  D  would  be  normal  to  the  epicycloid  E,D£, 
passing  through  D,  consequently  the  straight  line  P  D  is  also 
perpendicular  to  the  curve  L  F,  parallel  to  the  epicycloid  ;  in 
other  words,  the  fundamental  condition  for   uniform   trans- 
mission of  motion  is  satisfied.     The  tooth  £  P  will  commence 
to  act  on  the  pin  /"when  the  latter  is  on  the  line  of  centres. 
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and  therefore  the  equidistant  curve  F  G  will  come  in  contact 
with  the  pin  of  radius  P  F  2X  the  same  instant  and  at  a  point 
Fj  which  is  found  by  laying  off  the  radius  of  the  pin  PF  on 
the  normal  to  the  epicycloid  at  P,  i.e.,  on  the  tangent  P  T. 
In  order  that  the  motion  may  be  continuous,  it  is  now  neces- 
sary that  the  preceding  tooth  F^  G^  L  F^  drive  the  pin  D 
MTiiiXF  G  comes  in  contact  with  -Pat  F.  The  height  of  the 
tooth  of  the  wheel  A  necessary  to  accomplish  this,  P  D  being 
the  distance  between  the  pins,  may  be  found  by  taking  the 
intersection  L  of  the  straight  line  P  D  with  the  profile  L  F^ 
as  the  outermost  point  of  the  tooth,  the  teeth  being  extended 
at  least  far  enough  to  reach  the  circle  described  through  L 
v/ith  -^  as  a  centre. 

For  internal  pin  gearing  the  forms  of  the  teeth  are  found 
in  exactly  the  same  manner  as  for  external  gearing.     If  the 
pinion  A^  Fig.  246,  receives  the  pin,  the  teeth  of  the  wheel 
Fig.  246.  Fig.  247, 


must  be  formed  according  to  the  curve  F  G,  which  is  an 
equidistant  to  the  hypocycloid  obtained  by  rolling  the  pitch 
circle  A'  m  B\  but  when  the  pins  are  given  to  the  larger 
wheel  By  Fig.  247,  the  form  of  the  tooth  is  determined  by  the 
equidistant  F  G  to  the  pericycloid  obtained  by  rolling  the 
pitch  circle  ff  about  A\ 
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If  a  rack  B  gears  with  a  trundle  A^  Fig.  248,  the  form  of 
the  tooth  is  determined  by  a  curye  F  G  parallel  to  the  cycloid 
P  E  ol  the  pitch  circle  A\  while  for  the  case  represented  by 
Fig.  249,  where  the  pins  are  given  to  the  rack,  the  teeth  are 


Fig.  248. 


Fig.  249. 


formed  according  to  a  curve  F  G  which  is  parallel  to  the 
involute  P  E  ol  the  pitch  circle -/4'.  In  all  the  cases  repre- 
sented from  Fig.  245  to  Fig.  249,  the  intersection  L  of  the 
straight  line  P  D  with  the  profile  of  the  curve  gives  the  min- 
imum height  of  the  teeth.  In  practice  it  is  customary  to 
give  the  iceth  to  the  driver  and  the  pins  to  the  follozucr  or 
driven  wheels  the  reason  for  which  will  be  given  hereafter, 
when  the  friction  of  teeth  is  discussed.  As  may  be  seen  from 
the  figures,  motion  is  transmitted  principally  behind  the  line 
of  centres  between  P  and  Z,  and  through  a  shorter  distance 
before  the  line  of  centres  between  -Fand  P,  -PjP  being  always 
smaller  than  P  Z. 

§  73.  Involute  Gearing,— If  we  give  to  the  rolling  circle 
which  describes  the  profiles  of  the  teeth  an  infinite  diameter, 
it  will  become  a  straight  line,  namely,  the  common  tangent 
P  T,  Fig.  250,  whose  rolling  on  the  pitch  circle  will  generate 
involutes  of  the  latter.  These  involutes  cannot  be  employed 
for  tooth  profiles,  at  least  not  for  external  gearing,  because 
they  lie  wholly  outside  of  the  pitch  circles,  and  can  therefore 
be  employed  only  for  the  faces  of  the  teeth,  which,  of  course, 
do  not  work  together.  That  involutes  of  the  pitch  circles 
can  be  employed  with  internal  gearing  for  the  faces  of  the 
pinion  and  the  flanks  of  the  wheel,  has  already  been  shown 
in  §71. 
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But  the  involutes  of  circles  may  be  employed  for  the  pro- 
files of  teeth  of  wheels  in  external 
gearing,  as  the  following  discus- 
sion will  show.  If  through  the- 
point  of  contact  P  of  the  pitch  cir- 
cles a  straight  line  E  Fh^  passed, 
making  the  acute  angle  A  PE  =  y 
with  the  line  of  centres  A  By  and 
if  from  A  and  B  as  centres  we  de- 
scribe two  circles  touching -£i^  at 
E'  and  F\  the  involutes  to  these 
two  circles  will  likewise  give  cor- 
rect tooth  profiles.  By  rolling  the 
straight  line  EF  on  these  circles, 
the  point  P  will  generate  the  in- 
volute GPL  to  E  and  the  involute 
If  PIC  to  F\  both  curves  touch- 
ing at  the  instantaneous  centre  P.  It  may  now  be  easily 
shown  that,  for  any  rotation  of  the  shafts  A  and  B  with  the 
angular  velocities  a  and  /?,  these  curves,  which  are  fixed  to 
their  respective  wheels,  will  touch  each  other  at  only  one 
point  of  the  fixed  straight  line  £  i%  and  that  this  straight 
line  is  normal  to  these  curves  at  their  point  of  contact  and 
passes  through  the  instantaneous  centre  P.  For  this  pur- 
pose it  is  only  necessary  to  call  to  mind  the  method  em- 
ployed in  generating  the  involutes.  Evidently  the  element 
of  the  involute  arc  PG  which  contains  the  point  P  is  gener- 
ated by  an  instantaneous  rotation  of  the  straight  line  E  P 
about  Ef  the  rotation  being  left-handed  (contrary  to  the 
hands  of  a  watch),  and  equal  to  a.  For  the  rotation  we  may 
substitute  (Introduction,  §  4)  an  equal  left-handed  rotation 
about  A  and  a  translation  a  x  A  E  perpendicular  to  A  Ey  in 
the  direction  from  PtoE,  If  we  now  imagine  the  whole 
system,  i.e.y  the  wheel  A  and  the  straight  line  PE,  to  receive 
an  additional  right-handed  rotation  a  around  Ay  the  resultant 
motion  of  the  straight  line  PE  will  simply  be  a  translation 
from  P  to,  say  P^y  which  is  expressed  by  PP^  =  a  x  A  E, 
Similar  considerations  apply  to  the  wheel  By  for  the  element 
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of  the  involute  arc  P  K  containing  P  is  generated  by  a  small 
right-handed  rotation  fi  of  i^/' about  F.  For  this  rotation 
we  may  again  substitute  an  equally  large  right-handed  rota- 
tion  about  B  and  a  translation  ft  y.  B F\r\  the  direction  Pto  E. 
If  we  again  suppose  the  system  to  receive  an  additional  left- 
handed  rotation  ft  about  the  axis  B^  the  resultant  motion  of 
the  straight  line  FP  and  of  course  of  the  point  Pwill  be  sim- 
ply this  translation  /3xBF.  If  now  a  and  /?  have  been  chosen 
in  accordance  with  the  required  motion,  i.e.,  a  :  ft=zBPi 
A  P^OT  \l  a  y.  A  P=^  ft  X  B  Py  we  shall  have  the  two  transla- 
tions a  X  A  E  and  /3  x  B  F  equal,  because 

AE      BF 

From  this  follows  that  the  point  -Pof  the  straight  line  E  Fis 
shifted  equal  amounts  in  both  cases  along  FE,  namely, 
PP^  =axAE  =  /3xBF,  when  the  wheels  are  turned 
through  a  and  —  /S  respectively.  Since  the  elements  at  P^  of 
the  involute  arcs  (7,  P,  Z,  and  H^  P^  K^  have  a  common 
normal  F E  at  P„  which  passes  through  the  instantaneous 
centre  P,  it  follows  from  the  principle  established  in  §  6y 
that  involutes  may  be  employed  as  correct  profiles  for  teeth. 

It  is  also  plain  from  what  has  preceded  that  the  oblique 
line  FE  is  the  locus  of  contact  of  the  two  profiles,  and  con- 
sequently that  »the  force  exerted  by  the  teeth  on  each  other 
has  always  the  same  direction  FE.  Supposing  this  force  to 
be  resolved  into  rectangular  components,  it  is  evident  that 
the  component  in  the  direction  of  the  line  of  centres  A  B 
will  become  greater  the  more  acute  the  angle  A  P E  =  y^ 
and  as  this  component  creates  hurtful  pressures  in  the  bear- 
ings of  the  shafts  A  and  B^  the  angle  y  must  not  be  taken  too 
small,  not  less  than  /s"*. 

The  construction  of  the  teeth  now  readily  follows.  If  in 
wheels  with  external  gearing,  Fig.  251,  we  pass  through  the 
point  of  contact  P  oi  the  pitch  circles  the  straight  line  EF 
so  as  to  make  the  angle 


y  =  ^/'£  =  75*' to8o% 
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and  roll  it  on  the  two  circles  E  and  P  (base  circles)  in  con- 
tact with  it,  the  resulting  involutes  to  these  circles  will  be 
the  profiles  for  the  tooth  sur- 
faces of  the  wheels.  Each 
side  of  a  tooth  will  therefore 
be  composed  of  a  single  con- 
tinuous curve,  the  methods 
employed  in  preceding  articles 
giving  special  curves  for  the 
faces  and  flanks  of  the  pro- 
files. At  the  points  of  inter-  ; 
section  of  the  addendum  cir-' 
cles  A^  and  Bj  with  the  lines 
of  contact  FE  and  /^  £„  we 
have  the  points  S,  R,  N  and  /, 
at  which  contact  of  the  teeth 
begins  or  ceases,  so  that  when 

the  arrow  represents  the  direction  of  rotation,  the  point  of 
contact  of  two  teeth  will  travel  from  A'' to /when  £  is  the 
driver,  and  from  Rto  S  when  A  is  the  driver. 

Fig.  352. 


Evidently  these  remarks  hold  for  wheels  which  gear  in- 
ternally. Fig.  252,  and  also  for  the  rack  and  pinion.  Fig.  253. 
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The  rack  may  again  be  regarded  as  an  infinitely  large  wheel, 
consequently  that  circle  of  this  infinite  wheel  which  is  in 
contact  with   E  F  will  be- 
come a  straight   line   coin- 
ciding with  E  F.    By  rolling 
this  line  EF  on  itself,  the 
point    P   will     describe    a 
straight  line  /"/T  normal  to 
EF  aX  P,  whence  follows 
that    the    surfaces    of  the 
teeth   of   the   rack   will  be 
planes  G  H  and  (?,  /f„  which 
on  each  side  of  the  tooth 
n  angle  y    As  the  point  of 
i  from  y  to  iV  or  from  R  to  S, 
file,  the  pressure  of  a  tooth 
iter  surface,  and  is  not  con- 
was  the  case  with  the  rack, 
I  §  71,  the  faces  of  the  wheel 
)Iutesto  the  pitch  circles. 

Ircalar  Aro.— As  compara- 
le  curves  determined  in  the 
for  the  profiles  of  teeth,  we 
these  curves  circular  arcs 
to  the  exact  curves,  a  suit- 
for  the  arcs  giving  sufficient 
o  this  we  can  construct  the 
one  of  the  methods  already 
rcular  arc  which  will  approxi- 
is  profile.  This  method  will 
suitable  arcs  may  be  found 
act  profile,  as  the  following 

e  axes  of  two  wheels,  and  D 
;t  us  also  assume  that  two 
;  profiles  which  are  circular 
;spectively.     The  connecting 
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line  CM  will  evidently  be  the  common  normal  to  the  tooth 
profiles  at  their  point  of  contact,  *>.,  the  straight  line  C  M  \a 
the   direction   of    pressure   and   consequently   should    pass 
through  the  instantaneous  cen- 
tre  Z».      When  the  wheels  turn  ^'°-  »«■ 

this  straight  tine  will  not  change 
its  length,  which  is  equal  to 
the  sum  of  the  radii  of  the 
arcs,  so  long  as  the  arcs  re- 
main in  contact.  According 
to  §  7  of  the  Introduction,  the 
motion  of  the  line  CM  at  each 
instant  may  be  regarded  as  a 
slight  rotation  about  the  in- 
stantaneous  centre,  the  latter 
lying  at  the  intersection  of  the 
normals  erected  to  the  paths 
of   the   two  points   C  and  M. 

As  these  normals  coincide  with  the  radii  A  C  and  S  M,  the 
intersection  P  of  the  latter  will  give  the  instantaneous  centre 
for  the  motion  of  the  line  CM. 

The  transmission  of  motion  by  means  of  circular  profiles 
will  be  uniform  during  a  slight  motion,  if  the  common  nor- 
mal CM  to  the  profiles  passes  through  the  point  of  contact 
D  of  the  pitch  circles.  This  will  only  occur  when  the  instan- 
taneous radius  PD  is  normal  to  the  straight  line  CM,  i^., 
when  the  instantaneous  motion  of  the  point  D  takes  place  in 
the  direction  CM. 

This  gives  us  the  following  construction.  Through  the 
point  of  contact  D  of  the  pitch  circles,  draw  for  the  direction 
of  pressure  a  straight  line  MC,  making  with  the  line  of  cen- 
tres an  angle  ADC  which  is  not  too  acute  (say  not  less  than 
75°).  At  D  erect  the  perpendicular  D  P,  then  unite  any  point 
Poi  this  perpendicular  with  the  wheel  centres  A  and  B.  At 
the  intersections  C  and  ^  of  these  lines  with  the  assumed 
direction  of  pressure,  we  shall  have  the  centres  of  two  arcs 
which  pass  through  the  same  point  of  CM,  and,  for  the  in- 
stant, satisfy  the  required  condition  of  uniform  transmission. 


.*»■ 
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These  arcs  may  be  struck  through  any  point  of  C M\  if  we 
pass  them  through  Z>,  perfectly  uniform  transmission  of  mo- 
tion will  take  place  when  the  teeth  touch  on  the  line  of  cen- 
tres, that  is,  at  D ;  this  also  holds  when  the  teeth  are  in 
contact  at  any  point  Z>,  before  or  behind  the  line  of  centres 
through  which  the  circular  arcs  have  been  passed.  For  all 
other  positions  of  the  teeth  the  transmission  of  motion  is,  of 
course,  only  approximately  uniform. 

In  the  assumed  case,  the  two  centres  C  and  M  lie  on  op- 
posite sides  of  the  line  of  centres  A  By  and  the  two  arcs  may 
be  said  to  have  a  convexo-convex  contact.  But  if  instead  of 
the  point  jP,  we  suppose  some  other  point  P'  of  the  perpen- 
dicular DPtohe  chosen  as  the  instantaneous  centre,  so  that 
the  instantaneous  radii  P'A  and  P'B  shall  cut  the  line  of 
pressure  C M  on  the  same  side  of  D,  we  shall  get  at  C  and 
M'  centres  for  the  circular  tooth  profiles  which  arc  subject  to 
a  convexo-concave  contact.  Finally,  by  choosing  the  instan- 
taneous centre  on  DPdX  P^y  where  the  instantaneous  radius 
B  P^  is  parallel  to  C My  the  centre  Cwill  be  infinitely  distant, 
?>.,  the  profile  of  the  tooth  of  B  will  be  perpendicular  to  C  My 
and  the  centre  of  the  profile  for  the  tooth  on  A  will  be  at 
the  intersection  of  A  P^  with  CM. 

If  we  assume  the  instantaneous  centre  P  to  be  infinitely 
distant  from  Dy  the  instantaneous  radii  to  the  wheel  centres 
A  and  B  will  evidently  be  parallel  to  D  P  or  perpendicular  to 
C My  consequently  C^  and  M^  will  be  the  centres  for  the  two 
circular  profiles.  These  points  coincide  with  the  centres  of 
curvature  of  the  two  involutes  at  their  point  of  contact,  these 
involutes  being  drawn,  as  explained  in  the  previous  article, 
for  the  direction  of  the  pressure  CMy  and  for  the  instant  at 
which  they  are  in  contact  with  the  very  point  D  or  Z>j  through 
which  the  arcs  have  been  described.  From  the  last  remarks 
we  can  deduce  a  simple  construction  for  finding  the  required 
centres  C^  and  M^  of  the  two  arcs  which  are  to  be  employed 
as  approximate  profiles  for  teeth,  it  being  only  necessary  to 
project  the  wheel  centres  A  and  B  on  the  assumed  direction 
of  pressure  CM',  the  projections  C^  and  M^  are  the  required 
centres,  and  if  we  pass  the  arcs  through  the  point  of  contact 
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D  of  the  pitch  circles,  the  teeth  will  traiismit  perfectly  uni- 
form motion  at  the  instant 
in  which  they  are  in  contact  '    "" 

on  the  line  of  centres  A  B. 

To  determine  the  centres 
C,M zx\A  C,  M'  respective- 
ly, let  (Fig.  255)  a  and  b  be 
the  radii  of  the  pitch  circles 
of  the  wheels  A  and  B,  and 
let/  represent  the  distance 
of  the  instantaneous  centre 
P  from  D,  the  required  dis- 
tances  CD  and  M D  for  con- 
vexo-convex  contact  being 
represented  by  a  and  fc  re- 
spectively.    We  then  have  : 

<x  =  DC,~CC^=acosy-  CC^, 

or,  since  from 


we  get 


and 


=  CC,  1  asiny, 
a  X  a  sin  y 


a  y  a  smy 
a  =acos  y  — ■ — — , 


*  X  a  cos  Y 

a  =z  -^^ .  -'- . 

p  -Va  sin  Y 

We  also  have 

6  =  DM^  +  M^  M=bcosy  ->r  M^  M, 

or,  since  from 

h  •  p  =  M^  M  :  b  sin  y, 
we  get 


3IO 
we  have 


MACHINERY  OF  TRANSMISSION 


t        ,               .6x3  sin  Y 
Izrz  0  cos  y  + —f 

P 


[§74. 


and 


t.  —  /  >^  b  cos  Y 
p  —  b  sin  Y  * 


In  exactly  the  same  manner  we  find  for  the  convexo-con- 
cave contdiCty  when  the  distance  DP'  is  represented  by  p\  and 
the  required  distances  DC  ^nd  DM' by  a'  and  b' respect- 
ively : 


and 


p'  -\-  a  sin  Y  * 
o  sm  Y  "^  P 


These  formulas  may  be  employed  to  determine  the  cen- 
tres of  curvature  when/  and/'  are  known,  instead  of  deter- 
mining them  by  graphical  construction  as  detailed  above. 
For  p  =  b  sin  y  we  get  b  =  oo,  and  for  /  =  oo  we  get  as 
above  a  =  a  cos  Yy  and  i  =  b  cos  y* 

In  what  has  preceded  it  has  been  tacitly  assumed  that 
the  tooth  profile  of  each  wheel  could  be  replaced  by  a 
single  circular  arc.  In  this  case  the  tooth  profile,  consist- 
ing of  a  single  curve,  presents  a  certain  similarity  to  in- 
volute teeth,  and  perfectly  uniform  transmission  of  motion 
between  the  two  wheels  only  takes  place  for  a  single  in- 
stant, namely,  when  the  two  arcs  touch  on  the  line  of 
pressure  MC.  But  each  tooth  profile  can  also  be  com- 
posed of  two  circular  arcs,  one  for  the  flank  and  the  other 
for  the  face,  the  two  arcs  in  a  certain  sense  corresponding 
to  the  two  different  curves  of  cycloidal  teeth.  In  this 
way  two  tooth  surfaces  which  work  together  can  be  made  to 
transmit  perfectly  uniform  motion  at  two  different  instants, 
namely,  when  one  pair  and  then  the  other  pair  of  circular 
arcs  which  work  together  come  in  contact  on  the  assumed 
line  of  pressure  CM.    This  will,  of  course,  give  a  closer  agree- 


ift 
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ment  between  the  circular  profiles  and  the  exact  ones,  par- 
ticularly if  the  two  points  of  exact  transmission  just  men- 
tioned be  assumed  at  equal  distances,  say  half  the  pitch  of  a 
tooth,  before  and  behind  the  line  of  centres.  To  accomplish 
this  we  can  evidently  make  use  of  the  following  construction. 
Through  the  point  of  contact  D  of  the  two  wheels,  Fig.  256, 
draw  the  line  of  pressure  CM^  making  with  the  line  of  cen- 
tres A  B  SLti  angle  A  DM  o{,  say,  75**,  and  erect  the  normal 
PP  to  CM,  then  will  the  two  lines  drawn  from  A  and  B  to 


Fig.  256. 


any  point  P^  of  this  normal  contain  at  C,  and  AT,  the  centre 
for  the  face  of  A  and  for  the  flank  of  B  respectively.  If  we 
choose  a  point  £  on  the  pitch  circle  ^'  at  a  distance  from  D 
equal  to  half  the  pitch,  and  pass  through  this  point  an  arc 
E  G  with  C,  as  a  centre,  it  will  give  the  face  of  a  tooth  on  Ay 
while  an  arc  y//"  described  from  jW",  as  a  centre  and  touching 
£  G  At  its  intersection  O  with  CM,  will  give  the  flank  of  a 
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tooth  on  B.  In  the  same  way,  by  drawing  the  two  lines -^  P^ 
and  B  P^  through  another  point  Pj  of  the  straight  line  PP^ 
we  shall  get,  at  their  intersections  C^  and  M^  with  C My  two 
centres  for  the  arcs  which  form  the  flanks  of  A  and  the  faces 
of  B  respectively.  We  accordingly  pass  through  the  point  F 
of  the  pitch  circle  Ay  which  is  at  a  distance  from  D  equal  to, 
say,  half  the  pitch,  the  arc  FL  with  C^  as  centre  for  the  pro- 
file of  the  flanks  on  Ay  and  through  the  intersection  Q  of  the 
arc  with  C  M  vie  pass  an  arc  N  K  with  M^  as  a  centre,  which 
latter  arc  will  serve  as  profile  for  the  faces  of  the  wheel  B, 
With  the  radii  thus  found  we  can  now  easily  draw  all  the 
teeth,  for  the  circles  through  C^  and  C^  concentric  with  A  are 
the  loci  of  the  centres  of  the  two  arcs  forming  the  profile  of 
the  teeth  on  Ay  and  the  circles  through  J/,  and  M^  concentric 
with  B  are  the  corresponding  loci  for  the  teeth  of  B.  The 
radii  of  these  circles  are  shown  in  the  figure,  a,  =  C,  O^ 
^2^  C^Q\\=  M^0\  and  b,  =  M^  Q.  These  arcs,  however, 
are  not  tangent  to  each  other  at  the  points  R  and  5,  where 
they  meet  on  the  pitch  circle ;  it  will  therefore  be  well  to 
slightly  round  the  corners  thus  made. 

Remark.  We  can  also  assume  for  the  radius  of  the  arc  the  radius  of  curva- 
ture of  the  exact  profile  at  the  point  in  which  the  transmission  of  motion  is  to 
be  perfectly  uniform.  If  this  procedure  is  to  be  applied  to,  say,  cycloidal  pro- 
files, which  are  to  be  replaced  by  approximate  arcs,  the  radii  of  the  latter  may  be 
found  by  calculation  as  follows : 

If  a  is  the  radius  of  a  pitch  circle  and  fi  the  radius  of  the  describing  circle 
which  is  rolled  on  the  outside  or  inside  of  the  former,  we  can  determine  for  the 
epicycloid  and  hypocycloid  thus  generated,  the  radius  of  curvature  at  a  point 
whose  angular  distance  from  the  point  of  contact  of  the  rolling  circle  with  the 
pitch  circle  is  equal  to  (p,  from  the  formula 

a  a  ±  P     .1        - 
r'=.\p t;  stn  —  <p,* 

the  positive  signs  being  used  for  epicycloids  and  the  negative  signs  for  hypocy- 
cloids ;  the  angle  (p  being  measured  at  the  centre  of  the  rolling  circle.  If  we 
again  suppos::  the  point  at  which  the  circular  arc  coincides  with  the  correct  pro- 

*  See  Zehmcy  Elementare  und  analytische  Behandlung  der  verschiedenen 
Cycloiden. 
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file  to  be  at  a  distance  from  the  instantaneous  centre  equal  to  half  the  pitch 

—  ,  we  shall  have  for  this  point  fi  a  =  —  ,   and   therefore  —  =  —j  . 
2  '^        '   ^      2  2       4p 

If,  because  the  angle  is  small,  we  take  sin  ~  <p  •=.  —  <py  we  shall  have 


a  ±  2  fS 

From  this  formula  we  get  the  approximate  radii  Ci,  Oj,  bi,  and  ba  for  two  wheels 
having  the  radii  a  and  b,  when  the  generating  circles  have  the  radii  px  and  pt^ 
namely: 

tti  —  — ——7/  *  »        tta  =  TT  • » 

a  4-  2  pi  a  —  2  Pi 

^'~h^;rrfiV'      ^'-b^2Px 

For  gearing  with  radial  flanks  fix  =  —  b  and  pi=z--a;  hence  we  have  for  the 
radii  of  the  faces  : 

b  I 

2  -  2  ^       2«+  I    / 

a  •{•  b  n  -HI  »+  I     2 

and 

b  ^ —         i-\ — 
-  2^  2  ^       2  +  n    t 

b  -k-  a         i4-«         W-+-I2 
«  =  y  representing  the  velocity  ratio. 

§  75.  Interchangeable  nrheelfl.— In  what  has  preceded 
it  has  been  tacitly  assumed  that  a  wheel  A  always  works  with 
a  certain  wheel  B^  and  that  the  motions  of  the  two  always 
have  the  particular  ratio  a :  ft  which  is  equal  to  the  inverse 
ratio  b:  aol the  radii.  Now,  in  practice  it  is  often  necessary 
that  any  two  of  a  set  of  wheels  Ay  B.C^D  .  .  .  .  shall  work 
with  each  other,  so  that  in  each  case  the  ratio  of  their  veloci- 
ties of  rotation  a,  fi,  y,  d  .  .  .  shall  equal  the  inverse  ratio 
of  their  radii  a^  by  c,  d.  .  .  For  this  purpose  it  is  first  neces- 
sary that  the  pitch,  or  distance  apart  of  the  teeth  on  the 
pitch  circles,  shall  be  the  same  for  all  the  wheels  of  the  set, 
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moreover,  it  is  necessary  that  the  tooth  profiles  of  any  two 
wheels  shall  work  together  correctly,  i.e.,  satisfy  the  condition 
of  uniform  transmission  of  motion.  Such  wheels  are  called 
interchangeable  wheels.  The  practical  importance  of  this  class 
of  wheels  will  be  evident  when  we  remember  that  toothed 
wheels,  especially  the  larger  ones,  are  cast  from  accurately 
made  patterns,  and  that  the  number  of  expensive  patterns 
would  become  exceedingly  large  if  each  wheel  could  only 
work  with  one  particular  wheel,  for  the  number  is  already 
large  on  account  of  the  different  diameters  and  different 
pitches  employed.  The  principles  according  to  which  inter- 
changeable wheels  must  be  formed  may  be  easily  deduced. 
It  is  clear  that  if  two  wheels  A  and  B  formed  by  one  of  the 
above  methods  work  together  correctly,  one  of  them,  for 
example,  A,  will  not  work  correctly  with  a  third  wheel  C  dif- 
ferent from  By  if  the  size  or  radius  of  the  wheel  B  has  had  any 
influence  in  determining  tJie  tooth  profile  of  A.  Only  for  that 
case  in  which  the  tooth  curves  depend  solely  on  the  dimen- 
siofis  of  their  own  wheel  is  it  possible  to  construct  interchange- 
able wheels. 

From  this  follows  that  it  is  impossible  to  have  interchange- 
able wheels  in  radial  flank  gearings  for  the  radial  flanks  of  B 
require  that  the  faces  of  A  shall  be  epicycloids  generated  by 
a  circle  whose  diameter  is  equal  to  the  radius  of  B^  conse- 
quently, this  face  will  only  work  with  awheel  of  the  diameter 
of  B.  Similar  remarks  apply  of  course  to  pin  gearing,  dis- 
cussed in  §  72. 

On  the  other  hand,  it  is  easy  to  see  that  the  general 
method  employed  for  cycloidal  gearing,  §  70,  in  which  the 
describing  circles  C,  and  C,  are  arbitrarily  assumed,  affords 
opportunity  for  forming  interchangeable  wheels,  and  that  we 
shall  obtain  such  wheels  if  the  two  describing  circles  C,  and  C^ 
which  are  rolled  on  the  inside  and  outside  of  the  pitch  circles, 
are  taken  equal  to  each  other  and  are  the  same  for  all  the  w/ieels^ 
for  then  only  will  the  face  of  each  wheel  work  correctly  with 
the  flank  of  any  other  wheel,  because  these  two  profiles  have 
been  generated  by  rolling  the  same  circle  on  the  inside  and 
outside  of  the  two  pitch  circles.     This  may  be  easily  proved. 
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Let  Ay  -5,  D  be  any  three  wheels,  and  let  the  faces  of  A  be 
epicycloids  generated  by  rolling  any  describing  circle  C  on 
the  pitch  circle  of  A  ;  the  flanks  of  the  wheel  B  must  then  be 
hypocycloids  described  by  rolling  this  same  circle  C  inside 
the  pitch  circle  of  B,  But  this  form  of  profile  for  the  flanks 
of  B  requires  that  the  faces  of  D  be  epicycloids  generated  by 
rolling  C  on  the  pitch  circle  of  Z>,  and  this  form  of  face  for  D 
requires,  in  order  that  D  may  work  with  A^  that  the  flanks  of 
A  shall  be  hypocycloids  generated  by  rolling  this  same  circle 
C  inside  the  pitch  circle  of  A.  This  applies  to  every  wheel 
of  the  set. 

It  is  also  evident  that  similar  remarks  apply  to  internal 
gears  and  to  racks,  consequently,  to  form  a  set  of  interchange- 
able wheels,  it  is  only  necessary  to  properly  choose  the  roll- 
ing circle.  This  choice  is  principally  determined  by  the  fact 
that  when  flanks  are  radial,  the  teeth  are  weak  near  the  base, 
and  this  evil  is  Still  more  marked  when  the  describing  circle 
has  a  diameter  larger  than  the  radius  of  the  pitch  circle  in 
which  it  IS  rolled.  It  is  well,  therefore,  to  make  the  diameter 
of  the  describing  circle  at  most  equal  to  the  radius  of  the  small- 
est wheel  in  the  sety  or,  better  still,  to  make  it  somewhat  smaller. 
According  to  Reuleaux  the  radius  of  the  describing  circle  is 
to  be  assumed  equal  to  0.875  /,  which  gives  for  the  number  of 
teeth  in  the  smallest  wheel  in  the  set 

_  27t{2  X  0.875 /)_  „ 

[In  the  United  States  and  in  England,  12  is  the  number  of 
teeth  usually  chosen  for  the  smallest  wheel  of  the  set,  the 
radius  of  the  describing  circle  being  0.9S5  /.] 

Involute  gearing,  §  73,  also  permits  the  formation  of  inter- 
changeable wheels,*  for  in  this  case  the  profile  of  a  tooth  on 
the  wheel  A  is  completely  determined  when  we  know  the 
radius  A  Ey  Fig.  257,  of  the  base  circle.  The  latter  is  deter- 
mined from  a  sin  yy  a  being  the  radius  of  the  pitch  circle  and 
Y  the  angle  A  P-ffmade  by  the  line  of  action  P  E  with  the 

♦  See  article  by  ^i///wr,  Zeitschr.  deutsch  Ing.,  1871. 


3l6  MACHINERY  OF  TRANSMISSION,  [§7$. 

radius  A  P  drawn  to  the  intersection  ol  P  E  with  the  pitch 
circle.  In  order  that  the  wheel  A  may  work  correctly  with 
any  other,  it  is  only  necessary  that  the  line  of  action  passing 
through  the  point  of  contact  be  the  same  for  each  of  the 
wheels,  i.e.,  that  the  angle  APE  have  the  same  value  y  for 

all  the  wheels  of  the  set.  From  this  fol- 
lows that  the  radii  of  the  base  circles, 
which  are  smaller  than  the  radii  of  the 
pitch  circles  in  the  ratio  sin  y:  i,  are  to 
each  other  exactly  as  the  radii  of  the 
pitch  circles,  and  also  that  with  inter- 
changeable wheels,  the  pitch  measured  on 
the  base  circles  must  be  the  same  in  all  wheels  of  the  set. 
Like  remarks  hold  for  internal  gears  and  for  racks. 

Interchangeable  wheels  may  also  be  constructed  accord- 
ing to  the  method  of  approximate  arcs,  described  in  §  74. 
For  this,  it  is  only  necessary  to  make  the  values  i?Pj  =  /,  and 
D  P^  =/„  Fig.  258,  equal  to  each  other  and  equal  to/  for  all 
the  wheels  of  the  set,  and  make  the  angle  A  D  M  also  the 
same  (75°)  for  all  the  wheels.  For  we  see  from  the  figure 
that  under  these  suppositions  the  diameter  B  D  oi  the  wheel 
B  is  without  any  influence  on  the  position  of  the  centres  C, 
and  Cj  of  the  arcs  of  the  wheel  A^  this  diameter  only  influenc- 
ing the  distances  from  D  of  the  centres  M^  and  M^  of  its  own 
arcs.  In  this  case,  therefore,  it  is  only  a  question  of  assum- 
ing suitable  values  for  the  angle  ADM  and  the  distance 
D  P^r=  D  P^=p,  For  the  angle  A  D  M  \t  will  be  well  to 
take  a  value  about  75°,  because  with  a  smaller  value  that 
component  of  the  pressure  of  the  wheels  which  falls  into  the 
line  of  centres  A  B  will  cause  an  unnecessarily  large  amount 
of  friction  on  the  shafts.  The  value  for  the  distance 
p  —  D  P^=^  D  P^oi  the  instantaneous  centre  Py  from  the  point 
of  contact  D  of  the  pitch  circles,  is  determined  from  the  fol- 
lowing considerations:     If,  with  this  distance  /  the  teeth  be 

constructed  for  a  wheel  whose  radius  is  r  =  — ^-—  ,  evidently 

stn  y 

the  ray  drawn  from  the  centre  of  this  wheel  to  the  instanta- 
neous centre  P,  will  be  parallel  to  the  direction  C  M  oi  the 


r 
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force,  and  the  required  centre  M^  for  the  arc/ //'forming  the 
flanks  of  the  teeth  will  lie  at  an  infinite  distance,  />.,  the 
flanks  will  be  radial.  If  the  radius  r  of  the  wheel  were  taken 
still  srhaller,  the  centre  J/,  would  pass  to  the  other  side  of  D^ 
and  the  arcs  thus  formed  would  cause  the  flanks  of  the  wheel  B 
to  undercut,  thus  greatly  weakening  the  teeth.  Consequently, 
/  should  be  so  chosen  that  the  flanks  of  the  smallest  wheel  of 
the  set  will  at  most  be  radial.     If,  therefore,  r  represents  this 

Fig.  258. 


smallest  radius,  p  may  be  determined  from  the  above  relation 

P 
r  =  -.  — i,c,, />=  r  sin /,      Now   we   may   readily    calculate 

stn  y, 
from  the  formulas  given  in  §  74,  for  any  wheel  A  whose 
radius  is  a,  the  distances  a„  a,  of  the  centres  of  the  arcs  C,  and 
C^  from  the  point  of  contact  D  of  the  pitch  circles.  Since 
we  have  here  a  convexo-concave  contact,  we  shall  evidently 
find  for  the  wheel  whose  radius  is  a^  the  centre  for  the  con- 
vex curvature  or  face 
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Y^  P  _     __p  y>  acosy  _  rsin  yxacosy^rxa  cos  y 
'  ~    '      p  '\-  a  sin  y       r  sin  y  +  a  sin  y  a  +  r      * 

and  for  the  centre  C,  of  concave  curvature  or  flank : 

p  X  acos y       r  sin  y  x  acos  y      r  x  acosy 

//  6,  =  a,  =  — '• :  =  — : = • 

a  sin  y  —  P      a  stn  y  —  r  sm  y  a  —  r 

If  z  represents  the  number  of  teeth  in  the  wheel  A,  and  z^ 
the  number  in  the  smallest  wheel  of  radius  r,  we  shall  have, 
when  /  represents  the  pitch, 

2  TV  a  =  2  f,  and  2  nr  =  z^  /, 
hence 


and 


^^-"— 2;r(^  +  ^j'' 

2n{z-  zj 


By  means  of  these  formulas  we  can  calculate  a  table  of  values 
for  a,  and  a,  corresponding  to  different  pitches  and  numbers 
of  teeth.  This  has  already  been  done  for  z^  =  12  and  y  =  75° 
by  Willis,*  to  whom  this  method  of  approximation  by  cir- 
cular arcs  is  due.  To  render  the  construction  easier,  Willis 
has  also  designed  a  small  card-board  or  brass  instrument 
called  the  Odontography  which  in  its  essential  features  re- 
sembles a  composing  stick  whose  legs  make  an  angle  of  75° 
with  each  other.  On  each  side  of  the  vertex  along  one  edge 
the  instrument  is  graduated  into  equal  divisions.  The 
graduations  on  one  side  are  for  the  values  of  a,  and  on  the 
other  for  a,,  which  are  taken  from  the  table  accompanying 
the  instrument.  However,  in  designing  teeth,  one  can  easily 
do  without  this  apparatus.  ' 

Remark.     The  patterns  for  a  set  of  interchangeable  wheels  whose  pitch  is 
30  millimeters  [i.*i8  in.]  are  to  be  given  circular  tooth  profiles  ;  how  large  must 

*  Principles  of  Mechanism. 
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we  assume  the  distance  tti  and  a^  of  the  centres  for  th^  faces  and  flanks'  for  a 
wheel  having  40  teeth,  supposing  the  angle  made  by  the  direction  of  the  force 
with  the  line  of  centres  to  be  ^  =  75°,  the  smallest  wheel  of  the  set  to  have  12 
teeth  and  radial  flanks  ? 

We  have  here  for  a  wheel  with  40  teeth : 

12  X  40  X  COS  75°  X  3omillim.  «  .«.      .       r         .    n 

tti  = '^ ^"T =  0.382  X  30  =  11.5  miUimeters  [0.45  m.l, 

2x3.14(404-12)  J  ^  J  L    tJ       J» 

and 

12  X  40  X  f<?j75*' X  30minira.  .„.   *  r    «    .    -1 

tta  = J ~- , =  0.707  X  30=  21.2  millimeters  [0.83  m.j. 

2  X  3.14  (40  - 12)  t    I      O  L      J       J 

When  the  pitch  is  /  we  have  for  a  wheel  of  40  teeth : 

Ox  =  o.  382  /,        and        Oi  =  o.  707  /. 

Under  these  suppositions  the  required  distance  of  the  instantaneous  centres 
becomes 

12/ 
/  =  rsin  75 "  =r —  0.966  =  1.84  /  =  55.2  millimeters  [2.17  in.]. 

In  like  manner  the  calculation  can  be  made  for  every  other  number  of  teeth. 
The  mode  of  constructing  the  teeth  with  the  found  values  Oi  and  at,  is  given 
in  §  74. 

§  76.  Number  of  Teeth. — Since  the  pitch,  /.^.,  the  dis- 
tance measured  on  the  pitch  circles  between  two  similarly 
situated  tooth  surfaces,  is  exactly  the  same  for  both  pitch 
circles,  it  follows  that  the  numbers  of  teeth  -sr,  and  z^  on  the 
two  wheels  A  and '-5  are  to  each  other  as  the  circumferences, 
and  consequently  as  the  radii  a,  and  a,,  of  these  pitch  circles. 
We  always  have  ^  /  =  2  ;r  r,  and  hence 

/  =  6.28  ^  =  6.28  -? . 

T 

Therefore  we  can  also  employ  for  the  velocity  ratio  «  =  —  of 

two  wheels,  the  ratio  of  the  numbers  «  =  — . 

It  follows  from  this  method  of  expressing  the  velocity 
ratio  of  two  toothed  wheels,  that  we  must  always  express  the 
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ratio  by  whole  numbers,  which  is  a  limitation  to  which  friction 
wheels  and  belt  pulleys  are  not  subject. 

From  the  relation  -sr  /  =  2  7r  r,  we  can  find  any  one  of  the 
three  magnitudes,  pitch,  number  of  teeth  and  radius  of  pitch 
circle,  when  the  two  others  are  given.  When  these  values 
have  to  be  frequently  determined,  it  is  customary  to  make 

use  of  a  table  which  gives  the  values  —  =  0.1592^  for  the 

2  7t 

ordinarily  occurring  numbers  z  (say  up  to  300).  In  some 
establishments  the  pitch,  instead  of  being  expressed  directly 
in  terms  of  the  unit  of  length,  is  expressed  in  terms  of  the 

quotient  — ,  and  may  then  be  designated  by  (/),  so  that  the 

■ 

pitch  will  equal  3.14  (/)  millimeters,  inches,  lines,  etc,  the 

radius  r  being  then   directly  expressed   by  z  (/)  in  ordinary 

units  of  length  (millimeters,   inches,  etc.).     [In  the  United 

States  the  so-called  diametral  pitch  is  much  used,  it  is  equal 

d      7t 
to  the  number  of  teeth  per  inch  of  diameter ^  i.e.,  =  —  =  — ,  the 

z       z 

diameter  of  the  pitch  circle  being  easily  found  from  z  x  dia- 
metral pitch.] 

In  laying  off  the  pitch  /  on  the  pitch  circle  we  can  of 
course  only  take  the  chord  s  of  the  arc  of  the  pitch  in  the 
dividers,  hence,  if  we  do  not  prefer  to  divide  the  whole  pitch 
circle  into  z  equal  parts,  we  must  take  between  the  points  of 
the  dividers  a  length 


r° 


s  =  2r  sin  —  , 
2 

r^  representing  the  pitch  angle  or  angle  subtending  the  pitch 


o       360''       180° ,       .  o      ^  ^ 


nr  '•      -    Y 


If  we  substitute  the  approximate  value 


.    ^o       r       I  (r\ 


2  \        24/       2  r  \        2^7^)  ' 
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we  shall  get  for  the  chord 


j  =  /    I  - 


24  r* 


It  will  always  be  better,  however,  to  divide  the  pitch  circle 
into  z  equal  parts,  as  the  calculated  values  of  s  are  only  ap- 
proximate, and  when  frequently  laid  off  on  the  pitch  circle 
the  small  errors  in  s  will  gradually  sum  up  so  as  to  make  con- 
siderable of  a  mistake  at  the  last  tooth. 

The  magnitude  of  the  pitch  being  determined  with  refer- 
ence to  the  strength  of  the  teeth,  as  will  be  shown  hereafter, 
we  may  determine  from  it  and  the  given  radii  of  the  wheels, 
the  number  of  teeth. 

Although  in  general  the  radius  of  the  pitch  circle  may 
be  chosen  at  pleasure,  wheels  being  constructed  of  many  dif- 
ferent sizes,  the  mutual  relation  of  the  radii  or  the  number  of 
teeth  of  a  pair  of  wheels  is  nevertheless  dependent  on  certain 
conditions  which  are  partly  due  to  practical  considerations  of 
construction,  but  principally  to  considerations  relating  to  the 
possibility  of  transmitting  motion.  The  latter  particularly 
holds  with  reference  to  the  minimum  number  of  teeth  which 
will  permit  continuous  transmission  of  motion.  As  regards 
the  ratio  of  a  pair  of  wheels,  it  may  be  said  that  when  the 
wheels  are  unequal,  each  tooth  of  the  smaller  wheel  will  come 
into  action  oftener  than  a  tooth  of  the  larger  wheel,  the  rela- 
tive frequency  of  contact  being  expressed  by  the  ratio  of  the 
larger  wheel  to  the  smaller.  Therefore  to  diminish  the  rapid 
wear  of  the  teeth  of  the  smaller  wheel,  it  is  quite  custom- 
ary in  practice  not  to  make  the  ratio  of  the  two  wheels  greater 
than  4  or  5  when  the  velocities  are  large.  On  the  other  hand, 
it  is  customary  in  windlasses  and  other  slowly  moving  wheels 
driven  by  hand,  to  make  the  ratio  of  the  two  radii  equal  to  8 
and  even  more.  In  the  case  of  the  rack  and  pinion,  the  ratio 
is  infinite,  but  we  must  remember  that  the  motion  of  the  rack 
is  reciprocating,  and  t  at  the  ratio  of  the  circumference  of  the 
pinion  to  the  ivftole  stroke  of  the  rack  is  what  governs  the  fre- 
quency of  contact  of  the  teeth. 
21 
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The  reason  underlying  the  practical  rule  to  so  choose  the 
number  of  wheels  that  they  will  not  have  a  common  divisor, 
is  that  each  tooth  may  gradually  come  in  contact  with  every 
tooth  of  the  other  wheel,  and  thus  prevent  in  some  degree 
unequal  wear.  On  this  account,  in  the  smaller  wheels  or  pin- 
ions the  numbers  of  teeth  are  very  often  prime  numbers  (11,13, 
17,  19,  etc.).  while  the  larger  wheels  receive  numbers  of  teeth 
divisible  by  the  number  of  arms,  in  accordance  with  construct- 
ive considerations.  It  should  be  mentioned,  however,  that 
it  is  not  important  to  always  rigidly  follow  this  rule,  and  that, 
as  with  interchangeable  wheels,  it  is  not  even  possible  to  do 
so  for  all  cases. 

That  file  possibility  of  continuous  transmission  of  motion 
is  dependent  on  a  certain  minimum  number  of  teeth  for  each 
wheel,  is  evident  from  the  following  considerations:  in  each 
case  the  action  of  a  tooth  must  last  at  least  while  its  wheel  is 
rotating  through  its  pitch  angle.     Therefore,  when  the  num- 
ber of  teeth  s  is  too  small,  the  pitch  angle  i°  =  -—  will    be- 
come so  lar^e  that  with  the  dimensions  given  to  the  teeth, 
the  tooth  cannot  act  through  the 
whole  of  so  great  an  angle  of  ro- 
tation.    This  minimum  number 
s^  of  the  teeth  of  a  wheel  depends 
partly  on  the  form  of  the  teeth, 
but  principally  on  the  number  of 
teeth  of  the  wheel  which  works 
with  it,  and  consequently  on  the 
relative  size  of  the  latter.     We 
will  now  establish   methods  for 
determining  this  minimum  num- 
ber. 

Let  us  first  assume  that  the 
wheel  A,  Fig.  259,  has  r,  teeth, 
and  that  it  works  with  another 
wheel  B  having  s^  pins  D  of  di- 
ameter d„  then,  according  to  §  72, 
the  tooth  must  be  profiled  by  a  curve  F  L/  which  is  an 
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equidistant  to  the  epicycloid   CE  generated  by  rolling  the 

pitch  circle  B  on  A\  the  distance  between  the  two  being  — 

Ai 

A  pin  does  not  come  into  action  until  its  centre  comes  to 
D  on  the  line  of  centres,  and  if  the  motion  is  to  be  contin- 
uous, the  preceding  pin  C  must  not  be  out  of  contact  with 
the  driving  tooth  F  L  oi  the  wheel  A^  until  the  centre  of 
the  following  pin  has  reached  D  on  the  line  of  centres.  This 
instant  is  represented  by  the  figure,  and  it  follows  from  the 
former  investigation  that  the  point  of  contact  F  of  the  tooth 
and  pin  must  lie  in  the  direction  of  pressure  D  C. 

Now  if  /  again  represents  the  pitch,  and 


also 


^x 

^ 

^1 

— 

2;r 

r. 

= 

t 

= 

27t 

^2 

the  pitch  angles,  we  shall  have  for  the  chords : 

J,  =  Z?  jE  =  2  r,  sin  —. 
and  approximately, 


when 


stn  —  = 


2       2      2.3.8' 


the  higher  powers  being  neglected  when  r  is  small. 
In  like  manner  we  get 


s^=DC 


=<-^> 


If  we  now  assume  that  the  thickness  6^  of  the  teeth,  «>., 
Z  A^  or  y  A' approximately,  and  the  diameter  tf,  of  the  pins, 
shall  each  equal  half  the  pitch, 
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«y.=  <y,=  p 


we  shall  get : 


d,  =  2jH=2{D/-  DFcosCDE) 


for  the  angle 


CDE  =  T:-±^\ 


Substituting  the  values  above  given  for  j,  and  s„  also 


2  8 


we  get  after  reduction  : 


*.=^-'(i-ft")-(j-^(.- 


8 


) 


-(--"^V^'+^CrJ  +  r,)'), 


3 


3        4 


Substituting, 


2  n  J  2  ^ 

r,  =  —  ,      and      r^  = 


we  get 


Therefore,  if  (^,  is  to  be  equal  to  — ,  the  following   condi- 
tion  must  be  satisfied : 


5     .     ^8  13        12  ^  o 

-^4-        -  +  -^  =  -  -  =0.608. 
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For  z^  =  z^  we  get : 

3^  =  0.608, 


Z^' 


or 


z^-z^-  r  -^  =  7-7^  ^>.»  at  least  8. 

We  see  from  this  that  when  the  pitch  circles  are  equal,  the 
minimum  number  of  teeth  and  of  pins  must  be  taken  equal 

to  8  in  order  tot  fulfil  the  condition  that  (J,  =  (J.  =  -  .     If   the 

2 

number  of  teeth  or  pins  were  smaller,  the  tooth  L  F  Nvfould 
be  too  short,  for  its  two  curves  Z-Fand  iV-F  would  intersect 
at  F^  instead  of  F,  and  the  tooth  could  not  then  act  on  the 
pin  during  a  whole  pitch. 

On  the  other  hand,  a  larger  value  for  z^  or  z^  than  8, 
would  cause  the  two  tooth  curves  to  intersect  at  F^  outside 
the  point  F^  and  the  action  of  the  tooth  G  F^  on  the  pin 
would  take  place  during  an  arc  which  is  greater  than  the  pitch 
/,  consequently,  with  a  greater  number  of  teeth  or  pins 
transmission  of  motion  will  be  assured.  In  this  case  the 
teeth  may  be  shortened  to  the  point  F,  so  that  they  will  no 
•  longer  be  pointed  but  truncated  by  the  surface  L^N^,  It  is 
therefore  clear  that  the  above  equation  of  condition  will  give 
the  minimum  number  of  pins  or  teeth,  and  hence  greater 
values  for  z^  and  z^  may  be  assumed  without  hesitation. 

Although  for  equal  wheels  the  minimum  number  of  teeth 
or  pins  is  found  equal  to  8,  this  value  does  not  remain  con- 
stant when  the  velocity  ratio  changes,  but,  as  may  be  seen 
from  the  equation  of  condition,  varies  so  that  an  increase  of 
-sr,  causes  the  minimum  value  of  z^  to  be  less  than  8,  and  in- 
versely an  increase  of  z^  makes  the  minimum  for  ^,  less  than  8. 
To  ascertain  the  extreme  limits  for  z^  and  z^  we  have  only  to 
make  z^  and  z^  respectively  equal  to  infinity,  in  which  case  the 
wheel  in  question  becomes  a  rack  having  teeth  or  pins.  For 
2",  =  00,  i.e.y  for  a  rack,  we  get : 
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SO  that  5  is  the  smallest  number  of  pins  that  can  be  given  to 
a  trundle  working  with  a  rack.  On  the  other  hand,  if  we  put 
z^  =  00,  i,e.^  give  the  pins  to  the  rack,  we  shall  have  for  the 
minimum  number  of  teeth  in  the  toothed  pinion  which  works 
with  the  rack, 


'•  =  j/a658  =  ^-9'°''^''°"*3. 


Hence  while  a  trundle  needs  at  least  5  pins  to  work  with 
a  toothed  rack,  a  toothed  pinion  need  only  have  3  teeth  in 
order  to  work  correctly  with  a  rack  having  pins.  The  fol- 
lowing table  gives  the  minimum  number  of  pins  which  will 
work  with  3-8  toothed  pinions  and  the  number  of  teeth  for 
trundles  having  5-8  pins,  the  values  having  been  determined 
from  the  above  equation  of  condition. 


No.  of  teeth  Si 

3 

4 

5 

6 

7 

8 

10 

14 

48 
(00) 

No.  of  pins  c. 

117 

CO 

18 

12 

10 

9 

8 

7 

6 

5 

We  see  from  this  that  a  3-toothed  pinion  will  work  cor- 
rectly, not  only  with  a  rack  but  with  a  pin-wheel  having  117 
pins,  and  that  a  trundle  with  5  pins  can  also  work  with  a 
wheel  having  48  teeth. 

When  the  two  wheels  have  internal  contact,  the  wheel  A 
being  the  external  one,  the  above  investigation  remains  the 
same,  with  the  single  exception  that  the  angle  C D  E  of  the 


chords  is  now  found  equal  to 


,  the  equation  of  con- 


dition becoming 


A_4  +13^  =  0.608, 


where  z^  again  represents  the  number  of  teeth  and  z^  the 
number  of  pins.  If  we  assume  the  toothed  tuheel  for  the  out- 
side  wheel  and  the  trundle  for  the  inside  pinion,  we  shall  get 
-sr,  =  21  for  ^2  =  4,  from   the   equation  of  condition.      This 
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number  give  the  maximum  number  of  teeth  in  the  wheel,  for 
if  r,  were  taken  greater  we  should  have  from 


Fic  360. 


a  value  which  is  greater  then  0.608,  i.e.,  the  dimension  J K, 
Fig,  260,  would  be  greater  than 

- ,  It  is  also  clear  that  with  in- 
2 

temal  gearing  the  arc  of  contact 
diminislies  when  the  diameter  of 
the  outside  wheel  increases. 

In  like  manner  we  get  ^,  =  7 
for  s^  =  3,  and  s,=  3  for  .?,  =  2, 
(>.,  a  trundle  with  three  pins 
could  only  work  with  an  outside 
wheel  (with  internal  teeth)  having 
less  than  7  teeth,  and  a  trundle 
with  two  pins  could  only  be  driven 
by  an  outside  wheel  having  3  teeth, 
provided  such  an  arrangement 
were  possible.     If  we  finally  take 

li  =  n  AtS  fthp  least  r 


ir,  so  large  that  — ^  = 


i(the 


amber  which  will  give 
n  outside  wheel  with 


this  being  2,  =  5,  and  hence  ^,  =  1.4), 

two  teeth  would  suffice  theoretically  to  drive  a  trundle  with 

S    pins,   provided   such    an   arrangement    were    practically 

possible. 

At    any    rate    we    recognize   that    in   this   case,   where 

-^  <  0,608  and  therefore  s,  at  least  equal  to  5,  we  can  take 

any  number  whatever  for;;,,  for  then  the  expression 

£,'      5  ^.       5" 
will  always  be  less  than  0.608.     So  that  we  may  conclude 
that  a  trundle  with  at  least  5  pins  can  be  in  internal  contact 
with  an  outside  wheel  of  any  number  of  teeth,  also  that  a 
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trundle  which  works  with  a  toothed  rack,  must  have  at  least 
5  pins. 

If  we  give  the  pins  (xr,)  to.  the  larger  wheel  and  the  teeth 
(xr,)  to  the  inside  pinion,  the  investigation  remains  the  same. 
We  then  find  as  above  that,  for  the  number  of  teeth  z^^  which 

makes  —^  0.608  (the  least  whole  number  for  z^  which  will 

give  this  being  3,  from  which  follows  xr,  =  2),  any  number 
for  z^  greater  than  2  will  make  the  expression 

Z-m  Z^    Z^  Z2 

less  than  0.608.  A  three-toothed  pinion  may  therefore  work 
on  the  inside  of  a  pin-wheel  having  any  number  of  teeth  and 
consequently  may  also  work  with  a  rack  which  is  provided 
with  pins.  On  the  other  hand  if  we  make  xr,  =  2,  we  shall 
get  -s",  =  13  for  the  greatest  number  of  pins  in  the  larger 
wheel. 

In  a  manner  similar  to  that  employed  for  pin  gearing,  we 
may  determine  the  minimum   number   of   teeth  for   other 

kinds  of  profiles.  In  Fig.  261,  let  the 
wheel  B  have  radial  flanks  D  Ky  the 
faces  EF  oi  the  wheel  A  will  therefore 
be  epicycloids  generated  by  rolling  a 
describing  circle  Coi  diameterZ^-ff  =  r^ 
on  the  pitch  circle  A\  Let  us  also 
assume  that  A  has  only  faces  and  B 
B'  only  flanks,  then  the  point  jP  of  the 
tooth  E  F  cannot  cease  to  be  in  con- 
tact with  the  flank  /L  till  the  fol- 
lowing  face  D  G  is  in  contact  with 
the  following  flank  DKdXD  on  the 
line  of  centres.  If  we  let  s^y  s„  r„  t^ 
6^  and  d^  represent  the  same  quan- 
tities as  before,  we  shall  have,  since 

FD  E=.  r.  -h  -  ,  for  the  limiting  case, 

2 

in  which  the  tooth  is  pointed,  the  thickness  : 


Fig.  261. 
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6^=.  --  -=1  2  s^--  2  D  F  X  COS  i—  ^  xA 


=  4  rx  sin  —  —  2  r,  Ji«  r^  r<75  -^ ? ; 

2  2 


or  as  before 


..  =  i=.,,_r^'-(.,,-i.,,)[.-i(i^)-] 


2  TT 

If  we  again  substitute  r  =  —  we  shall  get  for  the  equa- 


tion of  condition : 


or 


I  6         8-^ 

7-,  +  —  +  -.  7  0.076. 


'X  -"a 


For  xr,  =  ^Tj  we  get 

With  this  form  of  tooth,  therefore,  equal  wheels  must 
each  have  at  least  14  teeth. 

The  minimum  number  of  teeth  in  a  pinion  which  works 
with  a  rack  having  straight  flanks,  may  be  obtained  by  sub- 
stituting ^2  =  CX5,  with  the  result,  that 

£r,  =  i/ =  3.6,  in  round  numbers  =  4, 

'      y    0.0;^  6      ^  ^' 

while  the  number  of  teeth  in  a  pinion   with    radial    flanks 
which  works  with  a  rack  having  faces  will  at  least  be 
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^'  ■"  y    0.076  " 


10.25,  or  about  11. 


We  may  here,  as  was  done  for  pin  gearing,  calculate  a  table 
from  which  the  least  number  of  teeth  in  a  wheel  can  be  ob- 
tained when  the  other  wheel  has  a  given  number  of  teeth, 
the  condition  being  observed,  however,  that  the  wheel  with 
radial  flanks  does  not  receive  less  than  11  teeth,  and  that 
with  epicycloidal  faces  not  less  than  4  teeth. 

With  internal  gearing  the  only  difference  in  the  calcula- 
tion arises  from  the  angle 

2 

and  therefore  we  have  for  the  condition  of  continuous  trans- 
mission 

— +  -i  <  0.076. 

This  equation  of  condition  again  gives  the  greatest  number 
of  teeth  in  the  larger  wheel  when  the  number  of  teeth  in 
the  smaller  wheel  does  not  exceed 


^^  A/ ■>  =  10.25  =  about  1 1, 

y    0.076  ^ 

or 

'  =  ^Sk^  =  3.6  =  about  4, 

according  as  the  smaller  and  inner  wheel  has  radial  flanks  or 
curved  faces. 

§  77.  Addendum  of  Tooth. — The  investigations  of  the 
preceding  article  were  confined  to  the  case  in  which  one 
wheel  has  only  faces  while  the  other  has  only  flanks,  the 
action  of  the  two  teeth  taking  place  behind  the  line  of  centres 
when  the  faces  are  given  to  the  driver.  That  pins  are  really 
nothing  more  than  flanks  is  evident  from  the  fact  that  they 
are  not  acted  upon  by  the  teeth  of  the  other  wheel  till  their 
centres  have  passed  the  instantaneous  centre. 
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But  generally  each  of  the  two  wheels  receives  flanks  as 
well  as  faces,  consequently  the  action  of  the  teeth  on  each 
other  begins  at  a  certain  distance  in  front  of  the  line  of 
centres,  and  ceases  at  a  certain  distance  behind  this  line.  If 
we  regard  these  distances  as  arcs  measured  on  the  pitch 
circles  and  represent  the  arc  in  front  of  the  line  of  centres  by 
e^  and  that  behind  the  line  by  e^y  it  is  evident  that  their  sum 
must  at  least  be  equal  to  the  pitch  if  there  is  to  be  continuous 
motion ;  in  other  words,  we  must  have  the  total  arc  of  action 
e^-^  e^^  /.  The  arc  e^  is  usually  called  the  arc  of  approach 
and  e^  the  arc  of  recess. 

It  is  also  evident  that  the  size  of  these  arcs  depends  prin- 
cipally on  the  size  of  the  addenda,  />.,  on  the  extent  to  which 
the  heads  of  the  teeth  project  beyond  their  pitch  circles.  It 
is  also  clear  that  each  of  these  addenda  can  be  smaller  than 
in  the  cases  discussed  in  the  preceding  articles,  where  the 
action  was  confined  to  one  side  of  the  line  of  centres  along 
an  arc  e^  which  had  to  be  at  least  equal  to  the  pitch.  The 
reason  why  these  teeth  which  act  on  both  sides  of  the  line  of 
centres  are  preferred  in  practice,  is  principally  because  the 
resistance  due  to  the  friction  of  the  teeth  increases  rapidly 
with  the  length  of  the  addenda  (see  §  79).  The  determination 
of  the  minimum  number  of  teeth  (maximum  with  internal 
gearing)  is  effected  in  a  manner  similar  to  that  employed  in 
the  preceding  articles  for  the  one-sided  action.  In  the  pres- 
ent instance,  the  limiting  case  for  the  minimum  number  of 
teeth  will  be  that  in  which  both  wheels  have  symmetrical 
heads  terminating  in  sharp  points  and  having  the  required 

thicknesses  Tc^,  =  (J,  =  say  —  j  ,  the  addenda  being  sufficient  to 

make  r,  +  r,  =  /. 

The  general  analjrtical  investigation  of  this  case  would, 
however,  lead  to  such  extended  and  complex  calculations  that 
its  practical  value  would  be  very  small,  and  as  the  required 
results  can  always  be  easily  obtained  by  graphical  methods, 
it  seems  preferable  to  employ  the  latter,  and  also  more 
natural,  because  we  must  necessarily  make  use  of  graphical 
methods  in  designing  the  wheels  and  the  tooth  profiles. 
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Let  A  and  B,  Fig.  262,  be  two  wheels  with  the  cycloidal 
type  of  tooth,  whose  profile  is  generated  by  rolling  the  two 
describing  circles  C,  and  C,  in  and  on  the  pitch  circles  (§  70). 
These  circles  C,  and  C",  are  at  the  same  time  the  lines  of  con- 
tact or  loci  for  the  points  of  contact  of  the  profiles.  Let  c,  be 
arc  of  recess,  then  if  we  lay  off 

VG  shall  have  at  G  the  point  at 
The  profiles  in  contact  at  G 

tter  points  coming  into  contact 
In  like  manner  if  we  make 

we  shall  have  at  /f  the  point 
at  which  action  ceases,  the 
profiles  in  contact  at  //'pass- 
ing through  the  points  F,  and 
J^„  and  these  latter  points 
subsequently  coming  into 
contact  at  the  instantaneous 
centre  P.  Therefore,  if  we 
pass  through  G  a  circle  hav- 

•  ing  the  centre  B,  the  latter 
'  will  cut  the  faces  of  the 
wheel  so  as  to  give  them 
the  proper  addendum,  and 
the  same  maybe  said  of  the 
circle  passed  through  Hcon- 
centric  to  ^,  with  respect  to 
the  faces  of  the  wheel  A. 

Now,  in  order  to  ascer- 
tain whether  the  numbers 
of  the  teeth  are  sufficient- 
ly large,    in    other    words, 

jii   of  the  wheels  to  the  pitch 
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are  sufficiently  large,  we  must  lay  off  from  E^  and  F^ 
the  required  thicknesses  of  the  teeth  on  the  corresponding 
pitch  circles,  so  that  d^^  F^F  and  6^  =  E^  E^  and  then  draw 
through  F  and  E  the  profiles  of  the  backs  of  the  teeth,  sym- 
metrically to  the  fronts  F^H  diXid  E^  G.  These  curves  for  the 
front  and  back  of  each  tooth  evidently  must  not  cut  each 
other  inside  of  the  addendum  circles  passing  through  H  and 
G  respectively,  otherwise  the  teeth  would  not  have  the  length 
required  by  the  assumed  arcs  of  action  e^  and  e^.  It  the  two 
curves  of  a  tooth  intersect  outside  of  its  addendum  circle,  the 
teeth  will  be  truncated,  as  in  the  figure.  If  the  points  of  in- 
tersection were  on  the  addendum  circles,  the  teeth  would  ter- 
minate in  sharp  points,  and  this  case,  when  e^  ■{■  e^  —  t,  corre- 
sponds to  the  above  mentioned  limit  below  which  the  radii 
cannot  pass. 

If  we  suppose  the  thickness  d,  =  FF^  of  the  tooth  on  A 
to  be  bisected  aty,  the  figure  shows  that  the  radius  drawn 
from  A  to  the  end  H  of  the  arc  of  contact  will  approach 
nearer  to  the  point  y  the  smaller  the  radius  A  Py  and  we  can 
easily  imagine  a  position  A^  of  the  centre  A,  for  which  the 
radius  drawn  from  A^  to  H  will  pass  exactly  through  the 
centre  J  of  the  tooth.  This  position  A^  evidently  corre- 
sponds to  the  above  mentioned  lower  limit  of  the  radius  of  Ay 
for  which  the  profile  becomes  pointed  at  H.  Similar  remarks 
apply  to  the  position  of  B  and  its  smallest  permissible  radius 

If,  instead  of  the  cycloidal  type  of  tooth,  we  employ  the 
involute  form,  Fig.  ^63,  the  foregoing  remarks  remain  the 
same  in  all  essential  points.  Here  the  line  of  contact  is  given 
by  the  direction  of  pressure  G  P  H,  making  the  angle 
A  P  G  =  y  with  the  line  of  centres.  Let  G  again  represent 
the  beginning  and  H  the  end  of  the  line  of  contact,  then  it  is 
easy  to  see  that  the  arc  of  approach  is 

e,=PE,=zPE,=^^r-^ 

sin  y 

and  similarly  for  the  arc  of  recess. 
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PH 


e,=  PF,  =  PF,= 


sin  y  * 


for  the  length  P  H  is  equal  to  the  rectified  arc  of  the  base 
circle  O  0\  which  is  subtended  by  the  angle  at  the  centre : 

PA  F  =— ^ 
'      AP 

the  radius  of  the  base  circle  being  A  O  ^  A  Psin  y ;  hence  we 
have 

PH  =  A  P.siny  -j^p  =  c^  sin  y. 

The  arrangement  here  chosen  is  such  that  the  profile  of 
the  tooth  in  the  wheel  B  terminates  in  a  point  G,  conse- 
quently its  radius  B  D  cannot  be  taken  smaller,  if  the  condi- 
tion is  to  be  satisfied  that  the  arc  of  approach  shall  equal 

e^  =  E^P^E^P. 

The  thicknesses  of  the  teeth  are  here  also  chosen  somewhat 
smaller  than  the  half  pitch,  so  as  to  allow  of  a  certain  play 
between  the  teeth,  concerning  which  more  will  be  said  here- 
after. 

After  what  has  been  said  it  is  unnecessary  to  discuss  the 
case  of  internal  gearing. 

Although  we  have  always  assumed  in  preceding  inves- 
tigations that  the  total  arc  of  action  should  be  at  least  equal 
to  the  pitch  /,  it  by  no  means  follows  that  this  arc  cannot  be 
greater.  Sufficient  reason  for  not  making  this  arc  equal  to 
the  pitch  is  found  in  the  fact  that  if  the  arc  were  equal  to 
the  pitch,  the  slightest  irregularity  in  the  construction  of  the 
teeth,  or  in  the  position  of  the  axes,  would  cause  the  trans- 
mission of  motion  to  become  irregular  or  to  cease  entirely. 
But  there  is  another  important  reason  for  assuming  a  larger 
arc  of  action,  namely,  that  more  than  one  pair  of  teeth  will 
be  in  action  at  the  same  time,  and  consequently  the  pressure 
on  each  tooth  and  the  wear  caused  by  it  will  be  less.     For 
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wheels  whose  centres  approach  and  recede,  as  is  the  case 
with  the  gears  for  two  rolls,  the  arc  of  action  and  therefore 
the  addenda,  must  be 

made    so    large    that  ^^*  ^  ^" 

with  the  greatest  dis- 
tance of  the  rolls  the 
arc  of  action  ^will  still 
exceed  the  pitch.  In 
practice  the  arc  of 
contact  varies  from 
I.I  /  to  about  3.5  /,  and 
it  is  evident  from  what 
has  been  said  that  the 
arc  €  can  be  given  the 
larger  values  only  when 
the  number  of  teeth  is 
sufficiently  great,  and 
that  for  small  pinions, 
such  as  are  employed 
in  windlasses,  coun- 
ters, etc.,  where  the 
number  of  teeth  in  the 
pinions    is    sometimes 

as  low  as  4,  or  even  3,  the  arc  of  action  must  always  have  a 
value  which  but  slightly  exceeds  the  pitch.  What  has  been 
said  explains  why  it  is  customary  in  practice  to  |^eep  the 
number  of  teeth  in  quickly  running  wheels  above  certain 
numbers,  say  above  20,  while  for  slowly  running  gears  much 
smaller  numbers  are  permitted.  With  the  larger  numbers  of 
teeth  we  may  attain  a  smoother  motion  on  account  of  the 
greater  arc  of  action.  On  the  other  hand,  the  work  of  friction 
increases  with  the  arc  of  action,  so  that  for  this  reason  alone 
it  would  not  be  well  to  employ  a  very  large  arc  of  action. 

In  what  has  preceded,  no  assumptions  have  been  made 
concerning  the  ratio  of  the  arcs  ^^  and  e^  of  approach  and  re- 
cess ;  we  are  therefore  still  free  to  decide  upon  the  ratio  of 
the  two.  As  these  arcs  e^  and  e^  depend  upon  the  addendum 
employed  for  the  driver  and  follower  respectively,  it  is  clear 
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that  a  large  value  for  the  arc  of  approach  e^  will  require 
a  large  addendum  k^  for  the  driven  wheel  B^  and  that  a 
large  arc  of  recess  e^  will  require  a  large  addendum  k^  for 
the  teeth  of  the  driving  wheel  A.  Moreover  as  the  work 
of  friction  increases  with  the  addenda,  u  r.,  as  the  projec- 
tions beyond  the  theoretical  axoids  increase,  it  would,  at 
first  glance,  seem  justifiable  either  to  assume  the  arcs  e^  and 
e^  equal,  or  to  assume  k^  and  k^  equal. 

That  these  two  assumptions  are  not  equivalent,  may  be 
readily  seen  from  Fig.  263,  equal  addenda  k^  and  k^  giving  equal 
arcs  e^  and  c^  only  when  the  size  of  the  wheels  as  well  as  the 
form  of  the  teeth  is  the  same.  In  practice,  one  or  the  other 
of  the  above  assumptions  is  usually  made.  According  to 
Redtcnbacltcry  the  arc  of  approach  and  the  arc  of  recess  are 
each  to  be  made  equal  to  the  pitch,  i.e,^  e^^  c^  =  i.  On  the 
other  hand,  Willis  gives  the  rule  in  common  use  among  Eng- 
lish builders  of  machinery  (and  among  American  builders  also), 
according  to  which  the  addenda  of  both  wheels  are  the  same, 
being  equal  to  0.3  /,  a  rule  which  is  also  accepted  by  Rculcaux. 
The  radial  depths  /,  and  f^  of  the  teeth  may  be  found  from 
the  addenda  k^  and  k^^  for  the  space  between  the  flanks  of  the 
wheel  A  must  have  sufficient  depth  /",  to  easily  receive  the 
head  k^  of  the  other  wheel,  and  like  remarks  apply  to 
the  flank  f^  of  B  and  the  head  or  addendum  k^  of  A,  In 
order  to  make  allowance  for  dust,  etc.,  and  imperfect  con- 
struction, it  is  customary  to  make  f^=z  f^7=:  0.4/,  so  that  be- 
tween the  tops  of  the  teeth  of  one  wheel  and  the  bottom  of 
the  spaces  of  the  other,  there  will  be  a  bottom  clearance  equal 
to  0.1/.  The  assumption  of  equal  addenda  for  wheels  that 
work  together  is  closely  connected  with  the  methods  hith- 
erto commonly  employed  in  constructing  toothed  wheels, 
and  is  the  only  one  which  can  be  made  for  interchangeable 
wheels  (§  75),  as  may  be  easily  seen  from  the  following  con- 
siderations. Let  two  wheels  A  and  B  oi  sl  set,  have  respect- 
ively the  addenda  k^  and  k^,  and  let  us  suppose  that  the  spaces 
between  the  flanks  are  provided  with  corresponding  depths 
/,  and /a,  so  that  if  (T  represents  the  bottom  clearance,  we 
shall  have  /,  =  ^a  +  (T,  and^  =  ^,  +  c.     Now,   if  the  third 
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wheel  C,  of  the  set,  having  the  addendum  k^,  is  to  work  with^, 
and  if  we  assume  the  bottom  clearance  to  be  constant,  we 
shall  have  k^=/,~-  o,  and_^  =  A,  +  ff.  Since  the  wheel  C 
must  also  be  able  to  work  with  B,  we  must  also  have  k^  = 
_/,  —  a,  and  /^=  i^t  +  <t,  from  which  follows  ki  =  k,=  k^  and 
/j=f,  =  /y  As  the  like  obtains  for  every  other  wheel  of  the 
set,  it  is  evident  that  the  assumption  of  a  constant  bottom 
clearance  involves  equal  addenda^  and  equal  depths/of  the 
flanks  for  all  the  wheels  of  the  set. 

But,  as  has  already  been  remarked,  the  arcs  of  approach 
and  recess  e,  and  f,  are  not  equal,  when  the  addenda  are 
equal  and  the  wheels  unequal.  It  depends  wholly  on  the 
form  of  the  tooth,  i.e,,  on  the  line  of  contact,  which  of  these 
two  arcs  is  the  smaller  when  the  larger  wheel  drives.  It  la 
evident  from  simple  geometrical  relations,  that  with  involute 
teeth  whose  line  of  contact  is  the  straight  line  G  H,  Fig.  264, 
the  arc  of  approach  e,  \s  smaller  than  the  arc  of  recess  e,  when 
the  wheel  A  drives.  The  reverse  is  of  course  true  when  the 
pinion  (smaller  wheel)  drives,  for  then  the  arcs  e,  and  c,  ex- 


FiG.  264. 


Fig,  365. 


change  their  characters,  the  arc  of  approach  becoming  the 
arc  of  recess  and  vice  versa.  Willis  has  shown  that  just  the 
opposite  is  true  of  teeth  with  radial  flanks,  Fig.  265,  where 
C,  and  C,  are  circles  having  the  radii  r,  and  r^  as  diameters 
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and  represent  the  lines  of  contact ;  here  calculation  shows  e^ 
or  C  Pto  be  greater  than  c^  or  PH^  when  the  Ikrger  wheel 
drives.  On  the  other  hand,  with  interchangeable  wheels 
having  cycloidal  teeth,  which  are  generated  by  the  smaller 
circle  C,  Fig.  266,  the  arc  of  approach  GP  =  c^  is  again 
smaller  than  e„  when  the  larger  wheel  drives. 

This  investigation  of  the  relative  magnitude  of  the  arcs  of 
approach  and  recess  is  not  without  practical  value,  because 
the  durability  or  rapid  wear  of  the  teeth  is  closely  connected 
with  it.  For  it  seems  to  be  a  fact  established  by  experience 
that  the  friction  of  the  tooth  surfaces  (see  §  79),  which  takes 
place  ///  front  of  the  line  of  centres  is  of  a  much  more 
vibratory  character  and  more  destructive  to  the  material  of 
the  teeth,  than  the  friction  which  occurs  behind  the  line  of 
centres.  On  this  account  teeth  with  radial  flanks  are  not 
particularly  suitable  for  places  where  the  larger  wheel  drives. 
The  preference  still  shown  by  clock  makers  and  formerly 
by  millwrights  for  pin  gearing  is  largely  due  to  this  circum- 
stance, for  in  this  form  of  gearing  but  a  slight  action  takes 
place  in  the  front  of  the  line  of  centres,  the  arc  of  approach 
being  equal  only  to  the  radius  of  the  pins,  and  therefore  not 

even  equ.al  to  —  .     This  is  also  the  reason  why  clock  makers 

give  to  toothed  wheels  different  addenda,  so  that  the  adden- 
dum of  the  driving  wheel  is  about  1.5  times  as  great  as  that 
of  the  driven  one,  when  the  driver,  as  is  generally  the  case,  is 
the  larger  wheel. 

Recently,  wheel-moulding  machines  have  been  extensively 
used  in  foundries,  and  to  a  certain  degree,  have  made  the 
builders  of  machinery  independent  of  costly  wheel  patterns, 
and  by  giving  to  the  designer  greater  freedom  in  choosing 
addenda,  have  enabled  him  to  give  greater  weight  to  con- 
siderations of  smooth  running  than  was  heretofore  possible, 
on  account  of  the  desire  to  make  use  of  existing  patterns. 

As  regards  the  spaces  between  the  teeth,  we  must  make 
their  depth,  as  has  already  been  mentioned,  so  great  that  the 
shortest  distance  between  the  bottom  of  the  space  and  the 
top  of  the  tooth  which  enters  it  shall  give  a  clearance  of 


%77-']  ADDENDUM  OF  TOOTH.  339 

about  o.t  t,  when  the  teeth  are  cast,  and  half  this  clearance 
(0,05  t)  when  the  teeth  are  formed  by  cutters.  We  need  only 
to  draw  that  portion  of  the  flank  which  actually  comes  in 
contact  with  the  faces  of  the  other  wheel,  as  this  portion  of 
the  correct  profile  will  suffice  to  transmit  uniform  motion. 
This  contact  portion  of  the  flank  never  extends  to  the  bottom 
of  the  space,  being  evidently  limited  by  the  circle  which  is 
passed  through  the  end  of  the  line  of  contact  concentric  to 
the  axis  of  its  wheel.  Thus  in  Fig.  267,  only  a  portion  E,  G  . 
of  the  flank  of  the  wheel  A 

and   a   portion  F,ffoi  the  ^'°-  ^7- 

flank  of  the  wheel  £  actually 
come  in  contact  with  the 
opposite  faces,  consequently 
the  remaining  portions  of 
the  flanks  G  C  and  NH' 
may  be  given  any  profile 
which  will  allow  sufficient 
space  for  the  heads  of  the 

teeth   of  the   other  wheel.  ^ 

These  latter  portions  of  the 
flanks  are  often  made  radial, 
the  teeth  being  strengthen- 
ed by  rounding  the  corners 
G  and  JT  where  they  join 
the  rim  of  the  wheel.  It 
may  here  be  remarked  that 
with  involute  teeth,  the  in- 
volutes do  not  usually  ex- 
tend to  the  root  circles,  as 

the  latter  are  often  smaller  than  the  base  circles,  and  con- 
sequently the  portions  of  the  flanks  inside  the  base  circles 
may  be  assumed  at  pleasure,  provided  they  are  chosen  so 
that  they  will  not  come  in  contact  with  the  teeth  of  the  other 
wheel.  In  Fig.  263  and  Fig.  267,  the  portions  of  the  profile 
actually  coming  in  contact  are  designated  by  double  lines. 

That  the  pitch  circles  of  two  wheels  t/c  itot  lie  half  way 
between  the  addendum  and  root  circles,  even  when  both  wheels 
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have  the  same  addendum  k,  is  evident  from  the  fact  that 
there  is  a  bottom  clearance.  In  order  to  ascertain  the  pitch 
circles  of  two  wheels  that  work  together,  it  is  only  necessary 
to  divide  the  distance  between  their  axes  in  the  ratio  of  the 
two  numbers  representing  the  teeth  of  the  two  wheels. 

§  78.  IMBiensloiw  of  Toolh.— The  teeth  of  a  wheel  must 
receive  such  dimensions  as  will  enable  them  to  resist  without 
injury  the  pressure  to  be  transmitted.     The  pressure  K  act- 
ing on  the  tooth  ,i4  GFC,  Fig.  268,  tends  to  fracture  the 
tooth  along  the  surface 
*■'•*■  2*8  ^SC7?where  it  joins 

the   rim   of   the  wheel, 
for  the  bending  moment 
is  greatest  for  this  sur. 
face,  being  equal  to  Kl, 
where   /   is   the   length 
^/of  the  tooth.     The 
pressure    K  is     nearly 
tangential,  differing  but 
little  from  the  circum. 
ferential  force  P,  and  may  therefore  be  taken  equal  to  the 
latter.     If  we  now  assume  the  pressure  P  to  be  uniformly 
distributed  over  the  whole  breadth  EF=.b  of  the  tooth,  and 
suppose  it  to  act  at   the  outermost  edge  £/"  in  a  direction 
perpendicular  to  the  radial  plane /ATi  J/,  we  shall  be  mak- 
ing the  most  unfavorable  supposition  possible  with  reference 
to  the  strength,  for  the  pressure  P  is  generally  more  or  less 
inclined  and  nearer  the  root  of  the  tooth.     Let  k  represent 
the  thickness  ^  ^  at  the  root ;  we  shall  then  have  the  formula 
for  strength  the  same  as  for  a  beam   fixed   at  one  end  and 
loaded  at  the  other  (see  Vol.  I.,  §  235),  namely : 


where  k  is  the  greatest  permissible  .stress  on  the  unit  of  sur- 
face. 

The  thickness  h  of  the  tooth  at  the  root  will  generally,  if 
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we  except  the  teeth  with  radial  flanks,  be  somewhat  greater 
than  the  thickness  S  ^  NO  zt  the  pitch  circle,  and  as  this 
latter  dimension  is  usually  taken  somewhat  smaller  than  the 

half  pitch,  being  about  —  /,  we  may  assume  for  the  purposes 

of  calculation,  the  thickness  at  the  root  A  =  -  /.     When  the 

2 

thickness  at  the  pitch  circle  is  —  /,  the  side  clearance  or  back- 

40 

lash  is  equal  to  —  /,  thus  making  ample  allowance  for  imper- 
fections of  workmanship  and  for  the  presence  of  oil,  dust, 
etc.,  between  the  teeth. 

The  breadth  A  D  of  the  teeth,  measured  in  an  axial  direc- 
tion, is  generally  taken  proportional  to  the  pitch,  as  a  rule 
between  2  /  and  3  /,  the  smaller  breadth  2  /  being  given  to 
slowly  moving  wheels  driven  by  hand,  as  windlasses,  etc.,  and 
the  greater  breadth  2  J  /  to  3  /,  and  sometimes  even  more, 
to  rapidly  running  .wheels.  The  whole  length  /  of  the  tooth 
is  also  taken  proportional  to  the  pitch,  as  has  already  been 
mentioned,  then 

1=  k  +  /=  0.7  /  to  0.75  /. 
Assuming 

/  =  0.75 1,  b—  2t,  and  //  =  0.5  /, 

we  get  from  the  above  formula : 


r>        --  u      2/  X  0.25/*  , 
P  X  0.75  /  = g— ^  k, 


the  value 


=  3|/|- 


If  we  assume  the  greatest  permissible  (working)  stress  for 
cast-iron  teeth  to  be  ^  =  3  kilograms  [about  4,300  lbs.  per 
square  inch],  we  shall  have, 

/  =  1.73  VP,        [t  =  0.046  VP]. 
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For  wooden  teeth,  made  of  the  best  ash,  we  may  take 
>&  =  I    kilogram  per    mm'  [1,422    lbs.  per  sq.  in.],  and    for 

these  teeth  get  

t  =  iVP        [/  =  ao8  V/'], 

while  in  the  small  wrought-iron  wheels  used  in  windlasses  the 
pitch  is 

The  value  P  in  the  preceding  formulas  must  be  under- 
stood to  mean  the  whole  of  the  pressure  transmitted  from  one 
wheel  to  another,  for  although  the  pressure  is  distributed  on 
several  teeth  simultaneously  when  the  arc  of  action  is  greater 
than  the  pitch,  nevertheless,  a  slight  inaccuracy  in  spacing 
the  teeth  would,  with  an  unyielding  material  like  cast-iron, 
suffice  to  bring  the  whole  pressure  on  a  single  tooth. 

It  is  only  with  elastic  wooden  teeth  that  we  can  assume 
that  the  pressure  will  be  borne  simultaneously  by  two  teeth 
and  can  consequently  take  the  pitch  smaller,  and  even  with 
these  teeth  the  arc  of  action  must  at  least  be  equal  to  2  /,  for 
only  then  do  we  have  two  pairs  of  teeth  continually  in  con- 
tact. As  the  relation  between  the  moment  Pr  of  the  force 
transmitted  and  N  horse  powers  transmitted  when  the  wheel 
makes  71  revolutions,  is 

Pr^  716,200  —  Pr  =63,025  —    , 

w  L  n  A 

r  being  the  radius  of  the  pitch  circle.     From  this  we  find  the 
pitch : 

/  =  1,470  j/^      [/  =  1 1.5  j/^J  for  cast  iron  ; 


t  =  1,050  A 

nr 

t  =.  2,540  A 

^    nr 

/  =   8,1  a/  —     for  wrought  iron  ; 
/  =    20  a/  —     for  wood. 
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The  foregoing  determinations  of  the  thickness,  and  conse- 
quently of  the  pitch,  of  the  tooth,  were  made  simply  with  ref- 
erence to  its  strength,  no  account  being  taken  of  the  velocity 
of  the  circumference  and  the  wear  resulting  therefrom.  This 
is  always  permissible  when  the  circumferential  velocity  is 
small,  as  is  the  case,  for  example,  with  the  wheels  of  wind- 
lasses, presses,  etc.,  worked  by  hand.  With  greater  speeds, 
like  those  to  which  the  wheels  of  shafting  are  generally  sub- 
ject, we  must  take  account  of  the  wear  and  of  the  effects  of 
shocks  which  inevitably  arise  in  such  cases.  To  diminish  the 
wear,  it  is  therefore  well  to  increase  the  breadth  b  of  the 
teeth,  so  as  to  reduce  the  pressure  per  unit  of  surface  as 
much  as  possible,  while  the  effects  of  shocks  may  be  taken 
into  account  by  diminishing  the  permissible  stress  k  as  the 
velocity  v  increases.  Reuleaux  accordingly  assumes  for  cast- 
iron  wheels : 


b=  o.oi  t^P 


«  =  8.5/|/^, 


and 


r*  =  0.0067  i  VPn  =  1.7  /  |/ — 1» 


,       constant 
k  = — 

Vv 


when  V  is  the  velocity  of  the  circumference  of  the  pitch  cir- 
cles in  millimeters  [in  feet],  and  n  the  number  of  revolutions 
of  the  pinion  (or  smaller  wheel),  the  wear  being  greater  on 
the  teeth  of  the  pinion  because  of  the  more  frequent  contact. 
From  this  we  may  deduce  the  expression : 


t^2.\^JPr  =6o/i/— , 
I /  =  o,i54'v/?r  =  2.44 i/—|, 
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which  corresponds  to : 

,        120        r,       io,ooo"l 

For  wooden  teeth,  which  by  the  way  are  mostly  used  for 
swiftly  running  wheels,  we  have : 

b  =  O.OI2S t ^/Pn  =  10.6 1  a/  — 

|_*  =0.0084/  V-P«  =  2.12  tA/^' 
and 

/  =  3-23  V'^  =  92-4  j/^ 

[/  =  0.233  <^^=  3.7  i/f]- 

When  the  axes  of  the  wheels  are  not  exactly  parallel,  or 
some  foreign  substance  accidentally  comes  between  the  teeth, 
the  latter   may  be  more  unfavorably  acted 
upon  than  was  assumed  for  the  preceding 
'  formulas.     For  example,  if  the  pressure  Pis 

concentrated  principally  at  the  edge  ^  of  the 
tooth,  Fig.  269,  it  will  tend  to  fracture  the 
latter  along  the  oblique  edge  DBFE.  If, 
for  this  case,  we  substitute  in 

o 
for  /  the  normal  distance 

A  N=  AB  X  sin  AB  N=  I  sin  ip  =  0.75  tsin  m. 
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for  b  the  length 

COS  <p         COS  (p 

and  for  //,  the  thickness  of  the  tooth  at  the  pitch  circle, 

40 

we  can  get  the  maximum  working  stress  k^  at  the  dangerous 
section  from 


r>  -  .    •  0.75  /  X  0.475*  /•   , 

P  X  0.75 1  stn<p  —  — ^-^-2 ^^ k. , 

'  -'  tcoscp 


equal  to 


6         .  P  ,  P 

K  =  ^-^  ^tn  <P  cos  <p  -~-  =  13.3  sm  2<p—. 

This  becomes   a  maximum  for   (p=^  A  B N^ /^^^y  being 
equal  to : 

P 
>&,  =  13-3  ^. 

If  we  substitute  in  this  formula  the  value 

P  _k 

found  from  the  formula 


we  shall  have : 

^x  =  1 .48  k» 

In  this  case,  therefore,  the  material  will  be  subject  to  a 
stress  1.5  times  as  great  as  that  first  assumed,  i.e.y  the  stress 
in  cast   iron  may  amount  to  4.5  kilograms  [6,600   lbs.   per 
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sq.  in.].  As  this  value  is  still  sufficiently  far  from  the  limit 
of  elasticity,  it  is  unnecessary  to  increase  the  thickness  of  the 
tooth  in  order  to  take  account  of  this  exceptional  case. 
Moreover,  as  the  frictional  resistances  increase  with  the  pitch, 
it  is  not  advisable  to  assume  the  latter  larger  than  is  abso- 
lutely necessary.  Still  another  reason  for  keeping  the  pitch 
as  small  as  possible,  is  that  the  number  of  teeth  in  each  of 
the  wheels  will  then  be  larger,  and  the  wheels  will  run  more 
uniformly  and  smoothly  because  of  their  closer  approxima- 
tion to  the  ideal  condition  of  friction  wheels. 

Examples:  i).  What  must  be  the  pitch  of  a  cast-iron  wheel  1.5  meters  [59.06 
ins.]  in  diameter,  to  drive  the  drum  of  a  windlass  when  the  drum  has  a  radius  of 
180  millimeters  [7.09  ins.],  and  the  pull  on  the  chain  is  3,ocx>  kilograms  [6,614 
lbs.]  ? 

Here 

„       3,000  X  180  , .,  r      «    11^    -1 

p  _-  £! _  y2Q  kilograms  [1,587  lbs.]. 

The  required  pitch  is  therefore 

.    /  =  173  1^720  =46.4  millimeters  [1.83  ins.], 

or  in  round  numbers,  50  millimeters  [1.97  ins.].  The  breadth  of  the  teeth  should 
be  ^  =  2  /  =  100 millimeters  [3.94  ins.],  the  length  /=  0.75  /=  37.5  millimeters 
[1.48  ins.],  the  thickness  ^  =  ^J/  =  23.7  millimeters  [0.95  in.],  the  width  of  the 
space  at  the  pitch  circle  26.3  millimeters  [1.05  ins.],  and  the  side  clearance  or  back* 
lash  2.6  millimeters  [o.  i  in.].    The  circumference  of  the  pitch  circle  is  1,500  x  3.14 

=  4,712  millimeters  [185.51  ins.],  consequently  the  number  of  teeth  is  ^^ 

=  94.24.  If  there  are  six  arms,  the  number  of  teeth  may  be  taken  equal  to  96, 
and  then  the  circumference  of  the  pitch  circle  will  be  96  x  50  =  4,800  millimeters 

[188.98  ins.],  which  corresponds  to  a  diameter  of =  1.528  meters  [60.16 

3.14 

ins.].     If  we  make  the  addendum  0.3/  =  15  millimeters  [0.59  in.],  and  the  depth 

of  the  flanks  0.4  /  =  20  millimeters  [0.79  in.],  the  outside  diameter  of  the  wheel 

will  be 

1,528  +  2  x  15  =  1,558  millimeters  [61.34  ins.], 

and  the  diameter  of  the  root  circle 

1,528  —  2  X  20  =  1,488  millimeters  [58.58  ins.]. 

2).  Suppose  a  toothed  wheel  5  meters  [196.85  ins.]  in  diameter  to  be  cm- 
ployed  as  fly  wheel  for  a  steam  engine  of  40  horse  powers  making  30  revolutions 
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per  minute,  and  suppose  the  wheel  to  gear  with  a  pinion  1.5  meters  [59.05  ins.  j, 
in  diameter,  and  provided  with  wooden  teeth.  What  dimensions  should  be  given 
to  the  latter  ? 

According  to  Reuleaux  the  required  pitch  may  be  found  from 

/  =  92.4  Y  —  =98.9  millimeters  [3.89  ins.], 

or  in  round  numbers  100  millimeters  [39.37  ins.],  which  gives  for  the  breadth  : 

b  =  10.6  ty  —  =  10.6  4/  ^—  X  /  =  2.44  i  =  244  millimeters  [9.6  ins.]. 

The  other  dimensions  of  the  tooth,  the  number  of  teeth,  and  the  exact  diame- 
ter of  the  pitch  circle,  may  be  determined  as  above. 

§  79.  Friction  of  Teeth. — When  two  wheels  with  parallel 
shafts  touch  along  a  straight  line  which  coincides  with  the 
instantaneous  axis,  there  will  be  no  sliding  friction  at  the 
place  of  contact,  because  the  motion  is  then  a  purely  rolling 
one.  In  friction  wheels  and  those  which  have  direct  trans- 
mission, as  belt  pulleys,  contact  takes  place  continually  at 
the  instantaneous  axis,  so  that  in  these  cases  there  will  be  no 
sliding  friction  at  the  circumferences  if  the  motion  is  perfectly 
transmitted,  i,e.y  without  slipping.  In  toothed  wheels,  how- 
ever,  contact  between  two  teeth  takes  place  at  the  instanta- 
neous axis  Py  Fig.  270,  only  for  one  instant  of  their  action, 
for  the  point  of  contact  travels  from  one  end  to  the  other  of 
the  line  of  contact  G  P  H.  It  is  clear  that  this  causes  certain 
frictional  resistances,  for  example,  if  the  contact  takes  place 
along  a  line  through  J  parallel  to  the  axes,  there  will  occur, 
instead  of  the  small  rotation  about  the  instantaneous  axis  P, 
a  rotation  equal  to  the  latter  about  the  straight  line  through 
y,  accompanied  by  a  sliding  of  the  two  tooth  surfaces  at  J 
upon  each  other  in  a  direction  perpendicular  to  PJ.  The 
amount  of  this  sliding,  and  consequently  the  distance 
through  which  the  friction  is  overcome,  according  to  §  4, 
Introduction,  is  equal  to  A  <J  o?  when  A.  represents  the  dis- 
tance PJ  and  S  OD  the  angle  of  rotation  about  the  instanta- 
neous axis.  Now,  if  we  let  JC  be  the  pressure  between  the 
tooth  surfaces  acting  in  the  direction  Py,  and  ^the  coefficient 
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of  friction,  the  work  of  friction  for  the  instant  under  con- 
sideration will  be  q)KXdoo.  Moreover,  if  l^  =  GP  and 
4  =  PH  represent  the  distances  of  the  beginning  and  end  of 
the  line  of  contact  G  H  from  the  instantaneous  axis  Py  we 
shall  have  for  the  total  work  of  friction  occurring  between 
two  teeth : 

Here  the  first  expression 

A^  =  \'  (pKXdoa 

represents  the  friction  which  occurs  during  the  approach  G  P 
to  the  line  of  centres,  and  the  second 


A^=\     <pKXS<x), 


the  friction  during  the  recess  P  H  from  the  line  of  centres. 

It  is  easy  to  see  that  these  two  frictions  act  in  opposite 
directions.  For  instance,  when  contact  begins  at  C,  the 
point  F^  of  the  driving  tooth  D^F^  acts  on  the  point  F^ 
of  the  driven  wheel  D^  F„  and  then  the  tooth  surface  F^  P 
slides  along  the  tooth  surface  F^  P  in  the  direction  of  F^ 
to  P,  till  the  two  surfaces  come  in  contact  at  the  point  P 
on  the  line  of  centres.  The  whole  sliding  during  this  period 
is  evidently  equal  to  the  difference  P  F^—  P  F^'m  the  lengths 
of  the  curves.  In  like  manner,  during  the  second  period  of 
contact,  the  tooth  surface  PZ>,  will  slide  on  PD^m  the 
direction  of  D^  to  P,  and  therefore  opposite  to  the  preceding, 
this  sliding  being  equal  to  the  difference  P  D^  —  P  D^oi  the 
curves.  These  opposite  directions  of  the  relative  motions 
are  characterized  as  follows :  during  the  approach  to  the  line 
of  centres  the  tooth  surface  of  each  wheel  slides  toward  the 
axis  of  the  other  wheels  and  during  the  recess,  aivay  from  this 
axis. 

Experience  shows  that  the  friction  occurring  during  the 
approach  to  the  line  of  centres  is  much  more  injurioijp  than 
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the  friction  during  the  recess,  and,  as  already  mentioned,  it  is 
on  this  account  desirable  to  make  the  addendum  of  the  driven 
wheel  smaller  than  that  of  the  driver.  This  also  explains  why 
in  pin  gearing  the  teeth  are  given  to  the  driver  and  the  pins 
to  the  follower,  for  the  pins  must  be  principally  regarded  as 
flanks,  since  only  a  small  portion  of  the  pin,  />.,  the  portion 
lying  between  the  pitch  circle  and  its  tangent,  acts  as  face, 
thus  making  an  arc  of  approach  which  is  less  than  one-quarter 
of  the  pitch  (see  §  ^^\  There  is,  however,  an  objection  to 
having  no  faces-  whatever,  for  then  the  line  of  action  during 
recess,  ?>.,  the  quantity  l„  must  be  made  larger,  thus  again 
increasing  the  path  along  which  friction  is  to  be  overcome. 
We  must  also  remark  that,  as  teeth  cannot  be  constructed 
with  perfect  accuracy,  there  will  be  deviations  from  the  ideal 
motion  represented  by  the  axoids,  which  deviations  will  be 
greater,  the  greater  the  distance  from  the  instantaneous  axis 
at  which  the  teeth  come  in 
contact.  Therefore,  in  spite  of 
the  hurtful  action  during  ap- 
proach, it  is  customary  to  give 
faces  to  the  driven  wheel  also, 
and,  as  already  mentioned  (§  Tf)^ 
economy  in  the  use  of  patterns 
and  cutters  requires  that  the 
faces  of  both  wheels  shall  have 
the  same  addendum. 

We  see  from  the  expressions 


Fig.  270. 


'=1!^ 


KXSgo 


and 


for  the  work  of  friction  before 
and  behind  the  line  of  centres, 
that  these  losses  of  work  depend 
on  the  form  of  the  tooth  surfaces,  for  A  varies  with  the  form 
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of  the  tooth ;  but,  as  will  hereafter  be  shown,  this  difference 
is  insignificant  for  the  tooth  profiles  ordinarily  employed. 
Let  us  first  assume  involute  profiles,  Fig.  270,  the  direction 
of  pressure  O  Q  making  the  angle  O  PA  =  y  with  the  line  of 

centres,  and  let  the  arc  of  approach  be  represented  by  r,  =  £  P 

and  the  arc  of  recess  \>y  e^^P  F,  From  what  has  preceded 
we  know  that  on  the  line  of  contact 

GP  -  €1  sin  y,    and     PH  =  e^  sin  y, 

these  lengths  being  equal  to  those  arcs  of  the  base  circles  O' 
and  Q'  which  subtend  the  angles  of- approach  and  recess  re- 
spectively.    The  radii  of  the  base  circles  are 

A  0  =  Ti  sin  yy    and     B  Q  =  r^sin  y: 

It  is  also  clear  that  for  any  position  of  the  teeth  for  which 
the  point  of  contact  is  at  some  point  J  between  G  and  jP,  the 
distance  from  P  is 


A.  =  PJ  =  r,  sin  y  x 


a. 


where  a  is  the  angle  through  which  the  wheel  A  must  turn 
while  the  point  /  is  moving  to  P,  If  the  wheel  A  were  turned 
through  6  at,  the  wheel  B  would  turn  through 

and  if  B  were  held  stationary  the  wheel  A  would  have  a  rota- 
tion about  the  instantaneous  axis  P  equal  to 

As  this  rotation  does  not  actually  take  place  around  the  in- 
stantaneous centre  at  P,  but  around  the  line  of  contact  aty, 
the  above  mentioned  sliding 
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must  take  place^  and  the  elementary  quantity  of  work 


tpK\^jL±I^Sa 


^a 


^i 


be  performed.     Consequently,  if  the  angle  of ,  approach  -  of 

the  wheel  A  be  represented  by  f„  the  work  of  friction  before 
the  line  of  centres  must  be  placed  equal  to : 


As  the  direction  of  the  pressure  K  is  invariable  with  in- 
volute teeth,  we  have  K  constant,  and  AT  sin  y  =  P  when  P 
represents  the  circumferential  force  at  the  pitch  circle ;  hence 
follows : 


A  LT^i   +  ^a         f'*       ^  zr^i  +  ^a    ^i  ^* 

Tj  J  r,  2 


In  like  manner  we  find  the  work  of  friction  during  recess  to 
be 

•^  +  r,  r,  e,« 


A,  =  <pIC' 


ra         2     ' 


the  whole  work  of  friction  is  therefore : 


r,        '        2 


• 


This  work  is  performed  while  the  wheel  rotates  through  the 
angle  f,  +  e^  about  its  own  axis,  the  circumference  describing 
the  path  r,  (e,  +  e^.     \l  F  represents  the  average  force  of 
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friction   reduced    to  the  pitch   circle,   we   shall   have   from 
F  = 


ri  (f  X  +  ^») 


=  (pK^' 

2  (f.  +  e,) 

=  <pK''' 

2f 

It  is  now  eJisy  to  see  that  this  value  becomes  a  minimum 
for  a  given  total  angle  of  action  e  =  f,  +  f,,  when  €,  =  £,  =  —  6, 

that  is,  when  the  angle  of  approach  is  equal  to  the  angle  of 
recess,  for  if  we  write : 

f,'  +  f/  _  f,'  +  (g  —  g,)' 
2  e       "~  2  e  ' 

and  differentiate  with  respect  to  f,  we  shall  have : 
2  f ,  —  2  (g  -  g,)  =  o,     or     f,  =-.£  =  €, . 


For  this  case  the  friction  reduced  to  the  pitch  circle  becomes : 


F=(pK 


rz      4 


The  angle  e  must  at  least  be  equal  to  the  angle  of  the  pitch 
r,  =  —  if  there  is  to  be  continuous  transmission  of  motion, 

but,  as  was  more  fully  explained  in  §  yy^  it  is  customary  to 
take  e  larger.  If  we  make  the  arc  of  action  e=  vt,  where  v  is 
a  number  greater  than  i,  we  shall  have  : 

> 


r,       r,  * 


substituting  this  value,  we  get 
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F=:  q>K     -    -  ' =  <z?  A  (  —  H )  — . 

If  we  also  substitute 


—  =  — ,      and      —  =  — , 
2  r,      ir,  2  r,      ^, 

we  get 

For  the  purposes  of  calculation  r  =  2  is  usually  chosen, 
that  is,  it  is  assumed  that  action  begins  at  the  distance  /  in 
front  of  the  line  of  centres,  and  that  it  ceases  at  the  same  dis- 
tance behind  the  line ;  when  this  is  done  the  above  expres- 
sion becomes : 

„  „/i         i\        I     P    /I    .    i\ 

Vx      V        3  sin  y  Var,      zj 

where  the  coefficient  of   friction   between  cast-iron  teeth  is 

assumed  to  be  a?  =  o.i  I,  and  therefore  wn  =  -  . 

It  is  evident  from  the  foregoing  investigation  that  for  in- 
ternal gearing  we  should  have 


F—fpn—. —   ( I -, 

stn  y  \z^      zj  2 


for  then  the  motion  of  the  inner  wheel,  when  the  outer  wheel 
is  held  stationary,  is  expressed  by 


<y  G7  =  -' ^'  6  a  ; 


2 


for  the  rack  we  have  only  to  take  r,  or  z^  infinite,  and  we 
have: 

u  Ply 

^     Sin  y  Zt2 
«3 
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It  is  evident  from  the  development  of  these  formulas  that 
they  apply  only  when  the  arc  of  approach  and  that  of  recess 

are  each  equal  to  -  /.     It  has  been  tacitly  assumed  in  this  in- 

p 
vestigation  that   the  whole  force  transmitted,  K  =  — — ,  is 

.  smy 

borne  by  a  single  tooth,  which  evidently  occurs  only  when 
1^=  I,  /.^.,  when  the  arc  of  action  is  just  equal  to  the  pitch. 
But  as  e  is  generally  taken  greater  than  the  pitch,  more  than 
a  single  pair  will  be  in  contact  simultaneously.  If  we  take, 
for  example,  y  =  2,  the  pressure  P  will  always  be  distributed 
on  two  teeth,  and  consequently  there  will  be  friction  on  two 
teeth  simultaneously,  but  each  tooth  will  transmit  but  one 
half  the  whole  pressure,  namely, 

K         P 


2       2  stn  Y 

It  follows  from  this,  that  the  number  of  pairs  of  teeth  in  con- 
tact at  the  same  instant  has  no  direct  influence  on  the 
amount  of  friction,  except  in  so  far  as  it  influences  the  size 
of  the  arc  of  action  v  /.  Moreover  this  is  generally  true,  even 
when  V  is  not  represented  by  a  whole  number,  but  by  a 
mixed  number,  for  example,  1.6.  In  this  case  the  pressure 
is  alternately  borne  by  a  single  pair  of  teeth  over  a  distance 
0.4  /,  and  by  two  pairs,  each  sustaining  half  the  pressure, 
through  a  distance  0.6  /,  etc. 

But  the  formulas  developed  above  show  that  the  friction 
is  smaller  the  greater  the  number  of  teeth  z^  and  z^  of  the 
wheels.  The  explanation  of  this  is  that  with  a  great  number 
of  teeth,  z>.,  with  smaller  pitch,  the  angle  of  action  may  also 
be  made  smaller  and  the  friction  thus  diminished.  From  this 
point  of  view,  therefore,  it  is  desirable  to  make  the  pitch  as 
small  as  the  strength  of  the  teeth,  §  78,  will  allow.  As  this 
strength  prescribes  a  certain  minimum  pitch,  recourse  is  some- 
times had  to  stepped  gearing,  partly  to  diminish  the  friction, 
but  principally  to  produce  as  smooth  a  motion  as  possible 
for  certain  machines  (planers  for  example).     If  we  imagine 
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an.  ordinary  toothed  wheel  with  £,  teeth  and  pitch  i  to  be 
divided  into  two  wheels  by  a  plane  through  the  middle  per- 
pendicular to  its  axis,  and  then  shift  these  two  parts  relatively 
to  each  other  by  exactly  half  the  pitch,  if  the  parts  are  now 
united  we  shall  have  a  wheel  with  two  steps.  Fig.  271,  and 
it  is  plain  that  such  a  wheel  will  work  with  its  corresponding 
partner  exactly  as  if  it  had  2  z^  teeth,  «>.,  as  if  it  had  a  pitch 

-  . .  Now  if  it  is  required  that  the  arc  of  action  be  v  times 

the  pitch,  we  shall  have,  in  a  wheel  with  two  steps  and  z^ 

teeth,  this  arc  equal  to  c-  ,  (>.,  it  will  be  the  same  as  for  a 
'  ^  2 

wheel  of  the  same  size  having  2^,  teeth,  and  consequently 

the  friction  between  this  wheel  and  its  two-stepped  partner 

with  s,  teeth,  will  be 

F=7t<p  4~(-   +~)^  =  -F, 
sill  y  \2Si      2  £■,/  2      2 

and  therefore  only  half  as  large  as  for  ordinary  wheels  of  the 
same  number  of  teeth.  But  this,  of  course,  presupposes  that 
in  wheels  with  two  steps  the  length  of  the  teeth  is  diminished 

sufficiently  to  make  the  arc  of  action  equal  to  »-  -  .    For  this, 

only  about  J  of  the  addendum  employed  for  ordinary  wheels 
is  necessary.     If   we  retain  the   ad- 
dendum  of  the  ordinary  wheel  for  ^'"^-  ^^• 

the  two-stepped  one,  there  will  be  no 
diminution  of  the  friction  of  the  teeth, 
as  this  depends  upon  the  angle  of 
action  c,  which  is  invariable  when  the 
addendum  is  invariable.  By  retain- 
ing this  addendum,  moreover,  we  lose 
the  other  advantage  attainable  by 
stepped  wheels,  namely,  the  smoother 
motion.      For   if  we  remember  that 

the  action  of  two  teeth  will  deviate  the  more  from  the  ideal 
motion  represented  by  the  axoids  the  greater  the  distance 
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antaneous  axis  at  which  the  teeth  come  in  con- 
11  see  that  these  irregularities  can  be  dimin- 
iped  wheels  only  when  the  length  of  the  teeth 
,  i.e.,  when   the  projections  beyond  the  axotds 

Hence  when  f  =  »-  -  ,  we  have  for  the  friction  of 

3 
jped  wheel,  Fig.  272,  only 

^  sttt  y  \3  ^,      3  V  2       3 

>pose  a  stepped  wheel  to  be  composed  of  an 
>er  of  small  wheels,  the  teeth  will  take  the 
ion  relatively  to  the  axis  shown  in  Fig.  273, 
,  first  mentioned  by  White,*  reduce  the  friction, 
teeth  are  very  short ;  on  the  other  hand  their 
ses  lateral  pressures  in  the  direction  of  the  axes, 
:e  new  frictional  resistances  at  the  collars  or 
lurnals.  Attempts  have  been  made  to  neutralize 
pressures  by  combining  two  of  these  wheels,  the 

Fig.   ■:^z.  FiG.  274. 


teeth  being  of  equal  but  op. 
posite  inclination,  as  in  Fig,  274; 
but  these  and  other  oblique 
teeth  have  been  little  used  in 
practice,  principally  because  the 
pressure  on  the  teeth  is  always 
confined  to  a  very  small  sur- 
face, strictly  speaking,  to  a  point, 
causing  rapid  wear.  Wheels 
having  teeth  which  are  oblique 
direction,  are  used  in  machines  requiring  little 

•  f*"*!/^,  Centufy  of  Inventions,  \%%i. 


§79.] 


FRICTION  OF  TEETH. 


357 


force,  but  as  smooth  a  motion  as  possible,  for  example,  in 
watchmakers*  lathes.  Wheels  whose  teeth  are  inclined  in 
either  direction,  Fig.  274,  have  also  been  proposed  for  rail- 
ways having  steep  grades. 

It  is  easy  to  see  that  the  form  of  oblique  teeth  must  be 
like  that  of  screw  surfaces  of  large  pitch,  on  which  account 
these  wheels  are  often  called  screw  wheels,  although  there  is 
no  screw  action^  properly  speaking. 


Remark.  The  method  of  determining  the  friction  of  involute  profiles  may 
be  followed  for  other  forms  of  profiles.  Let  us  take  for  example  the  cycloidal 
profiles  generated  by  rolling  the  two  circles  C\  and  C»,  Fig.  275,  with  radii  pt 
and  Pa,  on  the  pitch  circles  A'  and 


B\  and  let  us  again  take  G P  —  ex- 
and  P  II  —  e%  for  the  arcs  of  contact, 
and  consequently  E\P  =■  E^P  =.  e\ 
and  P  Fi  —  P  F'x  =  e%  for  the  arcs  of 
action  on  the  pitch  circles.  Here 
the  direction  of  the  pressure  is  varia- 
ble, making  an  angle  of  90°  with 
A  B  when  the  contact  is  at  P,  and 
having  G  P  and  P  H  for  its  direc- 
tion when  the  contact  is  at  the  ex- 
treme points  G  and  H  respectively. 
If  y  represents  the  average  angle 
made  by  the  direction  of  pressure 
with  the  line  of  centres,  we  shall 
have 


Fig.  275, 


smy 


the  angle  y  differing  but  little  from 
a  right  angle. 

The  distance  A  of  any  point  Cr© 
from  the  instantaneous  centre  P  is 
given  by 


for 


PGo=2pi  sin i  Co  CiP—2pi  sin  - — 

2  Pi 


GoCiP-—a, 
Pi 


a  again  representing  the  angle  through  which  the  wheel  A  turns  when  the  point 
of  contact  travels  from  Go  to  P.     Since  for  external  gearing 
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o  CO  = o  a 


(  -^ S  a  for  internal  gearing  j 


internal  gearing  )  we  shall  again  have  : 


Jo                               Jo 

=  (p^4Pi*  - — ~(coso 

n  fA 
—  r^  J  1 . 

2Pi/ 

If  we  here  substitute  the  approximate  value 

COSX  =:  I 

2 

we  shall  have : 

At  =  <dK ±Ox^ ^  -•-   '     —  /»  J 

^/i   ,An-^.' 

As  the  path  along  which  this  work  was  done  is  n  Ci  we  shall  have  for  the  fric- 
tion,  reduced  to  the  pitch  circle, 


rx  Bx 


n  €1        ^        \r,        ra/ 

or  if  we  again  take 

e        vt         J       /        * 
Tx  €1  =  e\  =^a=  —  =  —     and    —  =  — 

22  2  r       2 

we  shall  have 

Vi        «9/   2  ^  siny  \zx       z%J  2 

The  expression  just  found 

„  P     fj        i\v 

sin  y  \zx       ZiJ  2 

may  therefore  be  regarded  as  a  general  one,  and  if  we  place  sin  ^^  =  I,  we  shall 
have 

Vi         «9/     2 

It  is  evident,  moreover,  that  the  friction  of  involute  teeth  will  be  somewhat 
^r^a/^thanthatof  the  cycloidal  teeth,  the  angle;' being  smaller  for  the  former 
than  for  the  latter. 
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§  80.  Oeneral  Remarks  Concerning  the  Forms  of 
Teeth. — With  rapidly  running  shafts  it  is  important  that 
the  forms  of  teeth  be  as  exact  and  correct  as  possible,  for  an 
inaccurate  or  incorrect  form  is  accompanied  by  a  variable 
velocity  ratio  causing  shocks,  these  being  greater  the  greater 
the  living  force  stored  in  the  shafts.  With  slowly  running 
shafts,  for  example  the  shafts  of  hoisting  gear,  the  disadvan- 
tages resulting  from  incorrect  forms  of  teeth  are  insignificant, 
and  wheels  maybe  employed  whose  profiles  do  not  satisfy 
the  above  conditions  of  uniform  transmission  of  motion, 
whenever  practical  reasons,  such  as  the  use  of  existing  models, 
etc.,  render  it  desirable.  But  when  the  wheels  run  rapidly, 
transmitting  large  forces  and  setting  large  masses  in  rotation, 
such  reasons  should  have  no  influence,  unless  the  profiles  or 
patterns  on  hand  fully  satisfy  the  conditions  of  uniform  trans- 
mission of  motion.  That  incorrect  forms  of  teeth  have  de- 
cided disadvantages  for  high  speed  transmissions  may  easily 
be  seen.  Let  us  suppose  a  shaft  Ay  which  turns  uniformly 
with  the  angular  velocity  a^  to  drive  the  shaft  B  with  the 
angular  velocity  y5,  the  two  toothed  wheels  employed  for  this 
purpose  having  such  radii  a  and  b  that  a  a^b §.  Now,  if 
the  forms  of  the  teeth  are  incorrect,  the  directions  of  the 
pressure  will  not  always  pass  through  the  instantaneous 
centre,  but  will  cut  the  line  of  centres  at  distances  from  the 
axis  A  alternately  greater  (^,)  or  smaller  {a^  than  « ;  as  a 
consequence  the  wheel  B  will  have  a  variable  angular  velocity 
greater  than  ft  in  the  first  case,  i>.,  when  a,  >  ^,  and  smaller 
in  the  second  case  when  a^  <  a.  The  result  of  this  will  be 
that  the  whole  mass  connected  with  the  shaft  B  must  at  one 
time  be  subject  to  an  acceleration  caused  by  a  pressure  between 
the  teeth  which  is  greater  than  the  average  resistance  due  to 
the  work  of  the  shaft  B^  and  at  another  time  the  shaft  B^  by 
virtue  of  the  living  force  stored  in  it,  will  get  in  advance  of 
Ay  overcoming  some  of  the  useful  resistances  by  a  part  of  its 
stored-up  energy.  At  this  instant  the  tooth  of  the  wheel  B 
will  not  be  pressed  upon  by  the  tooth  of  the  wheel  A^  but  as 
it  advances  faster  than  A  the  back  of  the  tooth  on  B  will 
press  against  the  back  of  the  tooth  on  A,    -This  is  accom- 
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panied  by  a  certain  shock  due  to  the  side-clearance  (or  play 
between  the  teeth)  which  must  be  traversed  by  the  tooth  on 
B  before  its  back  can  come  in  contact  with  the  back  of  the 
tooth  on  A.  Immediately  after  this  takes  place  the  next 
pair  of  teeth  come  in  contact,  the  tooth  on  B  being  again 
overtaken  by  that  on  A^  and  there  is  a  slight  shock  between 
the  front  surfaces  of  the  teeth.  As  these  occurrences  are  re- 
peated n  z  times  a  minute,  n  being  the  number  of  revolutions 
and  z  the  number  of  teeth  of  one  of  the  wheels,  we  have  a 
sufficient  explanation  of  the  clattering  which  takes  place 
when  incorrect  profiles  are  used  with  rapidly  running  wheels. 
That  these  continually  repeated  vibrations  to  which  the 
material  is  subjected  will  ultimately  diminish  its  strength,  is 
a  well  known  fact.  The  evil  mentioned  will  be  greater  the 
greater  the  circumferential  speed  of  the  wheels,  the  greater 
the  masses  moved  and  the  greater  the  side-clearance ;  the 
latter  may  be  suitably  reduced  by  careful  construction,  i>., 
accurate  spacing  of  the  teeth.  The  evils  mentioned  are  more 
marked  when,  as  is  sometimes  done  in  rolling  mills,  heavy  fly- 
wheels are  placed  on  a  shaft  parallel  to  the  steam  engine 
shaft  for  the  purpose  of  attaining  greater  velocities,  the  fly- 
wheel shaft  being  driven  by  toothed  wheels.  In  such  a  case 
it  is  almost  impossible  to  prevent  the  wheels  from  becoming 
loose  on  the  shaft,  and  their  journals  from  heating. 

We  now  see  why  wooden  teeth  are  preferable  for  rapidly 
running  wheels,  the  elastic  property  of  wood  enabling  it  to 
absorb  the  living  forces.  It  is  customary  to  give  wooden 
teeth  to  only  one  of  the  two  wheels  which  work  together, 
usually  to  the  driver.  If  we  give  the  wooden  teeth  to  the 
larger  wheel  they  will  last  longer,  because  they  are  less  often 
in  contact,  but  when  they  do  ultimately  wear  out,  the  cost  of 
renewal  will  be  correspondingly  greater  and  the  delay  often 
considerable.  It  therefore  seems  better,  in  spite  of  the  often 
given  opposite  rule,  to  give  the  wooden  teeth  to  the  smaller 
wheel,  and  it  will  be  easy  to  have  a  spare  wheel  like  the  latter 
on  hand. 

Radial  flanks  are  particularly  suitable  for  wheels  with 
wooden  teeth,  .not  only  because   the  surfaces  can  be  more 
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easily  produced,  but  also  because  the  nearly  parallel  surfaces 
are  cut  with  the  grain.  When  the  teeth  curve  rapidly,  as 
with  involute  profiles,  some  of  the  fibres  must  necessarily  be 
cut  across  the  grain  along  the  fiank  of  the  tooth.  As  a  con- 
sequence, such  teeth  are  rapidly  worn  out  by  the  iron  teeth 
in  contact  with  them,  especially  when  the  hurtful  action  in 
front  of  the  line  of  centres  is  considerable,  the  iron  tooth 
then  acting  like  a  tool  against  the  grain.  But  radial  flanks 
are  not  desirable  for  iron  wheels,  particularly  small  ones  hav- 
ing few  teeth,  because  the  rapid  convergence  of  the  flanks 
greatly  diminishes  the  section  of  a  tooth  near  its  root ;  if, 
now,  the  pitch  be  increased  to  give  sufficient  strength,  the 
length 'of  the  tooth  will  also  be  increased  and  will  cause 
greater  friction  and  irregularity  of  motion.  Radial  flanks  are 
occasionally  employed  in  very  small  pinions  of  wrought  iron 
for  hoisting  gear,  where  it  is  desirable  to  use  pinions  with  a 
small  number  of  teeth  (as  low  as  3),  for  radial  flanks  alone 
allow  of  so  small  a  number  of  teeth,  the  material  employed 
in  this  case  giving  sufficient  strength.  Pin  gearing  is  not  to 
be  recommended  except  for  wrought-iron  wheels,  in  which 
case  it  gives  very  strong  teeth  ;  wooden  pin  gearing,  such  as 
was  formerly  employed  in  mill  work,  is  seldom  constructed 
at  the  present  day.  In  clocks  and  windlasses,  however,  pins 
are  still  much  used. 

Teeth  formed  according  to  involutes  are  excellent  as  re- 
gards strength,  for  their  form  approximates  most  closely  to 
that  of  a  beam  of  uniform  strength  ;  consequently  when  invo- 
lutes are  employed,  we  can  have  a  smaller  pitch  with  the 
same  transmission  of  force,  and  thus  obtain  the  advantages 
of  smaller  friction  and  smoother  running  accompanying  a 
greater  number  of  teeth.  But  involute  profiles  cannot  be  so 
readily  employed  with  very  small  numbers  of  teeth  (wind- 
lasses, etc.),  for  their  minimum  number  is  greater  than  in  cy- 
cloidal  teeth.  Moreover,  when  the  two  wheels  which  work 
together  are  very  unequal,  the  teeth  of  the  smaller  wheel  be- 
come so  pointed  that  there  is  danger  of  the  upper  edges  fract- 
uring ;  it  is  therefore  customary  to  choose  some  other  form 
of  tooth  when  the  ratio  of  the  wheels  exceeds  5,      An  objec- 
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tion  sometimes  urged  against  involute  teeth  is,  that  the  ob- 
lique direction  of  their  line  of  pressures  causes  considerable 
pressure  on  the  shafts,  but  this  disadvantage  is  much  less 
than  it  seems.  If  we  suppose  the  inclination  of  the  line  of 
pressure  to  the  line  of  centres  to  be  75°,  which  is  the  ordi- 
nary amount,  we  shall  have  for  the  pressure  against  the  axes 


=  about  1.04/', 


sm  75 


P  being  the  resistance  at  the  circumference.  In  cycloidal 
teeth  also,  the  line  of  pressure  is  inclined  to  the  line  of  cen- 
tres, forming  a  variable  angle  with  the  latter,  which  i^  equal 
to  a  right  angle  for  one  instant  only,  namely  when  the  teeth 
touch  at  the  instantaneous  axis.  Now  although  the  avers^ge 
inclination  of  the  line  of  pressure  to  the  tangent  of  the  pitch 
circles  is  somewhat  less  for  cycloidal  teeth  than  for  involute, 
the  variation  of  this  direction  of  pressure,  and  the  consequent 
variation  of  the  pressure  itself,  is  disadvantageous  with  re- 
spect to  the  wear  of  the  teeth  and  the  smooth  running  of  the 
wheels.  These  disadvantages  are  usually  greater  than  that 
arising  from  the  slight  increase  of  the  pressure  against  the 
axes  in  the  case  of  involute  wheels. 

One  of  the  principal  advantages  of  involute  profiles  is  that 
they  remain  correct  profiles  when  they  are  slightly  moved 
toward  or  from  each  other.  A  slight  separation  of  the  shafts 
does  often  take  place  in  consequence  of  wear  in  the  bearings, 
and  no  teeth  but  involute  teeth  will  then  work  together  cor- 
rectly. On  the  other  hand,  the  possibility  of  bringing  the 
shafts  closer  together  permits  the  side  clearance  to  be 
diminished  as  much  as  possible  when  the  wheels  are  set  up. 
That  such  a  shifting  of  the  axes  may  take  place  without  in- 
terfering with  the  correct  working  of  the  profiles  may  be 
inferred  from  the  fact  that  the  base  circles  of  the  profiles 
always  have  a  common  tangent  which  cuts  the  line  of  centres 
at  a  point  whose  distances  from  the  axes  are  proportional  to 
the  radii  of  the  base  circles.  One  effect  of  bringing  the 
shafts  closer  together  will  be  to  diminish  the  pitch  circles,  or 
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circles  of  equal  velocity,  without  changing  their  ratio,  and 
another  effect  will  be  that  the  line  of  pressures  will  assume 
a  somewhat  greater  inclination  to  the  line  of  centres  ;  the 
arcs  of  action  are  thereby  slightly  increased  because  the  ad- 
denda of  the  teeth  are  increased.  The  opposite  takes  place 
when  the  shafts  are  separated.  This  property  renders  invo- 
lute teeth  very  suitable  where,  as  in  rolling  mills,  the  distance 
of  the  axes  varies.  All  these  reasons  show  involute  teeth  to 
be  among  the  most  perfect. 

There  is  no  especial  advantage  to  be  gained  by  employ- 
ing circular,  profiles  for  the  teeth,  as  they  are  only  approxi- 
mately correct  forms,  transmitting  motion  correctly  at  but 
one  or  two  lines  of  contact,  and  their  simpler  form  renders 
the  construction  of  the  wheels  no  easier ;  at  most  they  facili- 
tate the  preparation  of  general  drawings,  where  it  is  under- 
stood that  the  teeth  are  not  to  be  constructed  exactly  as 
drawn.  A  particular  disadvantage  of  a  profile  composed  of 
two  arcs,  constructed  as  in  §  74,  is  that  these  arcs  are  not 
tangent  to  each  other  at  the  pitch  circles,  but  form  a  blunt 
edge  which  soon  wears  off,  unless  it  is  rounded  off  before  the 
wheels  are  used. 

Finally,  we  may  remark  that  of  late  excellent  wheel 
moulding  machines  are  much  employed  in  foundries,  render- 
ing the  constructor  of  gearing  less  dependent  on  the  pattern 
room,  and  consequently  greatly  diminishing  the  importance 
of  interchangeable  wheels.  As,  in  the  production  of  wheels 
by  moulding  machines,  the  form  of  tooth  has  little  influence 
on  the  cost  of  construction,  there  is  greater  freedom  of  de- 
sign, the  formerly  rigid  rules  concerning  the  addendum  of 
teeth,  etc.,  having  less  controlling  influence. 

§  81.  Wheels  foir  IVonoparallel  Shafts. — The  case  in  which 
the  axes  of  wheels  are  not  parallel  has  been  already  investi- 
gated in  §§  45  and  46.  It  was  there  found  that  when  the 
axes  intersect,  the  axoids  are  two  conical  surfaces  whose  com- 
mon vertex  is  at  the  intersection  of  the  axes,  and  that  when 
the  axes  cross  without  intersecting  the  axoids  are  repre- 
sented by  two  hyperboloids  of  revolution.    Conic  and  hyper- 
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bolic  wheels  must  be  provided  with  teeth  very  much  as  spur 
wheels  were,  the  problem  here,  as  there,  being  to  find  sur- 
faces for  the  teeth  which  will  transmit  uniform  motion.  Now 
it  is  possible  to  establish  a  perfectly  general  law  for  the  con- 
struction of  tooth  surfaces,  from  which  we  may  deduce  rules 
for  every  special  case,  and  therefore  also  for  the  case  of  spur 
wheels.  To  understand  this  law,  we  must  first  demonstrate 
an  auxiliary  proposition  enunciating  a  remarkable  property 
common  to  the  axoids  of  every  pair  of  wheels. 

For  this  purpose  we  will  again  make  the  general  supposi- 
tion that  two  axes  A  A^  Sind  BB^,  Fig  276,  cross  without  in- 
tersecting, the  shortest  distance 
between  them  being  A^B^  =:  dy 
'  and  their  angle  of  inclination  equal 
to  6.  Let  a  and  /3  again  repre- 
sent th6  angles  of  rotation  of  the 
axes  and  the  unit  of  time,  then  we 
shall  get,  as  in  §  46,  for  the  cor- 
responding instantaneous  axis  of 
the  relative  motion,  a  straight  line 
MM^  lying  in  a  plane  which  is 
parallel  to  the  pair  of  parallel 
planes  passing  through  A  A^  and 
B  B^y  and  whose  distances  from 
the  axes  are  given  by  the  relation 


<li 


I 


4- 


B 


^7■ 


-4 


c, 


M 


•d 


B« 


B, 


d^  _  tan  dj 
d  ~"  tan  d^ 


(Jj  and  S^  again  representing  the 
inclinations  of  the  axes  A  A^  and  BB^  to  the  instantaneous 
axes,  for  which  we  have 

stn  d^       /3 

Sin  tf  3  ~"  a' 


If  we  imagine  this  instantaneous  axis  MM^  to  be  rotated 
once  about  A  A^  and  once  about  B  B^y  its  inclination  and  dis- 
tance remaining  the  same,  we  know  from  the  former  discus- 
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sion  that  two  hyperboloids  of  revolution  will  be  generated 
which  touch  at  M M^  and  are  to  be  regarded  as  the  axoids  or 
surfaces  of  instantaneous  axes  for  the  present  case.  We  may 
remark  that  these  two  axoids  will  be  wholly  determined 
when  the  mutual  position  of  the  axes,  that  is  d  and  (^,  and 

the  velocity  ratio  —  are  given,  and  we  may  speak  of  these 

hyperboloids  as  the  axoids  associated  ior  iki^  velocity  ratio  — . 

P 

Now  let  us  suppose  with  one  of  these  axoids,  say  the  one 
having  the  axis  A  Aj,  a  third  axoid  to  be  associated   for  any 

other  velocity  ratio,  say  — ,  and  let  us  imagine  it  in  such  a 

position  that  contact  between  the  first  and  third  will  take 
place  along  the  same  straight  line  MM^  on  which  contact 
takes  place  between  the  axoids  oi  A  A^  and  B  B^  first  con- 
sidered. To  obtain  such  a  third  axoid  it  is  only  necessary 
to  assume,  on  the  common  normal  A^B^,  at  a  distance 
d^  =  Cq  M^  from  J/^,  an  axis  C  C,  which  lies  in  a  plane  par- 
allel to  the  axes  A  A^  and  B B^^  and  forms  with  M M^  an 
angle  d,  for  which 

sin  ^^  _^Y 
sin  6^'^  a^ 

d^  being  at  the  same  time  limited  by  the  condition : 

dj       tan  S^ 

d^  ~  tan  6^ ' 

This  third  hyperboloid  is  then  evidently  of  such  a  charac- 
ter that  when  it  rotates  through  an  angle  y,  it  will  cause  the 
hyperboloid  A  to  turn  through  the  angle  a^  if  both  hyperbo- 
loids are  allowed  to  act  upon  each  other  as  two  friction 
wheels,  in  other  words,  the  two  hyperboloids  are  the  cor- 
rect axoids  for  the  two  axes  A  A^  and  C  Cj,  and  corre- 
spond to  a  velocity  ratio  a  :  y. 

If  we  now  consider  this  hyperboloid  of  the  axis  C  C^  in 
its  relation  to  the  one  belonging  to  the  axis  -5-5,,  we  shall 
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readily  find  that  these  two  surfaces  are  the  correct  axoids  for 
the  two  axes  B  B^  and  C  C„  and  correspond  to  a  velocity 
ratio  /?  :  y     This  is  immediately  seen  when  we  divide 


and 


thus  getting 


sin  ^x  __y        ,  sin  ^x  _  fi 

sin  S^~'  a  sin  ()\       a 

d^  _  tan  <y,        ,  rf,  _  tan  tf, 

^  -  tan  ^3  ^        d^"  tand^^ 

sin  d^  _  y  ^^^  d^  _  tanS^ 

sin  (3*3      P  d^      tan  6^ ' 


which  equations  contain  the  conditions  which  must  be 
satisfied  by  the  axoids  of  the  two  axes  B  B^  and  C  C^  if  they 
are  to  have  the  velocity  ratio  /?  :  y*  Froni  this  may  be 
deduced  the  following  property  of  the  axoids  of  wheels : 

When  two  axes  A  and  B  have  their  position  and  their  veloc- 
ity ratio  a  :  §  given  ^  and  a  third  axoid  C  is  so  associated  with 
the  axoid  of  A  as  to  represent  the  velocity  ratio  a  :  y^  this 
third  axoid  C  will  likewise  be  so  associated  with  the  axoid 
belonging  to  B  as  to  represent  the  velocity  ratio  /?  :  y. 

To  render  this  law  clear  we  may  imagine  the  three  hyper- 
boloids  A^  B  and  C  to  be  constructed  of  very  thin  sheet 
metal  and  to  be  pressed  together  at  the  common  line  of  con- 
tact M  M^  after  the  manner  of  friction  wheels,  so  that  when 
one  of  them  turns,  the  others  will  turn  correspondingly. 
Now  if  the  third  axoid  C  turns  uniformly  through  the  angle 
;/,  it  will  cause  a  uniform  rotation  of  the  axoid  A  through  the 
angle  or,  and  simultaneously  a  uniform  rotation  of  the  axoid 
B  through  the  angle  >5,  the  rotations  a  and  ft  being  exactly 
equal  to  the  rotations  which  would  be  assumed  if  the  axoids 
A  and  B  acted  directly  upon  each  other  as  friction  wheels. 
In  the  illustration  given,  the  axoids  A  and  B  were  turned  by 
the  help  of  a  third  axoid,  which  we  can  therefore  call  the 
auxiliary  axoid.  This  auxiliary  axoid  may  be  chosen  in  an 
infinite  number  of  ways,  but  is  by  no  means  perfectly  arbi- 
trary, being  restricted  by  the  perfectly  definite  conditions 
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.    ^  =  ~      and      -^  =  - — J- , 
sin  6^      a  d^      tan  6^^ 

underlying  the  case  of  two  axes  which  cross  but  do  not  inter- 
sect. If  therefore  we  imagine  all  the  auxiliary  axoids  pos- 
sible for  the  pair  of  axoids  A  and  By  the  axes  C  of  all  these 
axoids  will  lie  upon  a  ruled  surface  whose  character  may  be 
determined  as  follows. 

If  we  suppose  the  instantaneous  axis  M M^  of  the  axoids 
of  two  shafts  A  and  B  which  cross  but  do  not  intersect,  to 
be  the  axis  of  F,  and  the  shortest  distance  A^  B^  between 
the  axes  to  be  the  axis  of  Z^  of  a  rectangular  system  of  co- 
ordinates, we  shall  have  for  any  auxiliary  axoid  whose  axis 
is  at  the  distance  M^  C^=^  z  from  the  instantaneous  axis 
M  M^y  the  equation 

z  __  tan  (^3 
d^  *"  tan  tf  J ' 

where  d^  is  the  radius  of  the  gorge  circle  of  the  axoid  A  and 
(^3  and  S^  the  inclinations  of  the  instantaneous  axis  to  the 
axes  C  ^xi^L  A. 

If  we  substitute  in  this  tan  c^-  =  —  ,  we  shall  have  for  the 

y 

equation  of  the  surface  containing  the  axes  of  rotation  of  all 
t/ie  possible  auxiliary  axoids 

X       tan  6.  , 

—  =  —  ,  —  ^,     or    x=  ky  Zy 

y         d^ 

k  being  the  constant  representing  the  pair  of  principal  axoids 
A  and  By  />., 

•     ,  _  tan  <y,  _  tan  S^ 
dx  d^ 

The  ruled  surface  represented  by  this  equation  is  an 
hyperbolic  paraboloid.  A  plane  parallel  to  the  co-ordinate 
plane  -AT  F  at  a  distance  z  =-  c  from  the  latter,  will  cut  this 
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ruled  surface  in  the  axis  of  an  auxiliary  axoid  whose  gorge- 
circle  radius  is  r,  while  all  planes  parallel  to  the  co-ordinate 
plane  XZ  will  cut  the  ruled  surface  in  straight  lines  which 
intersect  the  instantaneous  axes,  the  equation  of  straight 
lines  being  x—kc^z^  when  the  distance  of  the  cutting  plane 
is  ^  =  r,.  Finally,  a  plane  parallel  to  the  co-ordinate  plane 
YZ  at  a  distance  x=  c^  from  the  latter,  will  intersect  the 
ruled  surface   in   an   equilateral    hyperbola   represented   by 

yz  =  -^.     We  may  call   this  ruled  surface  the  locus  of  the 

axes  of  rotation  of  the  auxiliary  axoids  belonging  to  the  two 
primary  axoids. 

It  is  clear  that  when  the  axes  are  parallel  (spur  wheels)  or 
when  they  intersect  (bevel  wheels)  this  surface  will  become  a 
plane,  namely,  the  plane  of  the  axes.  In  the  first  case,  every 
line  of  this  plane  parallel  to  the  axes  may  be  employed  as 
the  axis  of  the  auxiliary  axoid,  while  in  the  latter  case,  every 
straight  line  of  the  plane  which  passes  through  the  point  of 
intersection  of  the  axes  may  be  regarded  as  an  cixis  for  the 
auxiliary  axoid. 

§  82.  Creneral  Laur  Oovernin^  the  Formation  of  Tootli 
Snrllicet. — Let  us  suppose  any  third  or  auxiliary  axoid  C  to 
be  associated  with  the  axoids  A  and  B  of  any  two  wheels, 
and  that  the  axoid  C  has  rigidly  attached  to  it  any  straight 
or  curved  line  L,  When  all  three  axoids  are  given  their 
proper  rotations,  the  line  L  will  generate  two  surfaces  rela- 
tively to  the  two  axoids  A  and  B.  It  may  help  to  render  the 
matter  clearer,  to  suppose  the  generating  line  Z  to  be  a  cut- 
ting edge  or  a  thin  wire,  and  the  axes  A  and  B  to  be  sur- 
rounded by  plastic  masses,  into  which  the  sharp  edge  or  wire 
cuts  while  it  is  making  its  supposed  motion,  leaving  traces  in 
the  form  of  the  two  surfaces  F^  and  F^ 

At  ever>'  instant  these  two  surfaces  have  the  generating 
line  L  in  common,  and,  in  order  that  they  may  be  employed 
as  tooth  surfaces,  it  is  necessary  that  they  touch  along  this 
line,  and  also  that  they  permit  the  relative  motion  peculiar 
to  the  axoids  A  and  B.     We  know  from  the  property   of 


\ 


§  82.]  LA  W  GOVERNING  TOOTH  SURFACES,  369 

auxiliary  axoids  discussed  in  the  preceding  article,  that  the 
latter  condition  is  always  satisfied,  but  we  may  specially  con- 
vince ourselves  of  this  by  the  following  calculation.  Suppose 
the  auxiliary  axoid  C  to  be  brought  to  rest  by  giving  to  the 
whole  system  an  additional  rotation  —  y  about  the  axis  C  C^y 
and  the  two  rotations  to  which  the  axoid  A  is  then  subjected 
(or  about  A  and  —  y  about  C)  to  be  replaced  by  a  helical 
motion  around  the  instantaneous  axis  MM^y  the  rotating 
part  GOa  of  this  motion  being  determined  according  to  §  46, 
from 

a  :  Gj^  =  sin  6^  :  sin  (d,  +  dg), 
or 

sin  iS^  4-  (^3) 
""  sinS 

and  the  shifting  portion  of  the  motion  from 

Sa  =  {d^  +  d^  a  sin  <J,. 

In  like  manner  the  two  rotations  of  the  axoid  B  {fi  around  B 
and  —  y  around  C)  are  equivalent  to  a  helical  motion  around 
this  same  axis  M M^,  the  rotating  and  shifting  portions  of 
the  motion  being  respectively 

^  sin  (S^  —  (Jj) 
stnd^ 
and 

•y*  =  —  (4  —  ^3)  /^sin  dy 

From  this  we  find  that  the  relative  motion  of  the  axoids 
A  and  B  is  likewise  a  helical  motion  around  the  instanta- 
neous axis  MM^,  The  rotative  component  of  this  helical 
motion  is : 

sin  (<y,  +  (J,)       ^  sin  (S^  —  d,) 
stn  03  stn  o^ 

=  a  stn  ^,     •  \     •    f  —  fi  stn  S^    .  \     .   J\ 
stn  <>x  stn  ©3  stu  6^  stn  03 

24 
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or  since  a  sin  S^  =z  /3  sin  d, : 

CO  =  asin  6,{cotS,  +  cot 6,)  =  a^^^  ^^'  't  ^'\ 
^  ^  stn  (>a 

For  the  shifting  component  of  the  helical  motion  we  have 

J  =  Ja  —  J*  =  (rf,  -^-d^asin  6^  =  da  sin  S^  =t  d/3sin  d^. 

Now  this  relative  rotation  and  translation  to  which  the 
axoids  A  and  B  are  subjected  during  the  generation  of  the 
surfaces  above  mentioned,  are  exactly  equal  to  the  relative 
helical  motion  of  the  axoids^  and^  when  the  latter  have  the 
required  motion.  As  the  corresponding  elements  of  the  sur- 
faces F^  and  F^  are  generated  by  motions  exactly  like  those 
required  of  the  axes  A  and  By  it  is  proved  that  these  sur- 
faces will  answer  for  correct  tooth  surfaces,  provided  they 
always  foucA  along  their  common  line  L, 

In  order  to  ascertain  when  this  is  the  case,  we  must  note 
that  when  the  auxiliary  axoid  twists  as  above  described  about 
the  instantaneous  axis  M M^y  any  point  p^  of  the  generating 
line,   Fig.  277,  will   generate   at   every   instant,   elementary 

paths /j,/  which  are  perpendicular  to  the  in- 
stantaneous radius /qJ/q  let  fall  from  p^  on 
the  instantaneous  axis.  Now  let  some  line 
"""^^v  T  be  the  tangent  to  the  genei^ting  line  L 
^^      )      at  the  point /o  ^md  let  7",  and  T^  be  tangents 

to  the  paths /o/  described  by  the  point /^, 

at  any  instant,  in  consequence  of  the  twist- 
Ii  ing  motions  ;  the  two  tangent  planes  Tp^  T^ 

and  T p^  T^  of  the  above  mentioned  sur- 
faces  F^  and  F^  must  coincide  if  these  surfaces  are  to  touch 
at/o,  i,e.y  if  they  are  to  touch  along  the  generatrix  Z.  This 
condition  is  always  satisfied  in  spur  and  bevel  wheels,  for  in 
these  the  two  tangents  7^,  and  7^  to  the  paths  coincide.  On 
the  other  hand,  in  the  hyperbolic  axoids  of  axes  which  cross 
but  do  not  intersect,  the  tangents  7",  and  T^  to  the  screw-like 
paths,  deviate  from  each  other,  consequently  contact  at  p^  is 
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only  possible  when  the  tangent  T  to  the  generatrix  is  perpen- 
dicular to  the  instantaneous  radius /^  J/^  (as  is  always  the 
case  with  the  two  tangents  7",  and  T^  to  the  paths),  />.,  con- 
tact is  possible  when  the  generatrix  is  a  straight  line  parallel 
to  the  instantaneous  axis. 

We  may,  accordingly,  express  the  general  law  governing 
the  formation  of  tooth  surfaces  as  follows : 

Correct  tooth  surf  aces  for  any  tzao  wheels  having  parallel  or 
intersecting  axes  are  surfaces  which  may  be  generated^  relatively 
to  the  axeSy  by  any  arbitrary  line  fixed  to  the  auxiliary  axoid, 
ell  three  axoids  leaving  the  rotations  belonging  to  them.  With 
axes  which  cross  but  do  not  intersect^  however ^  the  generatrix  is 
restricted  by  the  condition  that  it  must  be  a  straight  line  which 
is  always  parallel  to  the  instantaneous  axis.  How  the  last 
mentioned  case  leads  to  a  peculiar  {spiraloidal)  kind  of  toothed 
gearing,  will  be  explained  in  §  86. 

According  to  the  above,  with  axes  which  cross  but  do  not 
intersect,  the  twisting  motion  of  any  arbitrarily  chosen  axoid 
will  produce  only  approximately  correct  surfaces,  contact 
taking  place  only  in  points,  namely  those  in  which  the  tan- 
gent to  the  generatrix  is  normal  to  the  instantaneous  radius. 

§  83,  Bevel  Wheels. — With  the  help  of  this  perfectly 
general  law  for  the  formation  of  correct  tooth  surfaces,  the 
law  given  in  §  67  for  spur  wheels  being  only  a  particular 
case,  we  may  now  easily  determine  the  tooth  surfaces  for 
conical  wheels.  The  axoids  of  the  wheels  as  well  as  the  aux- 
iliary axoid  now  become  conical  surfaces  whose  common  ver- 
tex is  at  the  intersection  of  the  axes.  For  simplicity  we  will 
also  here,  as  with  spur  wheels,  assume  a  straight  line  on  the 
surface  of  the  auxiliary  cone  and  consequently  an  element 
of  the  latter,  as  the  generatrix  of  the  tooth  surfaces. 

.  We  may  now  find  the  rule  for  determining  the  tooth  sur- 
faces in  a  manner  similar  to  that  employed  for  spur  wheels 
in  §  70.  Let  OA  and  O  By  Fig.  278,  be  the  axes  of  two 
bevel  wheels  whose  axoids  touch  along  the  straight  line  O  -P, 
and  let  O Che  the  axis  of  a  third  cone,  which  acts  as  auxil- 
iary axoid  and  touches  the  cones  A  and  B  in  this  same  in- 
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stantaneous  axis.     Any  element,   for  example  0  L,  of  this 
auxiliary  cone  will  generate  two  curved  surfaces  relatively  to 
the  axoids  A  and 
^'°-  ^7^-  B,     provided    all 

three  cones  have 
the    rotation    as- 
sumed      in      the 
preceding  article. 
The       generated 
surfaces  arc  like- 
wise conical  sur- 
faces, for  the  gen- 
erating  line    OL 
continually  passes 
through  the  same 
fixed  point  O.    It 
is    evident    from 
preceding  discus- 
sions    that     sur- 
faces thus  formed  can  also  be  considered  as  generated  by  the 
rolling  of  the  cone  C  on  the  outside  of  the  cone  A  and  on  the 
inside  of  the  cone  B.     In  doing  this  the  generatrix  O  L  will 
cut  the  surface  of  a  sphere,  having  O  as  a  centre  and  (9  £  as  a 
radius,  along  two  curves  L  D  and  L  E  called  spherical  cycloids;* 
the  curve  LD  generated  by  external  rolling  being  a  spheri- 
cal epicycloid,  and  LE  generated  by  internal  rolling  a  spheri- 
cal hypocycloid.     These  spherical  curves  can  be  regarded  as 
the  base  lines  of  the  conical  surfaces  which  bound  the  teeth. 
If  through  any  point  L  of  the  line  of  contact  or  instanta> 
neous  axis  we  pass   two  planes  perpendicular  to  the  axes, 
they  will  cut  the  axoids  in  two  circles  PA' A'  and  PB'B' 
which  roll  on  each  other  and  have  equal  velocity.    These  cir 
cles  evidently  play  a  part  in  bevel  wheels  similar  to  that  of 
pitch  circles  in  spur  wheels,  and  are  also  called  pitch  circles, 
but  to  avoid  ambiguity,  it  is  necessary  to  state  at  what  dis- 
tance from  the  intersection  O  the  circles  are  which  are  called 

•  i^ce  Verhandlgn.  d.  Ver.  1.  BefOrderg.  d.  Gewetbfleines.  1876- 
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pitch  Circles.  This  is  why  we  speak  of  outer,  inner,  or  aver- 
age pitch  circles,  and  also  of  the  outer,  inner,  and  average 
pitch  of  bevel  wheels,  according  as  the  data  refer  to  the  outer, 
inner,  or  average  circumferences  of  the  wheels.  It  is  clear 
that  with  respect  to  these  pitch  circles  we  may,  as  in  spur 
wheels,  speak  of  faces  and  flanks^  and  that  the  relations  de- 
termined for  these  in  spur  wheels,  for  example,  that  faces  can 
only  work  A^ith  flanks,  also  holds  for  bevel  wheels.  There- 
fore in  order  that  each  wheel  may  have  faces  as  well  as  flanks, 
it  is  here  also  necessary  that  there  be  two  rollings  for  each 
wheel,  the  epicycloids  being  given  to  the  faces  and  the  hypo- 
cycloids  to  the  flanks.  Again,  it  is  easily  shown  how  far 
what  was  said  concerning  internal  gearing  in  spur  wheels  ap- 
plies to  bevel  wheels,  and  we  may  moreover  refer  to  §  45  for 
an  explanation  of  what  is  meant  by  internal  gearing  in  bevel 
wheels.  It  is  also  easily  shown  how  pins  may  be  employed 
instead  of  teeth  for  bevel  wheels  ;  in  such  a  case,  of  course, 
the  pins  cannot  be  of  cylindrical  form,  but  must  be  cones 
whose  vertices  are  all  at  the  intersection  of  the  axes. 

As  regards  the  limiting  case  between  external  and  internal 
gearing  represented  in  spur  wheels  by  the  rack,  we  have  for 
bevel  wheels  the  face  wheel,  for  which  the  half  angle  at  the 
vertex  is  90°,  this  angle  being  acute  in  external  and  obtuse 
in  internal  gearing.  In  spur  wheels  when  the  describing 
cylinder  became  a  plane,  we  obtained  a  particular  form  of  tooth 
known  as  the  involute  tooth  ;  in  like  manner,  we  obtain  for 
bevel  wheels  a  corresponding  special  form  of  tooth  by  rolling 
the  face  wheel,  as  auxiliary  axoid,  on  both  the  axoids.  Thus, 
if  we  let  the  half  angle  S^  at  the  vertex  of  the  rolling  cone  C 
grow  larger  and  larger  till  it  is  equal  to  a  right  angle,  the 
conical  surface  will  be  gradually  transformed  into  a  plane 
which  touches  the  two  axoids  at  the  instantaneous  axis  O  P. 
When  this  plane  is  rolled  on  the  two  cones  A  and  -ff,  a 
straight  line  of  this  plane  passing  through  O  will  generate 
conical  surfaces  whose  intersections  with  the  sphere  described 
about  O  are  known  in  geometry  as  spherical  involutes.  It  is 
also  evident  that  here,  as  in  spur  wheels,  these  spherical  in- 
volute cones  cannot  be  employed  as  tooth  surfaces  in  external 
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gearing,  as  they  are  only  suitable  for  the   faces  of  teeth,  and 
it  is  well  known  that  faces  cannot  work  together.     At  most 
jring  in  bevel  wheels, 
heels.      But  we  may 
wheels  by  employing 
ing  the  face  wheel  C 
on  certain  base  cones 
:    Throu'gh  the  line 
*e  axes  are  O  A  and 
=  about  75°  with  the 
mes  to  be  described 
tangent  to  this  plane 
ie  two  cones  may  be 
he  tangent  plane  or 
arder  to  obtain  tooth 
his  way  a  radius,  say 
two  conical  surfaces 
whose  intersections 
with      the      sphere 
passed   through   M 
and  about  O  will  be 
the  spherical  invol- 
utes mentioned,  and 
it  is  easy  to  show, 
as   in    spur  wheels, 
that  these   surfaces 
will      give     correct 
forms  for  the  teeth. 
For    let    the    half 
angles  at  the  vertex 
of  thecones  A  OA, 
and  B  OB,he  repre- 
sented   by   5,'   and 
tfj'  respectively,  we 
shall  have  from  the 
^^.  and  OB  MB,: 

ungo° 
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and 
hence 


sin  6^'  :  sin  6^  =  sin  q>  :  sin  90®, 
sin  d/  __  sin  <^,  __  A 

— : — IT,  —   —■ li • 


*      A*  / 

stn6^ 


sin  tf,      a 


When  the  two  cones  A  and  B  move  with  their  angular 
velocities  a  and  /5,  the  base  cones  A^  and  B^  will  turn  with 
angular  velocities  whose  ratio  is  the  same  as  a:/3  and  this, 
as  in  §  73  for  spur  wheels,  proves  the  correctness  of  the  as- 
sumption above  made. 

§  84.  Tooth  Friction  In  Bevel  "Wheels. — It  is  evident 
from  the  foregoing  presentation  that  the  successive  positions 
of  the  generating  line  are  identical  with  the  successive  posi- 
tions of  the  line  of  contact  of  the  teeth,  and  as  the  generating 
line  lies  on  the  surface  of  the  auxiliary  axoid,  it  is  clear  that 
this  latter  surface  must  be  the  /ocus  of  contact.  This  view  of 
the  matter  also  enables  us  to  judge  of  the  kind  and  amount 
of  the  friction  occurring  between  the  teeth.  There  is 
evidently  no  friction  between  the  teeth  when  they  touch 
along  the  instantaneous  axis  O  M^  for  the  relative  motion  is 
then  simply  a  rolling  about  this  line  of  contact.  But  if  we 
suppose  the  wheel  A^  whose  average  radius  is  r^,  to  have 
turned  out  of  this  position  through  a  certain  small  angle  a, 
the  wheel  B  will  likewise  have   turned   through    an    angle 

T    Ot 

/J  =  — —  and  contact  will  now  exist  along  a  certain  straight  line 


Fig.  280. 


O  Z,  Fig.  280,  making  the  angle  t  with 
the  instantaneous  axis  O  M.  With  the 
smair  angles  here  considered  it  will  be 
sufficiently  accurate  to  assume  r^a^^r^^ 
=  /f  when  /  represents  the  length  of  a 
conical  element  0M=^  O  L  measured  up 
to  the  average  pitch  circle.  If  we  now 
suppose  the  wheel  A  to  turn  out  of  this 
position  through  tf^r,  the  wheel  B  will 

turn  through  the  angle  6 p=  —  6a  and 
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these  rotations  will  correspond  to  a  relative  motion  which  is 
equivalent  to  a  rotation  about  the  instantaneous  axis  O  My 
ue.,  to 


=  ,.|/77(|yT7|^ 


where  S  is  the  angle  included  between  the  axes. 

Nov/,  since  the  teeth  at  the  instant  under  consideration, 
do  not  touch  along  the  instantaneous  axis  O  M,  but  along  a 
line  O  L  making  the  angle  e  with  O  M,  we  may  resolve  the 
motion  6  00  about  the  instantaneous  axis  into  two  rotations, 
one  6  (H) ,  cos  B  dihont  the  line  of  contact  O  L  sls  an  axis,  and 
another  6  00 .  sin  s  about  an  axis  (9  iV perpendicular  to  O  L  and 
lying  in  the  plane  M  O  L.  It  may  be  easily  shown  that  the 
last  mentioned  axis  is  perpendicular  to  those  elements  of  the 
surfaces  of  the  teeth  which  are  in  contact  at  the  instant,  and 
consequently  that  the  rotation  component  <^  gj  .  sin  £  will  cause 
the  tooth  surfaces  to  exert  a  sort  of  drilling  action  on  each 
other  which  generates  the  friction,  differing  in  this  respect 
from  spur  wheels,  where  the  friction  is  produced  simply  by 
sliding.  Now,  if  P  represents  the  normal  pressure  between 
the  teeth  and  9?/*  the  friction,  and  if  we  suppose  the  pressure 
P  to  be  concentrated  at  the  middle  point  of  contact,  the 
work  consumed  by  friction  while  the  wheel  A  rotates  through 
6  a  will  be  cp  P.  16  go  .  sin  e,  and  as  e  is  only  a  small  angle,  a 
sufficiently  close  approximation  will  be 

<p  PI  €  S  CO  =  <p  Pr^  ad  GO 

=  ^^^|/l  +  f^y  +  2~'-cosd  .ad a. 

If  we  now  assume  that  two  teeth  are  in  contact  in  front  as 
well  as  behind  the  line  of  centres,  and  that  the  arc  of  action 

is  equal  to  the  pitch  /,  the  angle  of  contact  will  be  r,  =  —  for 
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the  wheel -^,  and  r,  =  — for  the  wheel  B.  and  the  total  work 
of  friction  during  such  an  angle  of  rotation  will  evidently  be 

t_ 

If  we  here  substitute  for  r,  and  r,  the  numbers  ^,  and  js„ 

•  /^ 

we  shall  have,  since  r  =  — ,  the  expression 

2  7t 


^       2    Z^y  \Z^J  Z^ 

^  ,    /I  I  2  7" 

This  formula  applies  equally  to  contact  in  front  and  be- 
hind the  line  of  centers  when  /*  represents  the  pressure  of 
two  teeth  on  each  other ;  the  formula  therefore  also  expresses 
the  work  consumed  by  friction  during  rotation  through  the 
pitch  arc  when  P  represents  the  force  transmitted  by  the 
wheels,  as  was  more  fully  explained  in  §  79,  with  respect  to 
spur  wheels.     It  is  also  clear  that  the  work  of  friction  will  be 

greater  or  smaller  according  as  the  pitch  angle  —  is  greater  or 
smaller.     For  axes  at  right  angles,  we  have  cos  6=^0,  and 


F=.^P.y±^±. 


For  parallel  axes  and  external  contact  cos  6  =  coso  =  +  i  and 


F=(pP7ri(±'h^)y 
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while  for  internal  contact  we  have  cos  180°  =  —  i  and 

\Z^         z^  / 

which  agrees  with  §  79. 

§  85.  Approximate  Forni§  of  Teeth  for  Bevel  fVlieeis. 

— The  exact  forms  of  teeth  for  bevel  wheels  resulting  from 
the  general  law  (§  82)  present  great  practical  difficulties  when 
it  is  sought  to  realize  them  by  the  method  of  templets 
hitherto  employed  for  patterns,  for  it  is  evident  from  what 
has  preceded  that  the  templets  for  exact  teeth  must  have 
the  forms  of  spherical  cycloids  or  spherical  involutes  respect- 
ively. This  would  necessitate  designing  the  templets  on 
corresponding  spherical  surfaces,  which  would  be  difficult,  as 
the  spherical  surface  cannot  be  developed.  This  is  the 
reason  why  Tredgold  (see  Tredgold*s  Edition  of  Buchanan's 
Essay  on  Millwork)  proposed  a  simpler  but  approximate 
method  of  constructing  the  teeth.  This  method  is  given 
in  most  of  the  text-books  on  machine  construction,  and  has 
also  been  generally  introduced  in  practice,  for  the  deviations 
from  the  correct  form  are  unimportant  for  most  of  the  cases 
which  arise  in  practice.     This  method  we  will  now  give. 

The  approximate  method  for  bevel  wheels,  just  men- 
tioned, is  based  on  the  following  construction :  two  conical 
surfaces  are  drawn  tangent  to  the  sphere  whose  centre  is  at 
the  intersection  O  of  the  axes  and  whose  radius  is  O  M,  the 
axes  of  the  conical  surfaces  coinciding  with  the  axes  O  A  and 
OB  oi  the  wheels,  and  their  vertices  coinciding  with  the 
points  at  which  these  axes  pierce  the  plane  perpendicular  to 
the  instantaneous  axis  O  M  zX  M,  These  conical  surfaces 
GME  and  HMF,  which  we  may  call  the  supplementary 
cones^  have  the  corresponding  pitch  circles  ME  and  M F  in 
common  with  the  axoids,  and  in  the  vicinity  of  M  differ  but 
little  from  the  elements  of  the  spherical  surface  containing 
the  correct  profiles  of  the  teeth.  If  we  suppose  this  sup- 
plementary cone  to  be  developed,  and  treat  the  developed 
sectors  CM  G  and  D  M H  2.%  two  spur  wheels,  that  is,  if  we 
provide  them  with  teeth  by  any  one  of  the  methods  given 
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/or  Spur  wheels,  we  fm-  a8i, 

shall  get  the  requir- 
ed templets,  which 
may  now  be  wrap- 
ped on  the  supple- 
mentary cone  and 
thus  furnish  the  pro- 
files for  the  teeth 
of  the  bevel  wheels. 
Of  course  in  work- 
ing up  or  finishing 
theteeth, these  pro- 
files on  the  supple- 
mentary cones  must 
be  regarded  as  the 
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base  lines  of  general  conical  surfaces,  whose  common  vertex 
is  at  the  intersection  O  of  the  axes. 

It  is  customary  to  make  this  construction  for  the  outer 
and  inner  pitch  circles  passing  through  M  and  M^  respect- 
ively, the  manner  of  doing  this  being  sufficiently  clear  from 
Fig.  282.  Let  r,  and  r,  again  represent  the  radii  A  -Af  and  B  Af, 
and  let  toe  radii  of  the  developed  sectors  be  Gil/ =  /3„  and 
HM=  p„  we  shall  then  have: 


ft  =  :r^V  y     a^d     ft  =     ^'' 


2 


cos  6^'  ^^"cosS^' 

where  d,  and  S^  again  represent  the  angles  A  O  Mzxvd  B  OM. 

§  86.  Hjrperbololdal  (Skew-bevel)  Wheels. -The  forma- 
tion of  approximately  correct  tooth  surfaces  for  wheels  whose 
axes  cross  but  do  not  intersect,  readily  follows  from  the  general 
law  given  in  §  82.  For  the  auxiliary  axoid  which  is  to  generate 
the  required  tooth  surfaces,  we  must  take  an  hyperboloid 
whose  gorge  circle  has  a  radius  d^y  i.e.^  one  whose  axis  may 
be  taken  at  any  distance  from  the  instantaneous  axis,  pro- 
vided it  lies  upon  the  locus  of  axes  already  mentioned ;  in 
other  words,  if  the  inclination  of  its  axes  satisfies  the  con- 
dition : 

d^  _  tan  d^ 

d^      tan  6^ ' 

If  this  hyperboloid  is  given  a  twisting  motion  on  the  axoids 
of  the  two  wheels,  any  line  connected  with  it  will  generate 
the  two  tooth  surfaces  which  work  together.  It  is  simplest 
to  assume  an  element  of  the  hyperboloid  for  the  generatrix. 
If  the  teeth  touch  externally,  the  twisting  motion  of  the 
auxiliary  axoid  must  take  place  on  the  outside  of  one  wheel 
for  the  faces,  and  on  the  inside  of  the  other  for  the  flanks, 
and  here  also  it  will  be  desirable  to  have  two  twisting  motions 
of  the  auxiliary  axoid,  in  order  that  each  wheel  may  have 
both  faces  and  flanks.  The  tooth  surfaces  thus  generated 
present  certain  analogies  to  the  cycloidal  formS  of  cylindrical 
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and  conical  wheels,  and  similar  remarks  apply  here  as  there, 
which,  however,  need  not  be  entered  upon  more  fully. 

At  this  point  the  question  naturally  suggests  itself,  whether 
it  is  possible  in  hyperboloidal,  as  in  other  wheels,  to  obtain 
involute  forms  of  teeth  by  allowing  the  auxiliary  axoid  to 
pass  to  the  limiting  case  between  external  and  internal  con- 
tact, />.,  to  the  case  which  in  spur  wheels  corresponds  to  the 
rack  and  in  bevel  wheels  to  the  face  wheel.  This  limiting 
cone  is  evidently  obtained  for  hyperboloidal  wheels  when  the 
radius  d^^  of  the  gorge  circle  of  the  auxiliary  axoid  is  made 
larger  and  larger  till  it  is  infinitely  large,  for  a  positive  value 
of  d^  corresponds  to  external,  and  a  negative  value  to  in- 
ternal contact  with  the  axoid  A.  Now  if  we  make  d^=  oo^ 
we  shall  get  from 

d^  _  tan  ^i 
d^      tan  (3*3 ' 

an  infinitely  large  value  for  tan  S^  i,e.  d^  =  90°.  This  causes 
the  auxiliary  axoid  to  contract  to  a  straight  line.  If  we  now 
imagine  this  instantaneous  axis  O  My  Fig.  283,  to  be  itself 
the  generating  axoid,  this  axis  will  be  shifted  in  a  direction 
perpendicular  to  itself  in  a  plane  parallel  to  the  axes  A  and  B 
through  a  distance 

O  O'  =  s  =  d^  a  cos  d^  =  d^  /3  cos  S^^ 

when  the  wheels  A  and  B  turn  through  the  angles  oi  and  /S 
respectively.  During  this  motion  the  straight  line  O  Jf  gener- 
ates correct  tooth  surfaces  relatively  to  the 
axes  A  A^  and  B B^  which  satisfy  the  general 
condition  requiring  the  formation  of  flanks 
as  well  as  faces.  It  will  be  remembered  that 
this  was  not  the  case  with  cylindrical  and 
conical  wheels  in  external  contact,  when  the 
generating  plane  was  rolled  directly  on  the 
axoids,  and  that  the  difficulty  was  overcome 
by  employing  the  so-called  base  cylinders  and 
base  cones,  §  73  and  §  83,  respectively.  The 
surfaces  thus  generated  on  the  axes  A  and  B  prove  on  closer 
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examination  to  be  ruled  surfaces^  which  can  also  be  generated 
by  rolling  on  the  cylinders  of  the  gorge  circles  of  the  hyper- 
boloids  A  and  B  a  straight  line  having  the  inclinations  d, 
and  d^  to  the  axes  respectively.  These  gorge  cylinders  are 
concentric  to  the  axes  A  and  B  and  have  the  radii  d^  and  d^ 
We  thus  obtain  screw-shaped  ruled  surfaces,  whose  pitch  is 

,  ^2n  d^  _2  n  d^ 

~~  tan  Sj  ""  tan  6^  * 

the  intersections  of  these  surfaces  by  any  plane  perpendicular 
to  their  axes  being  involutes  to  the  gorge  circles.  Olivier  * 
calls  these  surfaces  spiraloids^  and,  as  they  are  generated  by 
the  motion  of  the  instantaneous-  axis,  they  may  be  employed 
as  tooth  surfaces.  For  it  is  easy  to  see  that  these  surfaces  do 
not  lie  wholly  outside  of  the  axoids  A  and  B,  but  cut  into 
them  to  the  depth  of  the  gorge-circle  cylinders,  so  that  with 
these  surfaces  we  can  have  faces  as  well  as  flanks.  To  be 
sure,  the  depth  of  this  cutting  at  the  gorge  circles  is  equal  to 
zero,  but  it  increases  each  way,  so  that  a  given  depth  of 
flank  requires  a  given  distance  of  the  wheels  from  the  short- 
est axial  distance.  For  wheels  so  chosen  that  their  mid- 
planes  pass  through  the  shortest  axial  distance  (such  wheels 
are  often  called  screw  wheels),  these  involute  surfaces  are 
as  unsuitable  as  the  involute  cylinders  and  cones  of  the 
axoids  in  spur  and  bevel  wheels.  Olivier  called  attention 
to  a  peculiarity  of  spiraloids,  which  is  also  evident  from  the 
construction,  that  those  cut  from  one  side  of  the  gorge  circles 
can  only  transmit  motion  in  one  direction^  and  in  order  that 
the  opposite  rotation  may  be  possible,  the  tooth  surfaces 
must  be  cut  from  the  spiraloids  on  the  opposite  side  of  the 
gorge  circles. 

Tooth  surfaces  with  involute  profiles  are  constructed  for 
spur  and  bevel  wheels  with  the  help  of  certain  base  cylin- 
ders (§  73)  and  base  cones  (§  83),  but  an  analogous  con- 
struction for  skew-bevel  wheels  is  not  possible,  as  a  closer 

*See  Olivier  :  Theorie  geometrique  des  engrenages. 
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examination  of  the  hyperboloidal  axoids  readily  shows.  If 
we  employed  for  tooth  surfaces  the  spiraloids  of  cylinders 
having  the  same  ratio  (in  the  sense  explained  in  §  73)  as  the 
gorge-circle  cylinders,  we  should  at  best  only  get  approxu 
mate  tooth  surfaces  for  the  wheels  whose  mid-planes  coincide 
with  the  gorge  circles,  and  whose  general  form  does  not 
differ  essentially  from  cylinders,  on  account  of  their  slight 
axial  height.  But  these  tooth  surfaces  cannot  be  regarded 
as  exact  so  long  as  the  axes  include  a  measurable  angle. 
The  spiraloidal  form  just  discussed  can  be  employed  as  an 
exact  form  of  tooth  only  for  parallel  axes,  and  consequently 
only  for  cylindrical  wheels  with  teeth  oblique  to  the  axes, 
wherefore  such  wheels  are  sometimes  called  screw  wheels 
(see  §  88). 

Remark.  In  Olivier's  treatise,  spiraloidal  surfaces  generated  by  any  straight 
line  (parallel  to  one  of  the  axes),  and  consequently  wholly  independent  of  the  po- 
sition of  the  instantaneous  axis,  were  assumed  as  tooth  surfaces.  Although  sur- 
faces thus  generated  without  reference  to  the  instantaneous  axis  may  be  simple  in 
form,  they  cannot  be  regarded  as  correct  tooth  surfaces ;  at  all  events,  wheels  whose 
teeth  are  thus  formed  cannot  be  in  contact  along  a  straight  line,  as  was  assumed 
above,  but  can  only  be  in  contact  at  a  point.  See  Olivier  :  Theorie  geom^trique 
des  engrenages,  on  the  subject  of  spiraloidal  gearing ;  also  Piitzer^  Zeitschrift 
deutscher  Ingenieure.     i860. 

In  skew-bevel,  as  in  bevel  wheels,  we  can  employ  an  ap- 
proximate method,  the  profiles  of  the  teeth  being  drawn  on 
conical  surfaces  normal  to  the  hyperboloids.  Through  the 
points  M  and  M^  of  the  instantaneous  axis  OM^  Fig.  284, 
which  limit  the  length  of  the  tooth,  pass  planes  normal  to 
the  instantaneous  axis  O  M^  the  respective  intersections  G^H 
and  6^„  H^  -6f  these  planes  with  the  axes  of  the  wheels  will 
be  the  vertices  of  the  corresponding  supplementary  cones. 
By  developing  the  cones  we  get  such  developed  surfaces  as 
G'M'C  and  H'M'D'  which  may  be  treated  as  pitch  circles, 
any  of  the  profiling  methods  of  spur  wheels  being  employed 
to  find  the  outer  and  inner  profiles  of  the  teeth.  If  rf,  and^/, 
again  represent  the  radii  of  the  gorge  circles,  and  /  the  length 
OMy  we  shall  have  for  the  radii  of  the  pitch  circles  employed 
for  the  profiling  : 


and 
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CM'  =  A  =  V4'  +  I*  tan'  6„ 


H'M'  =  p,  =  VdT  +  FTa^sl. 


s  the 
'  and 


tch  is 
le  in- 
same 
loidal 
!es  to 
„  and 
.and 
f  the 
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6^  and  d,  representing  as  before  the  inclinations  of  the  axes 
to  the  instantaneous  axis,  we  have,  after  substituting  these 
values : 

t^  _  tan  6 J    sin  6^  _  cos  d^ 
t^  ""  tan  d^    sin  6^  ^  cos  d^  * 

or 

t^  cos  <y,  =  t^  cos  6^  =  t. 

Evidently  /  here  represents  the  lateral  motion  of  the  in- 
stantaneous axis  in  a  plane  parallel  to  the  axes  and  in  a  direc- 
tion perpendicular  to  itself  when  /«,  /^,  and  /  are  taken  infi- 
nitely small. 

The  circumferential  pitches  t'^  and  /'*  of  the  wheels  in  the 
two  planes  which  pass  through  any  point  of  the  instantaneous 
axis  at  the  distance  /  from  the  point  of  contact  of  the  pitch 
circles,  and  which  are  normal  to  the  axes,  are  given  by : 

and 

where  r,  and  r,  are  the  radii  of  the  sections  made  by  these 
planes ;  dividing,  we  get  for  the  ratio  of  the  pitches : 


/^  _  -^      /f  sin^  (?,  +"^  _  sin  6^  .  / 
(^  ^  z^y  t'siteS^-^  d;  "sin  6,  y 


/»  sitr"  6,  +  d^ 
^  sin^  tf  a  +  d% 


Skew-bevel  wheels  are  rarely  used  and  only  for  transmit- 
ting small  forces,  as  the  friction  is  considerable  and  the  con- 
struction difficult.  They  occur  most  frequently  in  roving 
machines,  where  it  is  necessary  to  communicate  motion  from 
a  long  horizontal  shaft  to  a  great  number  of  vertical  spin- 
dles.*   When  large  forces  are  to  be  transmitted  between  two 

*  See  article  on  cotton  by  ffulsu^   Technolog.  Encyclopftdie,  Supplement, 
Vol.  I. 

as 
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non-parallel  and  non-intersecting  shafts,  skew-bcvel  wheels 
are  usually  avoided  by  employing  an  intermediate  shaft  which 
intersects  both  crossed  shafts,  and  can  consequently  be  con- 
nected with  each  of  the  latter  by  bevel  wheels.  Such  an 
arrangement  is  always  possible,  and  is  represented  by  Fig. 
285  and  Fig.  286.   In  the  arrangement  shown  in  Fig.  285,  the 

Fic.  385.  Fir..  28f. 


intermediate  shaft  CD  coincides  with  the  common  normal  to 
the  axes,  while  in  that  shown  in  Fig.  286,  CD  has  any  posi- 
tion whatever.  It  will  be  well  to  employ,  whenever  it  is  pos- 
sible, the  arrangement  shown  in  Fig.  285,  where  each  pair  of 
bevel  wheels  connects  two  shafts  at  right  angles. 

§87.  Friction  In  §kew-bevcl  Wheels. — To  determine 
the  friction  between  the  teeth  of  hyperboloidal  wheels,  we 
may  proceed  as  with  cylindrical  and  conical  wheels.  Let  us 
again  substitute  for  the  two  rotations  a  and  /!  about  the 
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axes  A  and  By  a  twisting  motion  of  the  hyperboloid  B  about 
the  instantaneous  axis,  when  the  axis  A  is  fixed,  the  rotation 
component  of  this  motion  being : 


in  d         ^  sin  S 

9 


sin  6         ^ 

sm  d\  sin  d, 


and  the  sliding  component  s  ^  d  .  a  sin  S^  =  d  ,  /3  sin  6^ 
Evidently  this  sliding  will  generate  friction  which  will  con- 
sume the  work  q^Ps  during  the  rotations  a  and  ft  of  the  shafts 
A  and  B.  This  friction  also  occurs  in  hyperboloidal  friction 
wheelsy  and  in  corresponding  tooth  wheels,  at  the  instant  in* 
which  two  teeth  touch  along  the  instantaneous  axis  O  M. 
But  when  the  teeth   touch  along  another  line  Z,  Fig.  287, 

making  the  angle  77  with  O  M  and  at 
the  distance  e  from  the  latter,  the 
rotation  will  no  longer  take  place 
around  the  instantaneous  axis,  but 
around  the  line  of  support  L  of  the 
teeth,  and  to  this  rotation  must  be 
added  other  motions,  so  that  the  re- 
sult of  all  the  motions  actually  occur- 
ring shall  be  equivalent  to  the  above- 
mentioned  twisting  motion  about  the 
instantaneous  axis.  For  this  purpose 
suppose  the  rotation  component 


G?  =  a 


sin  S 

sin  d^ 


of  this  motion  about  the  instantaneous  axis  to  take  place 
about  an  axis  O'M'  parallel  to  the  latter  and  passing  through 
the  foot  O'  of  the  perpendicular  representing  the  shortest 
distance  e  between  the  axes  M  and  Z,  the  rotation  being  ac- 
companied by  a  gliding  motion  s'  =  coe  perpendicular  to  the 
plane  MM\       Now   resolve  the    sliding  motions    OC^s 

^d .  a  sin  S.  and  s'=a>f,  also  the  rotation  O'E^at^  a  —, — jr 

*  '  stn  Og 
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into  components  perpendicular  and  parallel  to  the  line  of  con- 
tact O  L.    Then  we  have  the  following  motions : 

i)  A  rotation  C  F  —  go^  =  cocosrf  about  the  line  of  con- 
tact O'  L.  This  rotation  corresponds  to  a  rolling  of  the 
teeth  on  each  other,  and  is  not  accompanied  by  a  loss  of 
work  if  we,  as  hitherto,  neglect  the  very  small  rolling  fric- 
tion. 

2)  A  sliding  motion  s^=  scostf  —  ooesin  tf  in  the  direction 
of  the  line  of  contact  O'  L  of  the  teeth.  This  motion  causes 
sliding  along  the  line  of  contact  of  the  teeth,  like  that  occur- 
ring in  hyperboloidal  friction  wheels^  where  ^  =  o.  The  mo- 
Itions  given  under  i)  and  2)  together  constitute  the  twisting 
motion  about  the  line  of  contact  O'  Z. 

3)  A  rotation  O'  G  =  00^=  go  sin  rj  about  an  axis  (y  G  pass- 
ing through  the  point  O  and  perpendicular  ^o  the  line  of 
contact  and  the  shortest  distance  O  O  between  M  and  L. 
This  rotation  causes  a  drilling  motion  of  the  surfaces  on  each 
other,  producing  friction,  which  must  be  estimated  as  in  bevel 
wheels. 

4)  A  sliding  motion  s^^ssint}  -{^  ooe  cos 7  along  the  axis 
(y  Gy  about  which  the  drilling  motion  described  under  3) 
takes  place.  This  sliding  produces  friction  analogous  to  that 
arising  in  spur  wheels,  and  when  combined  with  the  rotation 
in  3)  gives  a  twisting  motion.  It  follows  that  the  twisting 
motion  of  the  wheels  about  the  instantaneous  axis  may 
always  be  replaced  by  two  other  twisting  motions,  one  of 
which  takes  place  about  the  line  of  contact  of  two  teeth,  and 
the  other  about  an  axis  perpendicular  both  to  the  line  of  con- 
tact and  to  the  shortest  distance  between  the  latter  and  the 
instantaneous  axis. 

Moreover  it  is  evident  that  in  skew-bevel,  as  in  bevel 
wheels,  the  pressure  between  the  teeth  at  the  line  of  contact 
will  cause  certain  reactions  at  the  bearings  and  collars  of  the 
journals,  but  the  resulting  resistances  may  be  easily  ascer- 
tained in  each  individual  case. 

§  88.  TTheelt  with  Oblique  Teeth. — ^We  have  hitherto 
assumed  that  the  generatrix  of  the   tooth   surface   was  a 
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straight  line  rigidly  connected  with  the  auxiliary  axoid  and 
lying  on  the  surface  of  the  latter.  It  follows,  however,  from 
the  perfectly  general  character  of  the  law  demonstrated  in 
§  82,  that  this  condition  is  not  a  necessary  one,  and  that  any 
curved  or  straight  line,  rigidly  attached  to  the  auxiliary 
axoid,  will  generate  theoretically  correct  tooth  surfaces, 
even  if  it  does  not  lie  on  the  surface  of  the  auxiliary  axoid. 
This  enables  us  to  give  a  simple  explanation  of  the  forms  of 
teeth  employed  in  wheels  with  oblique  teeth,  examples  of 
which  have  already  been  given  in  spur  wheels  (see  §  79). 
There  are  two  reasons  why  wheels  with  parallel  axes  are 
sometimes  provided  with  teeth  which  are  inclined  to  the  axes. 
One  is  to  create  a  more  uniform  transmission  of  motion  by 
having  a  greater  number  of  pairs  of  teeth  in  contact  at  the 
same  instant,  thus  replacing  the  jerky  and  intermittent  mo- 
tion by  a  steadier  one,  and  the  other  reason  is  to  reduce  as 
much  as  possible  the  friction  of  the  teeth.  The  extent  to 
which  the  latter  is  possible  will  be  seen  from  the  following 
discussion.  A  transmission  of  force  between  wheels  of  any 
kind  whatever,  which  is  to  be  wholly  free  from  sliding  fric- 
tion (the  slight  rolling  friction  being  neglected  as  heretofore), 
is  only  possible  when  the  relative  motion  actually  occurring 
between  two  teeth  coincides  with  the  corresponding  motion 
of  the  instantaneous  axes,  and  when  these  axes  have  them- 
selves a  rolling  motion  free  from  all  sliding.  As  the  latter  con- 
dition is  not  fulfilled  by  axes  which  cross  but  do  not  intersect, 
there  can  be  no  transmission  of  force  without  friction  in 
skew-bevel  wheels,  even  when  the  latter  are  without  any 
teeth,  as  in  friction  wheels. 

In  spur  wheels  and  bevel  wheels,  however,  the  instanta- 
neous motion  consists  always  of  a  rotation  about  the  instan- 
taneous axis,  and  is  free  from  sliding ;  consequently  perfectly 
frictionless  transmission  of  force  at  every  instant  will  be 
possible  only  if  at  every  instant  the  actual  contact  takes 
place  at  a  point  of  the  instantaneous  axis,  but  in  no  point  out- 
side  of  the  latter.  For  if  J/,  Fig.  288,  be  the  instantaneous 
axis,  and  L  the  line  of  contact  between  two  teeth  inter- 
secting M  at  some  point  P^  we  can  resolve  the  motion  co 


390  MACHINERY  OF   TRANSMISSION.  [§  88. 

about  the  instantaneous  axis,  into  two  rotations,  one  about 
L  and  another  abqut  an  axis  perpendicular  to  L  and  passing; 

through  P..  The  last  mentioned  rotation  will 
cause  a  drilling  action,  and,  consequently  friction, 
at  every  point  of  contact  P  lying  outside  of  M, 
In  the  bevel  wheels  hitherto  considered  these 
drilling  motions  always  occur,  for  the  intersec- 
tion of  the  axes  of  these  wheels  is  always  com- 
mon to  the  instantaneous  axis  and  the  line  of 
contact  of  two  teeth.  But  in  spur  wheels  this 
point  of  intersection  is  infinitely  distant,  and 
the  drilling  motion  reduces  to  a  sliding  one 
whose  amount  directly  depends  upon  the  dis- 
tance e  of  the  line  of  contact  of  the  teeth  from  the  instan- 
taneous axis.  In  both  cases  the  friction  between  two  teeth 
disappears  only  for  the  instant  in  which  the  line  of  contact 
coincides  with  the  instantaneous  axis. 

It  is  evident  from  this  that  transmission  of  force  without 
tooth  friction  can  only  take  place  when  there  \s  point  contact. 
As  the  latter  is  not  suited  for  transmitting  large  forces,  we 
must  employ  instead  line  contact ;  in  other  words,  we  must 
construct  wheels  without  teeth  if  we  wish  to  transmit  large 
forces  without  having  sliding  friction  at  the  line  of  contact  of 
the  wheels. 

We  can  get  an  idea  of  frictionless  toothed  gearing  in  the 
following  manner.  Imagine  a  fine  wire  to  be  applied  to  one 
of  the  pitch  cylinders  of  a  pair  of  spur  wheels,  making  any 
inclination  whatever  with  the  axis ;  for  example,  it  may  be 
arranged  as  a  cylindrical  helix.  Now  if  the  two  pitch  cylin- 
ders are  pressed  together  with  a  certain  force  and  are  turned, 
the  fine  wire  of  one  of  the  cylinders  will  leave  a  shallow 
groove  on  the  other,  whose  form  will  depend  on  the  form  of 
the  wire,  the  wire  and  the  groove  always  touching  at  a  single 
point  on  the  instantaneous  axis,  r>.,  on  the  straight  line  of 
contact  of  the  two  cylinders.  If  we  now  provide  the  two 
wheels  with  teeth  whose  surfaces  are  so  formed  according  to 
the  course  of  the  wire  on  the  surface  that  contact  between 
them  always  takes  place  at  a  point  on  the  instantaneous  axis, 
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the  wheels  will  evidently  have  a  point  contact  which  is  free 
from  frictional  resistance,  for  the  relative  motion  is  here  con- 
fined to  a  rolling  about  the  point  of  contact.  As  the  whole 
pressure  to  be  transmitted  between  the  teeth  in  this  kind  of 
contact  is  concentrated  at  a  single  point,  large  forces  will 
soon  destroy  the  correct  form  of  these  tooth  surfaces,  and 
then  contact  can  no  longer  take  place  at  a  single  point.  As 
a  consequence,  friction  and  wear  will  follow,  and  it  is  plain 
that  the  assumed  point  contact  must  pass  into  line  contact, 
which,  according  to  the  above,  is  always  accompanied  by  fric- 
tion. If,  therefore,  two  spur  wheels  are  to  be  provided  with 
oblique  teeth,  say  for  the  purpose  of  obtaining  as  uniform  a 
motion  as  possible,  it  will  be  well  to  so  form  the  teeth  that 
they  will  have  line  contact  at  first,  instead  of  being  worn  into 
line  contact  from  point  contact.  For  this  case,  we  can  easily 
get  the  surfaces  which  are  to  bound  the  oblique  teeth  from 
the  general  law  governing  the  formation  of  tooth  surfaces. 

Let  A  M  and  B  M,  Fig.  289,  be  the  pitch  cylinders  of  two 
spur  wheels  whose  instantaneous  axis 
is  therefore  J/,  and  let  C  M  ht  any 
auxiliary  cylinder  which  by  rolling  on 
B  will  generate  the  tooth  faces  of  B, 
and  by  rolling  in  A,  the  flanks  of  A, 
Any  point  D  on  the  surface  of  this  cyl- 
inder will  then  generate  the  epicy- 
cloid FD  and  hypocycloid  E  Dy  which 
in  normal  teeth  are  employed  as  the 
base  lines  of  the  cylindrical  tooth  sur- 
faces. Now  if  we  do  not  take  as  gen- 
eratrix the  rectilinear  element  of  the  ; 
auxiliary  cylinder  projected  at  jP,  but  j 
assume  instead  a  helix  Z>ilf  shown  on  * 
the  cylinder  C,  making  an  angle  of  inclination  (p  with  the 
axis,  we  see  that  the  tooth  surfaces  generated  by  this  helix 
will  no  longer  be  cylindrical  but  screw  surfaces.  Their  inter- 
section by  any  plane  perpendicular  to  the  axes  will  give  the 
cycloidal  curves  FD  and  ED.  The  pitch  of  these  screw 
surfaces,  is 


Fig.  289. 
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h^  =  ^ ,     and     A*  =  


respectively,  where  AM=  a  and  BM=  t  are  the  radii  of 
the  wheels.  The  surface  of  the  generating  cylinder  C  must 
now  be  regarded  as  the  locus  of  contact,  the  contact  of  the 
teeth  always  taking  place  along  the  helical  generatrix  D  M. 
As  this  line  of  contact  always  cuts  the  instantaneous  axis, 
it  is  evident  from  Fig.  288  that  the  friction  which  arises 
is  not  due  to  a  sliding  of  the  tooth  surfaces  on  each  other 
as  in  normal  teeth,  but  results  from  a  turning  or  drilling 
motion  about  the  point  of  intersection  just  mentioned.  Re- 
marks similar  to  those  made  in  §§  69  to  72  concerning  radial 
flanks,  pins,  external  and  internal  gearing  and  racks,  for 
straight  or  normal  teeth,  apply  to  these  oblique  teeth  with 
cycloidal  sections.  For  these  latter  teeth  all  the  forms 
enumerated,  even  the  pins,  are  screw  surfaces. 

By  a  procedure  similar  to  that  just  employed  for  cycloidal 
profiles,  we  may  easily  deduce  forms  of  teeth  of  the  in- 
volute type.  For  this  purpose  let  us  again  suppose  a  plane  E 
to  be  passed  through  the  instantaneous  axis  M  of  two  wheels 

A  and  -ff.  Fig.  290,  the  plane  mak- 
F1G.J90.  jj^g  ^^  ^j^gjg  ^  ^f  ^!(io\\\.  75**  with 

the  plane  of  the  axes  A  B.  Then 
roll  this  plane,  as  in  §  73,  on  each 
of  the  base  cylinders  A  D  and  A  C; 
the  generatrix  must,  however,  be  no 
longer  regarded  as  parallel  to  the 
axes  but  as  a  line  in  the  plane  E 
inclined  at  any  angle  <p  to  the  axes. 
It  is  evident  that  during  the  rolling 
of  the  plane  on  cylinders  A  D  and 

B  Cy  this  line  will  generate  two  screw  surfaces  whose  pitches 

are  represented  respectively  by 


K  =  -. ,     and     hj,  =  ^ ' , 

tan  cp  "^      tan  <p 
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and  whose  sections  by  planes  perpendicular  to  the  axes  are 
involutes  to  the  base  circles  A  D  and  B  C.  Such  surfaces 
were  called  spiraloids  in  %  86. 

The  geometrical  character  of  these  screw  surfaces  is 
the  same  as  the  approximate  tooth  surfaces  employed  for 
those  wheels  connecting  non-parallel  and  non-intersecting 
axes,  whose  mid-planes  are  gorge  circles.  The  difference  be- 
tween them  was  pointed  out  in  g  86 ;  it  is,  that  although 
these  screw  surfaces  give  exact  forms  for  the  oblique  teeth  of 
wheels  with  parallel  axes,  they  are  only  approximately  correct 
for  goi^e  wheels  of  axes  neither  parallel  nor  intersecting.  The 
latter  wheels,  Fig.  291,  are  properly  hyperboloidal  wheels, 
and  their  approximate  tooth  forms  are  not  screw  surfaces, 
but  surfaces  generated 

by  rolling  and  sliding  ' 

an  auxiliary  hyperbo- 
loid  on  the  axoids  in 
the  manner  described 
in  §  86.  Nevertheless, 
it  is  customary  in  prac 
tice  to  call  the  gof^e 
wheels  screw  wheels, 
but  it  is  clear  that  this 
name  properly  belongs 
to  the  wheels  with  ob- 
lique teeth  and  paral- 
lel axes.  Another  dif- 
ference which  it  is 
well  to  notice  is,  that 
the  angle  <p  made  by 
the  oblique  teeth  with 
the  parallel  axes  may 

be  arbitrarily  assumed,  while  for  the  spiraloidal  teeth  of  non- 
parallel  and  non-intersecting  axes,  the  generatrix  is  com- 
pletely determined  by  the  position  of  the  instantaneous  axis 
M,  i.e.,  by  the  relation  a  sin  S,  =  fi  sinS,,  where  a  and  ft 
again  represent  the  angles  of  rotation,  and  *,  and  *,  the  in- 
clinations of  the  instantaneous  axis  to  the  axes  of  the  wheels. 
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Fig.  293. 


It  IS  also  evident  that  in  wheels  with  oblique  teeth,  the 
obliquity  (p  of  the  latter  causes  the  shafts  to  be  pressed 

against  their  supports  in  the 

direction   of    the    axes.      Let 

C  D  =  P,    Fig.   292,    be     the 

normal    pressure    exerted    by 

two   teeth    upon    each  other, 

then   the    component    in    the 

direction  of  the  axes,  which 
causes  friction  on  the  collars  of  the  journals, 
will  be : 

CF=Psin  <p. 

The  component  turning  the  shaft  is  of  course 
C  E  =  P  cos  q).     If  the  wheels  are  provided 
with  teeth  inclined  in  both  directions,  as  shown 
in  Fig.  293,  the  components  in  the  direction  of 
the  axes  will  be  neutralized,  and  the  friction 
on  the  ends  or  collars  of  the  journals  will  be  removed. 

We  can  likewise  provide  bevel  wheels  with  oblique  teeth 
by  assuming  for  the  generatrix  of  the  tooth  surfaces  a  conical 
helix  on  the  surface  of  the  rolling  cone.  In  involute  profiles 
this  helical  line  will  become  a  spital  on  the  rolling  face  wheel, 
but  such  oblique  teeth  are  not  employed  for  bevel  wheels. 
Oblique  teeth  are  rarely  ejuployed  even  for  spur  wheels. 

§  89.  The  Construction  of  Toothed  Wheels. — Toothed 
wheels  are  almost  always  made  of  cast  iron  ;  only  the  smallest 
are  of  steel,  wrought  iron  or  brass.  Up  to  certain  limits  (2  to  3 
meters  [6  to  10  feet]  diameter),  they  are  cast  in  one  piece,  and 
larger  sizes  are  composed  of  several  pieces,  after  the  manner  of 
water-wheels.  At  the  present  day  wooden  wheels  are  seldom 
used  on  account  of  their  inaccuracy  and  want  of  durability.  On 
the  other  hand,  it  is  advisable  to  employ  wooden  teeth  for  one 
of  a  pair  of  rapidly  running  wheels,  in  order  to  obtain  smooth 
and  noiseless  motion.  The  form  of  external  teeth  for  a  spur 
wheel  is  shown  in  Fig.  294,  for  internal  teeth  in  Fig.  295,  while 
Fig.  296  corresponds  to  a  bevel  wheel.  Fig.  297  shows  a  por- 
tion of  the  iron  rim  of  a  wheel  having  wooden  teeth,  the  latter 
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being  held  in  place  by  iron  pins  driven  into  the  holes  H. 
The  pin  wheels  or  trundles  shown  in   Fig.  298  are  composed 


of  two  disks  D  E  and  />,  i',  and 

intermediate  pins  ^  A,  and  ^5,. 

They  are  of  wood,  and  are  only  found  in  old  mills,  but  on  a 

smaller  scale  they  are  made  of  metal  and  are  then  much  em- 

Fio.  296.  Fio.  397. 


ployed  in  clock  work.  Such 
pin  wheels  are  sometimes 
used  with  disk-shaped  wheels 
having  teeth  or  pins  on  their 
sides,  like  those  shown  in  Fig, 
299  and  Fig.  300 ;  the  latter 


J 

{ 
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are  called  crown  or  contrate  wheels,  and  are  likewise  nearly 
obsolete  devices  for    connecting    two    intersecting    shafts. 


The  only  correct  means  for  * 

transmitting   motion  between  such  shafts  are  bevel  wheels. 
Rin\  sections  of  cast-iron  wheels  are  shown  in  Figures  301  to 
Fig.  300.  Flo.  301. 


307 ;  those  in  Fig.  301  and  Fig.  302  belong  to  spur  wheels,  that 
in  Fig.  303  to  a  bevel  wheel  with  iron  teeth,  and  those  in  Fig. 
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304  and  Fig.  305  belong  to  wheels  with  wooden  teeth.  In  the 
small  gears  shown  in  Fig.  306  and  Fig.  307,  the  arms  and  rims 
are  reduced  to 

asimplesUeve.  ^"'- ^''^  ^"'^ 

the  strength  of 
the  teeth  be- 
ing increased  ^ 
by  casting  a 
disk  on  one  or 
both  sides.  In 
these  figures 
the  dimensions 

are  expressed  in  terms  of  a  unit  S  =  O-^i  +  3  mm  [rf  =  a4  / 
+  Obi2  in.],  where  t  is  the  pitch  in  millimeters  [inches]. 

The  number  of  arms  varies  from  3  to  8  according  to  the 
size  of  the  wheels;  the  arms  have  usually  a  ribbed  cross  sec- 
tion, and  the  nave  a  length  L  =  6  +  o.o6r,  and  a  thickness  (of 
metal  about  the  eye)  j  =  J*/  +  S  mm  [s  =  \d  +  0.2  in.],* -rep- 
resenting the  breadth  of  the  tooth,  r  the  radius  of  the  wheel, 
and  d  the  diameter  of  the  shaft.  For  the  other  details  of 
toothed  wheels  reference  must  be  made  to  the  special  manu- 
als on  machine  design. 

Until  recently  the  latter  and  more  powerful  wheels  were 
cast  from  wooden  patterns  which  were  made  as  accurately  as 
possible.  -  But  there  are  serious  draw- 
backs  to  this  method,  for  not  only  do 
the  wooden  patterns  become  inaccurate 
by  warping,  particularly  if  they  are  of 
lat^e  size,  but  the  cost  of  patterns  is 
considerable,  and  often  leads  to  the  em- 
ployment of  old  patterns  whose  tooth 
forms  do  not  satisfy  the  required  condi- 
tions in  the  most  advantageous  manner. 
I  Consequently  -wkeel'moulding  machines 

are  coming  more  and  more  into  use,  which  produce  the 
mould  of  the  toothed  rim  by  means  of  a  pattern  having  one 
or  more  teeth  veiy  accurately  made.  This  pattern  is  attached 
to  a  radial  arm  which  can  be  revolved  very  accurately  through 


398  MACHINERY  OF   TRANSMISSION.  \%^9- 

any  required  portion  of  the  circumference,  while  the  nave 
and  arms  are  generally  constructed  from  wooden  patterns  as 
formerly.  In  this  way  a  very  correct  construction  can  be 
obtained  at  a  slight  expense  for  patterns.  At  the  same  time 
these  machines  render  the  designer  independent  of  existing 
patterns,  and  allow  him  complete  freedom  in  the  choice  of 
tooth  profiles. 

The  teeth  cast  from  these  moulds  are  generally  sufficiently 
accurate   for   the    larger  gears,  but   the  smaller  gears  em- 
ployed in  ordi- 
Kco.  308.  '^    '  ,. 

nary  machmery 

(machine  tools, 
etc.),  where  the 
excellence  of 
the  product 
closely  depends 
upon  the  uni- 
form motion  of 
all  parts,  re- 
quire a  more  ac- 
curate construc- 
tion of  the 
tooth  surfaces. 
Aside  from 
hand  work, 
which  is  always 
uncertain  and 
costly,  the  two 
principal  means 
employed  for 
this  more  accu- 
rate work  are 
milltHg  and 
planing. 
In  milling,  the  tool  is  of  steel  and  has  the  form  of  a  solid 
of  revolution  A,  Fig.  308,  whose  profile  is  exactly  that  of  the 
tooth  space  D  EFG.  The  surface  of  this  milling  tool  or  cir^ 
cular  cutter  is  so  notched  that  there  are  a  great  number  of 
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cutting  edges  on  this  surface  of  revolution.  Now  if  the  cutter 
is  rapidly  turned  about  the  arbor  B  by  its  pulley  R^  and  at 
the  same  time  receives  a  slow  motion  parallel  to  the  axis  of 
the  wheel  C  operated  upon,  the  cutting  edges  will  produce 
the  required  space  D EFG.  It  is  evident  that  when  one 
space  has  been  produced,  a  repetition  of  the  same  process, 
after  the  wheel  has  been  turned  through  the  pitch  angle  r, 
will  give  the  next  tooth  space  HJ  K  L,  etc. 

This  method  of  producing  teeth  can  be  applied  only  to 
spur  wheels  and  racks,  for  it  presupposes  the  spaces  to 
have  a  prismatic  or  cylindrical  shape.  These  cutters  cannot 
give  a  correct  form  for  bevel  wheels,  for  even  if  only  one  side 
of  the  space  be  formed  at  a  time,  the  cutter  making  two  cuts 
to  complete  the  space,  the  finished  surfaces  will  still  have 
equal  curvature  of  the  profiles  at  every  distance  from  the 
axis.  This  should  not  be  the  case,  as  these  teeth  ought  to  have 
a  conical  form.  A  very  imperfect  remedy  for  this  consists 
in  giving  to  the  cutter  the  form  of  the  inner  profile  of  the 
space,  and  then  oscillating  the  axis  of  the  cutter  so  as  to  cut 
the  spaces  wider  toward  the  outside. 

The  only  means  for  producing  exact  teeth  for  bevel  wheels 
is  by  planingy  the  point  of  the  cutting  tool  being  directed 
continually  to  the  intersection  of  the  axes,  each  cut  of  the 
tool  producing  an  element  of  the  required  conical  tooth 
surface.  In  order  that  the  tool  may  successively  traverse 
these  different  elements,  various  ingenious  planing  machines 
have  been  designed,  in  which  use  is  made  of  curved  formers 
similar  to  the  required  tooth  profiles.*  Only  a  few  of  them 
have  been  introduced,  however,  as  they  are  all  quite  compli- 
cated. It  has  been  proposed  to  plane  spur  wheels  also  by 
employing  a  special  tool  shaped  like  the  tooth  space  f ;  such 
devices  can,  however,  only  be  used  for  the  finishing  cut,  as 
the  tool  can  remove  but  a  very  thin  layer  or  chip.  Skew- 
bevel  teeth  are  always  finished  by  hand  after  the  spaces  have 
been  roughly  made  by  a  circular  cutter.     Screw  wheels  are 

•  See  Dingier' s  Polyt.  Joum.,  Vol.  209  (1873)  p.  24.    Civ.  Ing.  Vol.  10,  pi 
271;  also  Vol.  18,  p.  141.  f  See  Hardt^  Werkzeugmaschinen. 
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cut  on   the   lathe  in  the  same  manner  as  ordinary  screw 
threads. 

According  to  the  general  law  governing  tooth  surfaces 
(§  82)  correct  tooth  forms  may  be  given  to  wheels  connecting 
two  axes  A  and  -ff,  by  employing  for  these  forms  surfaces  gen- 
erated relatively  to  the  axes  A  and  ^  by  a  line  attached  to  a 
third  axoid  C,  provided  all  three  axoids  are  given  the  rotations 
belonging  to  them.  From  this  follows  that  all  tooth  surfaces 
which  can  be  generated  by  a  straight  line,  can  be  accurately 
produced  on  any  planing  machine.  For  if  we  suppose  the 
third  axoid  C  to  be  associated  with  one  of  the  axoids,  say  A^ 
their  respective  angles  of  rotation  again  being  y  ^^^  ^>  ^^ 
additional  rotation  —  y  may  be  given  to  the  whole  system 
without  altering  the  relative  motion  of  A  to  C.  This  addi- 
tional rotation  will  evidently  bring  the  auxiliary  axoid  C  and 
the  generatrix  to  rest,  while  the  wheel  on  the  axis  A  will  be 
subjected  to  two  rotations,  one  a  about  the  axis  A  and  another 
—  Y  s^bout  the  axis  C*  If  we  suppose  the  fixed  rectilinear 
path  of  the  point  of  the  tool  of  a  planing  (shaping)  machine 
to  be  the  generatrix,  the  tool  will  produce  exactly  correct 
tooth  surfaces  when  the  wheel  to  be  operated  upon  is  sup- 
ported in  such  a  way  that  it  can  receive,  besides  the  rotation 
about  its  own  axis,  another  about  the  axis  C  of  the  assumed 
auxiliary  axoid,  the  two  rotations  being  simultaneously  im« 
parted  to  the  wheel  in  the  ratio  a  :  —  y.  For  this  purpose 
it  is  only  necessary  to  provide  the  planing  machine,  which 
can  be  of  ordinary  construction,  with  a  suitable  rest  or  sup- 
port for  the  wheel,  in  order  to  plane  the  tooth  surfaces  in  a 
perfectly  automatic  manner.  By  this  means  the  teeth  of  spur, 
bevel,  skew-bevel  and  screw  wheels  can  b^  produced  without 
difficulty,  and  the  teeth  may  have  either  cycloidal  or  involute 
forms.  This  method  does  not  require  any  former  (templet) 
or  special  cutting  tool,  and  does  not  even  require  the  draw- 
ing of  the  tooth  profile  when  the  generating  auxiliary  axoid 
is  given.  We  must  remark  that  the  teeth  of  bevel  wheels  thus 
generated  have  exact  forms  (conical  surfaces  with  spherical 
cycloids  and  spherical  involutes  as  bases),  while,  in  the  cus- 
tomary method  of  constructing  bevel  wheels,  only  the  approx- 
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imate  forms  obtained  by  the  help  of  the  supplementary  cones 
are  employed.  The  rests  for  supporting  the  wheels  to  be 
planed  are  discussed  by  the  author  in  an  article  in  Verhand- 
lungen  des  Vereins  zur  Befdrderung  des  Gewerbfleisses,  1877. 


§  90,  Ghaln  WbeeU, — According  to  the  classification 
given  in  §  40,  chain  wheels  still  remain  for  discussion.  They 
resemble  belt  pulleys  in  that  they  do  not  transmit  motion  by 
direct  contact  of  the  wheel  surfaces,  but  by  means  of  an  in- 
termediate, namely,  a  chain.  On  the  other  hand,  they  resem- 
ble tooth  wheels  in  having  tooth-like  projections  which  enter 
the  links  of  the  chain  and  insure  the  transmission  of  motion, 
the  teeth  preventing  the  chain  from  slipping  on  the  circum- 
ference of  its  wheel.  Consequently  the  chain  does  not  need 
any  special  tightening,  and  the  friction  at  the  journals  of  the 
chain  wheels  is  due  only  to  the  force  transmitted,  (.  e.,  to  the 
pull  on  the  chain,  for  the  driving  portion  of  the  chain  cannot 
be  very  slack. 

The  driving  chains  have  different  forms  and  are  always 
made  of  wrought  iron,  which  must  be  as  strong  and  tough  as 
possible  on  account  of  the  small  shocks  to  which  the  chains 


Fro.  309. 


Fig.  310. 


Fig.  311. 


are  continually  and  unavoidably  subjected.  The  ordinary 
chain,  Fig.  309  and  Fig.  3 10,  with  oval  links,  which  are  some- 
times stiffened  with  cast-iron  studs.  Fig.  31 1 ,  is  rarely  employed 
with' chain   wheels  to  transmit  motion.     These   chains   are 
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generally 
Fig.  312. 


FiQ.  313. 


Fta.  314. 


tnployed  in  windlasses  and  hoisting  apparatus, 
where  the  pulleys  and 
drums  have  flat  surfaces 
without  projections,  the 
differential  pulley  blocks 
being  an  exception.  The 
chains  shown  in  Fig.  312 
are  employed  in  common 
tackle  blocks,  for  ex- 
ample, in  moving  the 
dampers  of  steam  boiler 
furnaces,  etc,  while  the 
chains  shown  in  Fig.  313 
and  Fig,  314  are  often  employed  in  transmitting  power. 

The  latter  chain,  it  is  easy  to  see,  is  only  useful  for  trans- 
mitting small  forces,  as  the  loops  of  the  links  are  formed  by 
bending  the  wire  without  welding.  Nevertheless  the  ease 
with  which  it  can  be  made  and  the  secure  manner  in  which 
it  lies  against  the  circumference,  make  this  band-shaped 
chain  very  popular ;  for  example,  it  is  much  used  in  carding 
machines,  where  one  chain  communicates  motion  to  each  of 
a  system  of  rollers.  This  chain  resembles  the  band  chain 
Fia.  316. 


FIG.  315. 


Fic.  317- 


Fic.  318. 


shown  in  Fig.  315,  which  is  made  of  welded  wrought  iron 
rings  and  flat  links  bent  at  the  ends. 

Where  it  is  a  question  of  transmitting  lai^e  forces,  it  is 
best  to  use  jointed  or  fiat   link  chains  composed  of  single 
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or  double  links  of  iron  united  by  cylindrical  wrought-iron 
bolts.  The  various  forms  of  this  chain  are  shown  in  figures 
316  to  318.  The  wrought-iron  or  steel  bolts  have  rivet  heads 
at  each  end,  or  they  have  a  head  at  one  end  and  a  pin  or  nut 
at  the  other,  to  prevent  them  from  falling  out.  In  very  care- 
ful constructions  the  eyes  in  the  links  are  lined  with  steel  or 
brass  bushings. 

Fro.  31J. 


Fig-  319  represents  a   chain   gear  in   which  the   jointed 
chain  A  i  5 A'"  transmits  motion  between  the  toothed  wheels 


404 


MACHINERY  OF  TRANSMISSION. 


[§90. 


C^and  D.  The  teeth  enter  into  the  hollows  of  the  chain 
formed  by  the  adjacent  bolts,  and  act  upon  the  latter  as  the 
teeth  of  a  spur  wheel  act  on  the  cylindrical  pins  of  a  rack.  See 
Fig.  249,  §  72.  The  teeth  of  the  wheels  must  therefore  be 
profiled  as  equidistant  efy  khto  the  involutes  E  Fy  KH.  Chain 
wheels  are  only  employed  when  the  shafts  are  parallel.  The 
great  drawback  to  all  chain  wheels  is  that  in  time  the  links 
will  stretch,  and  consequently  their  length  will  cease  to  agree 
with  the  pitch  of  the  wheels.  The  result  is  lost  motion  be- 
tween the  teeth  of  the  wheel  and  the  bolts  of  the  chain, 
giving  rise  to  corresponding  small  shocks,  whose  hurtful  in- 
fluence becomes  more  marked  as  the  velocity  of  the  chain  in- 
creases. This  is  why  chain  wheels  are  seldom  employed  and 
only  with  slow  speeds.  To  diminish  as  much  as  possible  the 
evil  mentioned,  it  is  advisable  to  make  the  links  and  bolts  so 
strong  that  .the  stress  per  square  inch  of  cross  section  will  be 
comparatively  small.  The  determination  of  the  dimensions 
to  be  given  to  the  links  and  their  bolts  may  be  found  without 
difficulty  from  the  formulas  for  tensile  and  shearing  strength, 

given  in  Vol.  I.,  when  the  greatest  specific 
stress  allowable  in  the  material  has  been 
decided  upon. 

Chains  are  not  only  used  as  a  means 

of  transmission,  but  for  other  purposes  in 

certain  machines,  for  example,  in  dredging' 

machineSy  elevators^  tenters^  etc.,  and  will 

be  discussed  hereafter  under  these  heads. 

The  friction  connected  with  chain  gear 

consists  of  the   friction  of  the  journals, 

the  friction  between  the   teeth  and  the 

bolts  and  the  friction  between  the  bolts 

and  the  eyes  of  the  links,  when  the  latter 

)K   turn  at  the  joints  to  adjust  themselves  to 

the  circumference  of  the  wheel.     Let  R 

represent  the  radius  of  the  wheel  A  C, 

Fig.  320,  r  the  radius  of  the  journal,  p  the 

radius  of  the  bolt  or  pin  of  the  chain,  and  /  the  length  D  C^ 

CE  of  the  link  measured  from  centre  to  centre  of  the  pins ; 


Fig.  3ao. 
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we  then  have  for  the  friction  on  the  wheel  caused  by  the 
circumferential  force  -P,  the  following  expressions : 

For  the  friction  of  the  journals  at  A   reduced  to  the 
point  C\ 

For  the  friction  between  the  teeth  and  the  pins,  according  to 
§  79,  when  n  represents  the  number  of  teeth,  we  have 

/!  =  n  mP —  . 

n 

Since  r  =  -^ ,  and  the  turning  angle  of  the  link  equal  to 

2  2         2        n 

when  the  chain  moves  through  the  distance  /,  for  example, 
when  the  link  D  C  moves  to  the  position  C  E^  we  have  for  the 
friction  of  the  links 

^  _(pP 9     r  _  <pPp 

^^^~r  •  2  -^tr' 

The  total  resistance  of  friction  on  the  wheel  A  is  there- 
fore 

In  like  manner  the  resistances  of  the  journals  of  B  and  of  the 
chain  at  the  point  of  delivery  H  may  be  determined  from 


'-■^"(i-s^^) 


when  r',  R'  and  n*  represent  corresponding  magnitudes  on 
this  pulley.  If  for  the  sake  of  brevity  we  make  the  above 
parentheses 
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we  shall  have  for  the  total  resistance  of  the  chain  gear, 

and  when  the  pulleys  are  equal, 

At  the  point  of  delivery  /,  and  at  the  point  K^  at  which  the 
chain  is  received  by  the  wheel,  the  resistances  may  be  neg- 
lected, as  the  portion  of  the  chain  J K  is  not  under  tension. 

Literature.  The  geometrical  construction  of  the  teeth  of  wheek  was  first 
given  by  the  Danish  astronomer  Roemer^  afterwards  by  Lahire,  Camus  and 
Deparcieux,  Euler  and  Kaestner  also  sought  to  ascertain  the  best  forms  for  the 
teeth.  These  papers  are  given  in  Eyielwein*s  Statik,  Vol.  I.  The  drawing  of 
wheel  teeth  is  also  fully  treated  by  Gtrstner  in  the  third  volume  of  his  Mechanik, 
by  HachttU  in  his  Tndt^  dem.  de  machines,  by  Olivier  in  Th^rie  g^metrique 
des  engrenages  (German  edition  by  Schnuse)^  and  by  Willis  in  his  excellent 
treatise  on  the  Principles  of  Mechanism .  See  also  Verdant s  Grundsaetze  der 
angewandten  Werkzeugswissenschaft  und  Mechanik,  VoL  II.  (translated  from 
the  Dutch  by  Schmidt\  NaindPs  Maschinenkande  and  Sal%enherg*s  Vortraege 
ueber  Maschinenbau  ;  likewise  Wiehe*s  Lehre  von  den  einfachen  Maschinen.  A 
very  full  and  thorough  treatment  may  be  found  in  the  Constructionslehre  fuer 
den  Maschinenbau  by  Moll  and  Retdeaux.  The  information  most  needed  by  the 
designer  is  given  in  MofifCs  Aide-memoire  and  in  Redtenbacher* s  Resultaten  fuer 
den  Maschinenbau.  Wheels  are  treated  in  almost  all  the  works  on  machine  con- 
struction and  machine  design,  for  example,  H,  v.  Reichis,  Die  Maschinenfabri- 
kation,  2d  Edition,  1876.  There  are,  besides,  numerous  articles  on  wheels  in  the 
various  technical  journals. 


CHAPTER  III. 


RODS  AND  THEIR  GUIDES. 


§  91.  Rodf* — The  machine  parts  discussed  in  the  two  pre- 
ceding chapters  served  to  produce  turning  motions,  while 
those  discussed  in  this  chapter  are  employed  to  receive  and 
transmit  rectilinear  motion ;  they  therefore  correspond  to  the 
prismatic  or  sliding  pair  described  in  §  28  of  the  Introduc- 
tion. Machine  parts  employed  for  effecting  rectilinear  mo- 
tions may  be  of  two  kinds,  rigid  and  flectional,  the  former 
capable  of  resisting  both  tensile  and  compressive  forces, 
while  the  latter  can  resist  only  tensile  forces.  The  first  kind 
may  be  roughly  designated  as  rods^  the  second  includes  rapes^ 
chains  and  other  machine  elements  used  as  tension  organs, 
and  will  be  specially  treated  in  the  next  chapter. 

Rods  are  chiefly  employed  as  piston  rods  for  steam  engines 
and  pumps,  receiving  motion  from  the  steam  piston  in  the 
first  case  and  communicating  motion  to  the  plunger  of  the 
pump  in  the  second  case.  But  they  have  many  other  appli- 
cations ;  for  instance,  rod-  or  slide-shaped  bodies  are  employed 
to  give  a  reciprocating  motion  to  the  tool  in  shaping  and 
slotting  machines.  Under  this  head  come  many  machine 
parts  which  have  reciprocating  rectilinear  motion  without 
being  exactly  rod-shaped,  for  instance,  the  slide  rests  of  lathes 
and  the  sliding  tables  of  planers. 

From  what  was  said  in  §  28  of  the  Introduction  concern- 
ing pairs  of  elements,  it  is  evident  that  the  rod  must  be  so 
connected  with  other  links  that  it  will  be  prevented  from 
taking  any  other  than  a  rectilinear  motion.  The  simplest 
means  for  accomplishing  this  consists  in  giving  the  rod  the 
form  of  a  solid  prism  and  enclosing  it  by  an  exactly  fitting 
hollow  prism.    This  arrangement  though  much  used  is  not 
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the  only  one,  for  the  constrained  motion  of  the  rod  can  be 
attained  by  various  other  means,  as  will  appear  later. 

In  the  prismatic  rod  and  guide  just  mentioned,  for  pro- 
ducing rectilinear  motion,  the  choice  of  cross  section  for  the 
rod  is  not  limited  by  any  general  condition,  and  very  different 
forms  of  cross  section  are  used  in  practice.  Nevertheless  it 
is  a  universal  rule  to  give  a  cylindrical  form  to  those  rods 
which  must  be  air  and  water  tight,  as  is  the  case  in  steam 
engines  and  very  many  pumps,  for  of  all  possible  cross  sec- 
tions the  circular  is  best  adapted  for  producing  a  tight  joint 
or  guide. 

Piston  rods  are  almost  always  solid  and  are  made  of  the 
strongest  material,  fine-grained  iron  or  steel,  in  order  to 
diminish  the  cross  section  and  consequently  the  friction  in 
the  stuffing  box  as  much  as  possible.  When  for  particular 
reasons  it  is  necessary  to  make  the  piston  rods  hollow,  as  in 
trunk-engines,  hydraulic  lifts  and  lift  pumps,  recourse  must 
generally  be  had  to  cast  iron. 

The  preceding  remarks  concerning  cross  section  and 
material  apply  only  to  piston  rods  which  pass  through  stuff- 
ing boxes ;  where  this  is  not  the  case  other  forms  and  mate- 
rials are  much  employed.  Thus,  long  pump  rods  are  often 
made  of  wood  and  of  rectangular  cross  section,  while  the 
slides,  etc.,  in  the  machines  above  mentioned  are  generally 
of  cast  iron,  which  easily  permits  of  a  massive  construction  of 
the  part  in  question,  the  excellence  of  the  work  of  such 
machines  depending  very  largely  on  this  massiveness.  In 
the  latter  cases  the  part  to  be  guided  will  seldom  be  given  a 
cylindrical  form,  as  this  requires  special  means  for  preventing 
the  turning  of  the  rod;  consequently  angular  or  ribbed  pro- 
files are  preferred  for  the  portion  to  be  guided.  The  turning 
of  the  cylindrical  piston  rod  is  usually  prevented  by  its  con- 
nection with  the  other  pieces  of  the  mechanism. 

The  diameters  of  the  piston  rods  may  be  determined  from 
the  principles  governing  the  tensile  strength  or  the  resistance 
to  compressive  forces,  according  as  the  rod  is  subjected  to 
tensile  stress,  as  in  suction  and  lift  pumps,  or  is  alternately 
subjected  to  tensile  and  compressive  forces  as  in  steam  en- 
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gines.  In  the  latter  case  the  formulas  for  resistance  to  buck- 
ling (crushing  by  bending  or  breaking  across)  given  in  Vol.  I., 
§  265,  must  be  employed.  As  the  rod  is  guided  by  the  stuffing 
box  and  the  piston,  we  may  regard  one  end  as  fixed  and  the 
other  end  compelled  to  remain  on  the  line  of  direction  of 
the  force.  According  as  this  last  mentioned  end  is  guided 
by  prisms  or  by  link-work  (as  will  appear  later)  we  must 
assume  it  to  be  immovably  fixed,  as  in  Fig.  321,  or  able  to 


Fig.  322. 


Fio.  322. 


assume  an  inclination  to  the  original  axis,  as  shown  in  Fig. 
322.  Accordingly  if  we  assume  d  to  be  the  diameter  and  / 
the  free  length  of  the  piston  rod,  we  shall  have  for  the  cor- 
responding cases  III.  and  IV.,  given  in  §  265,  Vol.  I.,  either 
the  formula 

III.     Z'     4^'-7r-  =  4^"6^---j67r  -  I•835J.^^ 


or 


IV. 


/>=  2  ,.  __  =  ^__  =  0.967 ^,^^ 


for  determining  d  (see  example,  §  365,  Vol  I.). 


4IO  MACHINERY  OF  TRA/fSAtlSSTON.  [§  92. 

%  92.  Coapllnga. — Pump  rods  are  often  so  long  that  they 
cannot  be  made  in  one  piece,  in  which  case  it  is  necessary  to 
unite  the  separate  pieces  by  scarf-Joints,  whose  forms  vary 
with  the  cross  section  and  material  of  the  rods.  The  parts 
of  the  rod  outside  of  the  stuffing  box  are  often  of  wood  and 
have  a  rectangular  cross 
Fig.  383.  Fio.  3*4-        Fic.  325.    gection,  which  is  square 

when    the   rod    is  verti- 
cal   and   whose  depth  is 
'  greater  than  its  breadth 
when  the  rod  is  horizon- 
tal   thus  allowing  for  the 
weight  of  the  rod.    Two 
pieces  of  rod  are  usually 
connected  by  wooden  or 
wrought-iron  fishing-pieces 
which  are  placed  on  op- 
posite sides  of  the  rods 
and  rigidly   united  to  the  latter  by 
bolts  or  rings.     Fig.   323   represents 
such  a  wooden  fish-joint,  in  which  the 
rods  A  and  B  are  placed  end  to  end 
and  notched  on  each  side  so  as  to  receive  the  side  plates  C, 
which  are  li  to  2  meters  (4.5  to  6  ft.)  long,  the  rigid  union 
of  all  the  pieces  being  effected  by  two  rings  D  and  eight 
bolts  E.    The  force  is  here  principally  transmitted  by  the 
projections  (joggles),  which  must  have  sufficient  cross  section 
to  resist  the  shearing  stress. 

Another  scarf-joint  with  four  fish-plates  is  shown  in  Fig. 
324,  it  occurs  in  the  water-pressure  engine  at  Huelgoat. 
The  ends  pf  the  rods  A  C  and  B  D  are  beveled  off  and  rigidly 
connected  by  bolts  and  four  wrought-iron  fish-plates.  The 
shanks  of  the  bolts  must  here  transmit  the  pull  or  push  of 
the  rods,  and  special  care  should  therefore  be  taken  that  the 
holes  in  the  rods  and  side-plates  exactly  fit  the  bolts. 

Iron  rods  of  rectangular  or  polygonal  cross  section  are 
likewise  united  by  fish-plates  and  bolts.  The  ends  of  the 
rods  are  then  often  upset,  as  shown  at  B,  Fig.  325,  and  the 


Fto.  3a6, 
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side-plates  are  bent  to  correspond,  thus  relieving  the  bolts, 
as  in  Fig.  323,  from  transmitting  the  force,  the  transmission 
being  effected  by  means  of  the  upset 
portions.  A  compound  rod  com- 
posed of  four  single  ones  is  shown 
in  Fig.  326.  Here  each  of  the  two 
pairs  of  rods  A  and  D  is  united  by 
the  bolts  B  and  C  and  three  fish- 
plates, the  fish-plates  of  one  pair 
of  rods  being  united  to  those  of 
the  other  by  the  link  a  b.  This 
figure  also  shows  the  rods  joined 
to  the  end  rod  G  by  two  fish-plates 
E  F,  the  gibs  H  H,  and  the  keys  K 
and  K,. 

Cylindrical  rods  are  generallv 
united  by  a  sleeve  shoved  over  the 
ends  A  and  B,  Fig.  327,  and  the 


Fic.  327. 


Fio.  338. 


keys  C,  the  sleeve  hav< 
ing  a  tapered  bore  at  each 
end.  Sometimes  one  of 
the  rods  B,  Fig.  32S,  has 
welded  to  it  a  sleeve 
whose  bore  fits  the  end 
A  of  the  other  rod,  the 
key  C  uniting  the  two 
rods.  This. arrangement  is  not  so  convenient  to  construct  as 
that  shown  in  Fig.  327,  but  has  the  advantage  of  needing  only 
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a  single  key.  In  all  such  keyed  joints  the  key  must  be  able 
to  resist  the  shearing  tendency  of  the  force  to  be  transmitted. 
Consequently,  as  each  of  the  shearing  sections  has  the 
breadth  b  and  the  height  A,  we  must  have,  if  we  suppose  the 
keys  to  be  as  strong  as  the  rods : 

2b  h  %,,^  =  -—  *„ 

4 

where  ^,  is  the  permissible  working  stress  in  the  rod  and  i^^^ 
the  allowable  shearing  stress  of  the  key  (see  Fifth  Ger.  Ed., 
Vol.  I.,  §  260).  To  make  good  the  diminution  of  cross  sec- 
tion by  the  key  space,  it  is  customary  to  increase  the  diame- 
ter d  of  the  rods  by  upsetting  till  it  has  a  diameter  d^  which 
will  satisfy  the  equation 


The  keyed  joint  just  described, 
Fig.  328,  is  quite  generally  employed  for 
fastening  the  piston  rods  to  the  pistons, 
cross  heads,  etc.,  the  piston  rod  then 
having  a  tapered  end  exactly  fitting  the 
conical  bore  of  the  socket.  Fig.  329 
shows  how  a  wooden  rod  may  be  united 
to  the  piston  rod.  Here  the  end  C  of 
the  wooden  rod  is  connected  with  an 
iron  rod  B  by  means  of  the  fish-plates  d 
and  keys  a  and  b.  The  other  end  of  the 
iron  rod  B  is  united  to  the  piston  rod 
A  by  the  sleeve  D  and  other  keys  a  b. 
In  all  these  cases  the  keys  should  be 
made  of  the  best  steel,  and  in  all  the 
scarf-joints  the  bolts  and  keys  should 
be  secured  by  pins  or  other  means,  to 
prevent  them  from  getting  loose  in  con- 
sequence of  the  vibration  caused  by  the  alter- 
nate motion. 


L.l 
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The  stroke  of  the  piston  rod  is  usually  small  enough  to 
avoid  applying  the  coupling  at  those  portions  of  the  rods 
.that  pass  through  the  stuffing  boxes.  Sometimes  the  stroke 
employed  is  large,  as  in  hydraulic  lifts,  and  then  it  is  neces- 
sary to  construct  the  rod  of  two  pieces.  The  joint  must  then 
of  course  be  of  such  a  character  that  it  will  maintain  the 
exact  cylindrical  form.  Fig.  330  shows  the  joint  employed 
for  the  pistons  of  .hydraulic  lifts.  The  platform  D  is  carried 
by  a  piston  about  10  meters  [33  ft.]  long  and  consists  of  cast- 
iron  pipes  A  and  B  which  are  united  by  a  wrought-iron  bolt 
C  passing  through  the  interior.  But  such  constructions  are 
exceptional. 

§  93.  I^M  of  Stroke- — The  alternate  tension  and  com- 
pression to  which  the  rods  are  subjected,  causes  a  lengthening 
and  shortening  of  the  rod  which  involves  loss  of  stroke,  as 
may  be  seen  from  the  following :  Suppose  a  vertical  rod  to 
have  a  section  F^  and  when  subjected  to  neither  tension  nor 
compression,  a  length  /,  its  weight  being  represented  by  G. 
Suppose  the  driving  force  to  act  at  the  upper  end  and  the 
resistance  at  the  lower  end  of  the  rod,  and  let  P^  represent 
the  resistance  of  the  plunger  on  the  up  stroke  and  P^  the  re- 
sistance on  the  down  stroke.  Now,  when  the  driving  force 
acts  upward,  before  the  resistance  can  be  overcome  the  rod 
must  be  elongated  in  consequence  of  the  pull  P^  and  the 
action  of  the  weight  G.  This  elongation  may  be  found  from 
the  following  formula : 

FE 

(see  Vol.  I.,  §  207),  where  E  is  the  modulus  of  elasticity. 

In  like  manner  at  the  beginning  of  the  down  stroke  the 
plunger  will  not  be  moved  by  the  rods  until  its  original 
length  /  has  been  shortened  by  the  amount 

^---FT-^' 

It  is  evident   that  the  sum  of  these  two  variations  of 
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length,  ue.,  the  difference  between  the  lengths  of  the  rod  in 
its  extended  and  in  its  compressed  condition,  will  be 

and  will  measure  the  loss  of  stroke  experienced  by  the  resist- 
ance during  each  stroke.  For  every  time  that  the  motion 
changes,  for  instance,  when  the  rod  is  in  its  lowest  position, 
the  rod  must  not  only  recover  its  original  length  from  the 
compression  A„  but  must  be  subjected  to  the  further  elonga- 
tion A,  before  its  lower  end  can  begin  to  rise.  Moreover,  the 
above  expression  shows  that  the  rod*s  awn  weight  G  does  not 
influence  the  loss  of  stroke. 

The  loss  of  stroke  just  determined  may  be  neglected  in 
the  ordinary  piston  rods  of  steam  engines  and  pumps,  be- 
cause they  are  short,  but  in  long  rods,  composed  of  such 
elastic  material  as  wood,  the  loss  of  stroke  may  be  consider- 
able ;  and  we  see,  for  example,  that  no  motion  of  the  resist- 
ance will  be  possible  if  the  path  s  of  the  point  of  application 

p  ^  p 

of  the  force  does  not  exceed  A  =  -*„-=r-'/.     For  a  given 

p  II 

length  /  and  the  given  resistances  P^  and  -P,,  we  can  reduce 
the  loss  of  stroke  by  increasing  the  cross  section  F. 

This  loss  of  stroke,  however,  is  not  accompanied  by  loss 
of  work,  for  if  the  lengthening  and  shortening  do  not  exceed 
the  limit  of  elasticity,  the  work,  expended  in  lengthening  or 
shortening  the  rod  will,  at  each  change  of  motion,  be  given 
back  again  during  the  contraction  or  extension  occurring  in 
the  following  change.  But  this  last  remark  does  not  apply  to 
those  changes  of  length  in  the  rods  which  are  due  to  yielding 
or  slipping  in  the  joints.  For  if  the  alternating  forces  pro- 
duce a  slight  slipping  in  these  joints,  it  can  only  be  by  over- 
coming corresponding  frictional  resistances.  The  amount  of 
this  friction  and  of  the  slipping  cannot,  of  course,  be  deter- 
mined in  a  general  way,  for  these  values  intimately  depend 
on  the  character  of  the  construction  ;  this  may,  however,  be 
said,  that  the  resistance  of  friction  at  any  joint  during  the  up 
stroke  cannot  exceed  -P,  -f  G\  and  during  the  down  stroke  it 
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cannot  exceed  P,  —  G',  C  being  the  weight  of  the  portion  of 
the  rod  below  the  joint,  for  if  the  friction  were  greater  than 
these  values  it  could  not  be  overcome.  We  see  from  this 
how  necessary  it  is  to  screw  up  the  platesof  the  joints  firmly, 
so  that  the  friction  generated  will  exceed  the  larger  of  the 
above  values,  and  also  that  a  careful  fitting  of  the  bolts,  jc^- 
gles,  etc.,  will  greatly  diminish  the  sliding  itself  and  the  ac- 
companying loss  of  work  if  sliding  does  eventually  take  place. 

Example.  If  a  wrought-iron  rod  300  meters  [9S4  ft.]  long  altenialely  exerU 
■  thrust  and  a  pall  represented  by  /",  =  /*!  =  24,000  kilograms  [52.9'°  lbs.], 
and  has  a  cross  section  of  60  square  cenllnieters  [9.3  sq.  ins.],  the  loss  of  strokfl' 
win  be      - 

J  _      3  X  34,000 


<  19,700 


:  300  =  0.133  U 


If  the  rod  has  lo  overcome  the  resistance  of  34,000  kilograms  in  onlj'  one  direction, 
the  loss  of  stroke  will  be  only  61  millimeteis  [3.4  ins.],  ■'.  e.,  half  that  just  found. 

§  94.  Cylindrical  GuldeH.— In  order  that  the  reciprocat- 
ing  motion  of  a  rod  may  take  place  in  the  direction  of  its 
axis,  it  must  be  provided  with  certain  arrangements  for  pre- 
venting every  deviation  from  the  straight  path.  The  arrange- 
ments employed  for  this  purpose  are  known  ^ss/it/e  or  parallel 
motions.  This  object  is  partially  accomplished  by  stuffing 
boxes,  whose  particular  function  is,  however,  to  provide  a 
steam-tight  passive  for  the  piston  rods.  Such  a  stuffing  box 
is  shown  in  Fig,  331.  The  accurately  turned  rod  A  passes 
through  a  suitable  opening  in  the  cylinder  cover  B ;  the  be* 
C  of  the  box  has  a 

cylindrical  bore  and  p      ^'^  ^^ ^'"'-  33* 

is  cast  in  one  piece 

with    the    cover   B 

The  sleeve  or  gland 

D  surrounds  the  pis- 

tcn  rod  and  fits  the  j 

bore,  the  object  be 

ing  to  press  the  pack 

ing,  hemp,  etc    firm 

ly  against  the  surface  of  thepibton  rod  and  the  internal  surface 
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of  the  chamber  E,  and  thus  prevent  the  escape  of  steam  or 
water.     Two  or  more  bolts  ^  are  employed   for  producing  a 
moderate  pressure.     The  gland  and  the  opening  in  the  cylin- 
der cover  are  both  provided  with  brass  bushings  G  for  the 
purpose  of  diminishing  friction.     For  rods  of  small  diameter 
the  construction  shown  in  Fig.  332  is  often  employed,  the 
box  C  being  provided  with  threads  which  fit  the  threads  in 
the  nut  D.    It  is  evident  that  when  the  nut  is  turned  the 
packing  in  E  will  be  pressed  against  the  rod.     If  a  piston 
were  absolutely  rigid,  such  a  stuffing  box  would  answer  as  a 
guide,  but  as  the  piston  rod  is  not  inelastic  it  will  be  bent 
when  its  projecting  end  is  acted  upon  by  lateral  forces.     To 
avoid  this  and  the  friction  in  the  stuffing  box  which  accom- 
panies it,  as  well  as  to  remove  all  danger  of  breaking  the  rod, 
it  is  usually  necessary  to  provide  an  additional  guide  which 
will  compel  the  projecting  end  to  remain  in  its  straight  line, 
and  which  will  take  up  any  lateral  forces  that  may  arise.     In 
cases  where  the  stroke  of  the  rod  is  small,  it  is  customary  to 
employ  only  a  single  guide,  which  must,  however,  be  made 
correspondingly  long.     This  arrangement  is  employed  in  the 
tail-stock  of  a  lathe,  and  is  shown  in  Fig.  333,      The  steel 
spindle  B,  which  carries  the  back  centre  A,  is  guided  by  the, 
cylindrical  chamber  in  the  tail-stock  C,  motion  being  given- 
to  the  spindle  by  the  screw  D  and  the  hand  wheel  E.     The 
set  screw  F  serves  not  only  to  fix  the  spindle  in  any  position, 
but  also  to  pre- 
vent  it  from  turn- 
ing, the  end  of 
the  screw   F  fit- 
ting into  a  groove 
on  the  upper  sur- 
face of  the  spin- 
dle. 

To  guide  the 
free  end  of  a  pis- 
ton   rod   various 
means    are    em- 
ployed ;  one  of  the  simplest  is  represented  in  Fig.  334,  where 
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the  piston  rod  A  is  guided  outside  of  the  cylinder  by  the 
cylindrical  guide  C,  which  is  united  to  the  frame  of  the 
engine  by  the  arm  CD.  If  we  suppose  the  force  to  be 
transmitted  to  or  from  the  piston  by  a  forked  connecting 
rod  F,  jointed  to  the  pins  or  journals  at  a  point  E  between 
the  stufBng  box  B  and  the  guide  C,  we  shall  have  an  arrange- 
ment which  is  often  employed  in 
small  engines  and  pumps.     This  con-  "*  ^*^ 

necting  rod  F,  when  it  is  inclined  to 
the  piston  rod,  exerts  a  lateral  press- 
ure which  bends  the  latter.  This 
disadvantage,  and  the  fact  that  a 
forked  rod  is  not  a  particularly  stiff 
form  of  construction,  render  this  ar- 
rangement unsuitable  for  the  trans- 
mission of  large  forces. 

A     different     arrangement     has 

therefore  been  employed  for  guiding 

by  means  of  cylindrical  boxes.     It  is 

shown   in   Fig.  335,  v/here  there  are 

two  boxes  C  C  and  two  guide   rods 

E  F;   in   this   case  the  guide  boxes 

arc  not  fixed  but  are  attached  to  the 

cross-head  D  />,  which   is  driven  by 

the  piston   rod  A.    The  guide  rods 

Fic  335.  E  F    are     firmly 

screwed     to     the 

cylinder  or  engine 

bed,  and  the  end 

I  journals    D  D   ol 

the  cross-head  allow  the  use  of  two  con- 
necting rods  which  are  always  parallel.  It 
is  evident  that  there  is  no  kinematic  dif- 
ference between  the  case  of  Fig.  334, 
where  the  rod  passes  through  fixed  guides, 
and  the  case  of  Fig.  335,  where  the  boxes 
slide  on  fixed  guide  rods.  In  the  con- 
struction last  given  the  piston  rod  is  not  subject  to  bending, 
a? 
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the  lateral  force  being  taken    up  by  the  fixed   guide  rods 

BF. 

A  slide  motion  with  movable  guides  and  fixed  guide  rods 
may  also  be  found  in  ^& gang-saws  of  saw- 
'  mills.    The  saw  blades  A  are  fastened  to 

a  frame  or  saw^te  B  B,  Fig.  336,  which 
is  driven  by  the  connecting  rod  C,  receiv- 
ing a  rapid  up  and  down  motion  from 
the  latter.  The  saw-gate  is  guided  in  a 
vertical  plane  by  metallic  or  lignum  vitae 
guides  I),  which  are  firmly  bolted  to  the 
comers  of  the  saw-gate  and  slide  on  two 
parallel  guide  rods  E,  fastened  by  their 
brackets  F  to  the  posts  G. 

%  95.  Prismatic  GntdM. — When,  as 
in  lai^e  steam  engines,  great   forces  arc 
to  be   transmitted,  the  guide   bars   are 
usually  prismatic  in  form,  and  the  mov- 
able guides  become  sliding  pieces  whose 
flat  surfaces  are  guided  by  corresponding 
surfaces  on  the  prismatic  bars.     These 
flat    surfaces    of 
contact  are  bet- 
ter adapted  for 
sustaining  great 
pressures  than  the   cylindrical  inte- 
rior of  the  guides,  and  by  making  the 
sliding  surfaces  sufficiently  large,  the 
pressure  per  unit  of  surface,  and  con- 
sequently the  wear,  may  be   dimin- 
ished at  pleasure.     An   example   of 
prismatic  guiding  is  shown  in   Fig. 
337,  where  A  is  the  end  of  the  pis-  | 
ton  rod  which  is  to  be  guided,  and   | 
B  the  cross-head  fastened  to  the  pis- 
ton rod  by  the  key  C  and  provided 
with   two  cast-iron  sliding  blocks  D,  which  are  guided  be- 
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tween  two  slide  bars  E.  The  cross-hoad  is  fork>shaped  at 
the  centre  and  arranged  to  receive  a  pin  F, 
which  fits  the  eye  of  the  connecting  rod,  ^"''  sa*- 
It  is  plain  from  the  figure  that  the  slide  j 
blocks  D  only  partially  enclose  the  slide  \ 
bars,  but  the  arrangement  suffices  to  pre- 
vent all  lateral  motion  of  the  piston  rod. 
Instead  of  a  rectangular  cross  section,  the 
slide  bars  E  are  sometimes  given  that  shown  in  Fig.  338,  in 
order  to  maintain  an  excellent  guiding  motion,  the  sliding 
pieces  D  being  made  adjustable  by  keys  or  set  screws.  In 
powerful  machines  the  cross-head  B  has  a  long  cross  bar  C, 
Fig.  339,  which  is  connected  in  the  middle  with  the  con- 
necting rod,  and  has  end  journals  which  fit  the  slide  blocks 
D,  each  block  being  guided  between  two  cast-iron  slide 
bars.  In  this  arrangement  the  lateral  pressure  exerted  by 
the  connecting  rod  is  well  resisted  by  the  two  guide  bars. 
That  adjustable  sliding  blocks  should  also  be  employed  is 
evident,  and  that  the  sliding  surfaces  should  be  kept  well 
lubricated.  For  the  latter  purpose,  the  lower  prisms  F,  Fig. 
339,  and  the  upper  edges  of  the  slide  blocks  D  are  provided 
with  oil  grooves. 

Fic  339. 


Of  late  the  use  of  hollow  cast-iron  frames  has  become 
popular  in  steam  engine  manufacture,  the  guide  bars  E  and 
F,  Fig.  340,  forming  part  of  the  frame  and  having  cylindrical 
sliding  surfaces.  In  this  arrangement  the  guide  bars  are 
bored  and  the  sliding  surfaces  of  the  cross-head  are  turned, 
thus  securing  the  advantages  of  easy  and  accurate  construc- 
tiori. 
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A  point  deserving  special  consideration  is  the  relative  posi- 
tion  of  the  centre 
F.«.  340.  A,  Fig.  341,  of  the  ^'°-  «'■ 

~  cross-head  pin  to 

the     sliding     sur-'*i 
faces -5(7  or  />£ 
and  the  length  b 

iof  the  latter.  Let 
P  be  the  oblique 
force   exerted   by 

the  connecting  rod  on  the  pin  A  ;  let 
it   be  resolved  into   two  components, 
one  parallel  and  the  other  perpendicu- 
lar to  the  direction  of  the  piston  rod, 
and  represented  by  K  and  N  respect- 
ively.    The  component  N  will  exert  a 
pressure  on  but  one  sliding  block,  i.e.,  B  C,  when  the  direc- 
tion of  jV passes  through  the  sliding  surfaces  of  the  blocks, 
but  if  the  direction  of  A'' does  not  pass  through  these  surfaces 
but   lies  outside  of    the  latter,   at  a  distance  a  ^^  AG,  the 
force  A''wili  cause  the  reactions  R^  and  R,  in  the  guides  at 
the  points  B  and  E,  which  reactions  may  be  found  from  the 
conditions  of  equilibrium  as  follows: 


=  K-I)' 


As  these  reactions  generate  friction,  we  see  that  the  con- 
struction is  a  faulty  one  so  long  as  a  has  a  positive  value,  i.e., 
so  long  as  the  pin  A  lies  outside  of  the  rectangle  BDEC. 
Therefore  the  pin  A  should  not  be  placed  outside  of  the  line 
B D,  if  unnecessary  friction  is  to  be  avoided.  To  more  evenly 
distribute  the  pressure  N  upon  the  whole  sliding  surface  B  C, 
it  is  customary,  whenever  possible,  to  place  the  pin  midway 
between  the  ends  ,5  Z)  and  C  E.     Friction  then  takes  place 
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on  but  one  guide,  and  will  be  equal  to  that  generated  by  N 
directly,    i.t,,    ep  N,  while  for  every  positive  value  of  a  the 

frictional  resistance  will  ht  <pN  (i  +-r-  +  7).  that  is  greater 

by  2  T-  ^  ■^• 

It  deserves  notice,  that  when  the  overhang  a  is  large  and 
the  length  b  of  the  guided  surface  small,  sliding  may  even 
become  impossible  under  certain  circumstances,  namely, 
when  the  frictional  resistance  on  the  guides  exceeds  the 
component  K.  Extensive  use  is  made  of  this  binding  action 
in  practice,  for  example,  in  saw-mill 
dogs  for  holding  down  the  logs.     It  '''"■  34»- 

consists  of  a  simple  wrought-iron  dog 
D,  Fig.  342,  with  a  cylindrical  eye 
£'^fitting  the  fixed  rod  C.  Suppose- 
the  log  B  to  be  acted  upon  by  an  up- 
ward force  K,  which  causes  the  reac- 
tions or  binding  actions  R  between 
the  eye  of  the  dog  and  the  rod  C  at 
the  points  E  and  F.  The  moment 
Rb  ot  this  couple  will  be  equal  to  the 
moment  K  a  oi  the  upward  acting 

force.     Consequently  R  =  Kj- ,  and  if  the  dog  should  slip, 

there  would  be  the  friction  ^^  at  both  £  and  i^  and  we 
should  have  for  the  instant  at  which  sliding  takes  place : 

K=2(pR=  2<pK-r,i.e.,  I  =  2^-r 


Therefore  so  long  as  2  ^  y  is  greater  than  I,  the  resistance 

of  friction  will  exceed  the  force  A!*  no  matter  how  large  this 
force  may  be,  and  the  condition  of  clamping  will  be  satisfied. 
Accordingly,  by  giving  a  small  length  b  to  the  sleeve,  we  may 

always  make  the  value  2  ^  y-  greater  than  unity,  i.e.,  —  <<p. 
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If  the  coefficient  of  friction  iS9>=o.i,  clamping  will  occur 
when  the  length  a  of  the  dog  is  five  times  the  length  b  of  the 
eye.  We  see  from  this  what  an  important  influence  is 
exerted  by  the  length  of  the  slide  blocks  when  the  force  is 
eccentric. 

Prismatic  guides  are  also  much  used  in  many  metal-  and 
wood-working  machines,  for  example,  in  planerSy  lathes^  etc. 
Thus  the  sliding  table  .4  of  a  planer.  Fig.  343,  is  guided  by 
two  exactly  parallel  prisms  B  of  trapezoidal  cross  section, 
which  slide  in  corresponding  grooves  C  of  the  frame  D.  The 
great  weight  of  the  table  and  of  the  work  upon  it  prevents 

Fig.  344. 


the  table  from  rising,  and  the  trap- 
ezoidal profile  of  the  prisms  pre- 
vents all  lateral  motion  of  the  table.  This  simple  form  of 
support  is  not  suited,  however,  to  lathes  and  machines  in  which 
the  guided  part  is  not  heavy  and  is  subject  to  great  lateral 
forces.  In  such  cases  the  guide  must  be  either  enclosed  by 
the  sliding  piece  or  must  enclose  it  in  such  a  way  that  the 
two  cannot  be  separated  in  any  direction.  Fig.  344  shows 
an  arrangement  for  guiding  the  tool-rest  and  similar  parts. 
The  rest  A  encloses  the  two  prisms  B  of  the  frame  or  bed  D 
so  that  by  means  of  the  wearing  piece  or  gib  C  and  the  ad- 
justing screws  E^  all  lateral  play,  and  consequently  all  un- 
steadiness of  motion,  may  be  removed. 

§  96.  Roller  Ouidet. — Whenever  the  connecting  rod  is 
inclined  to  the  piston  rod,  as  is  the  case  in  all  crank  mechan- 
isms, a  lateral  pressure  is  exerted  against  the  guides,  which 
creates  considerable  friction  between  the  latter  and  the  slide 
blocks  of  the  cross-head.  To  diminish  this  friction  as  much 
as  possible,  friction  rollers  have  been  employed,  the  object 
being  to  substitute  rolling  for  sliding  friction.  The  cross- 
head  in  Fig,  345  is  an  example  ;  it  differs  from  those  hitherto 
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considered  only  in  having  the  two  arms  E  provided  with  fork- 
shaped  ends  for  receiving  the  rollers  D. 

When  the  slide  blocks  are  moved  along  the  guide  bars, 
sliding  friction  will  be  de- 
veloped by  the  normal 
pressure  N,  which  fric- 
tion must  be  overcome 
through  a  distance  equal 
to  the  stroke  of  the 
piston ;  but  in  the  pres- 
ent case  the  friction 
generated  by  the  same 
normal  pressure  N  on 
the  journals  must  be 
overcome  through 
smaller  distance,  namely, 


-times  the  stroke  of  the 


piston.  These  rollers 
play  exactly  the  same  part  as  the  friction  wheels  employed  as 
journal  bearings  and  as  the  wheels  of  a  wagon.  The  correct 
form  for  these  rollers  is  evidently  cylindrical,  that  shown  at  £>„ 
for  it  is  only  with  this  form  that  all  points  on  the  pulley  have 
the  same  velocity  of  rotation.  Every  other  form  of  profile 
for  the  rollers,  for  example  those  shown  at  /?,  and  D^,  must 
be  regarded  as  faulty,  for  the  various  points  on  the  periphery 
of  the  roller  have  unequal  circumferential  velocities  accord- 
ing to  their  distances  from  the  axes,  consequently  with  such 
forms  a  certain  amount  of  sliding  still  remains. 

In  spite  of  these  apparent  advantages,  friction  rollers  have 
been  very  little  used  for  the  cross-heads  of  piston  rods,  because 
the  guiding  thus  produced  is  too  uncertain,  and  the  wear  of 
the  journal  bearings  causes  unsteadiness  of  motion.  Another 
drawback  in  this  respect  is  that  the  journals  of  the  roller 
soon  lose  their  cylindrical  form  on  account  of  the  very  variable 
pressure  and  alternating  rotations  to  which  they  are  sub- 
jected, and  thus  render  the  use  of  adjustable  bearings  diffi- 
cult. 
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Rollers  are  oftener  employed  for  guiding  and  supporting 
the  long  rods  used  in  the  shafts  of  mines,  in  order  to  prevent 
their  being  buckled  or  bent 


Fio.  346. 
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by  the  thrusts  to  which 
they  are  subjected,  or  by 
their  own  weight.  Such 
a  roller  is  shown  in  Fig. 
346,  the  wooden  rod  A  B 
I  having  a  wrought-iron  rail 
C  C.  Fig,  347  shows  the 
rod  A  B  guided  by  the 
rollers  E  and  F,  the  rod 
receiving  its  vertical  mo- 
tion from  the  lever  CD. 
With  roller  guides,  as 
with  cylindrical  and  prismatic  guides,  there  is  no  difference 
in  the  action  whether  the  movable  rod  is  guided  by  rollers 
with  fixed  axes,  or  whether  they  are  connected  like  little 
wagon  wheels  with  the  rod,  the  latter  being  then  moved 
wagon-like  over  the  guides.  Both  arrangements  are  often  em- 
ployed in  saw-mills  .for  guiding  the  table  or  carriage.  These 
tables  have  wooden 

or   iron     frames    of  Fi«-  348- 

great  length  (up 
to  15  meters  [Jo 
ft.]),  and  prismatic 
guides  are  unsuit- 
able because  with 
these  lengths  there 
is  not  sufficient  stiff- 
ness,  consequently 
roller  guides  are 
used,  the  rollers  be- 
ing given  either  to 
the  carriage  A  or  to 
the    foundation    B, 

Fig-  348-     It  is  customary  to  make- one  rail  Cof  triangular 
cross  section,  in  order  to  secure  as  perfect  a  motion  as  pos- 
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stble.  The  disadvantage  above  mentioned,  that  with  such  a 
fonn  sliding  friction  cannot  be  avoided,  need  not  be  con- 
sidered here,  because  of  the  slow  motion  of  the  carriage. 
The  second  rail  Z?,  however,  is  usually  given  a  horizontal  sur- 
face in  order  that  the  carriage  may  have  a  certain  movability 
within  itself,  thus  avoiding  the  binding  actions  and  pressures 
which  would  arise  if  both  rails  had  the  form  of  C* 


GUIDES  AND   LINKAGES  FOR  PRODUCING  RECTILINEAR 

MOTION,   COMMONLY  KNOWN  AS  PARALLEL 

MOTIONS  (§  97  to   §  107). 

§  97.  Hjrpocyoloidal  Meohanlflm  for  prodnclng  Recti- 
linear Motion. — The  considerable  friction  usually  attending 
cylindrical  and  prismatic  guides  and  the  constructive  diffi- 
culties often  involved  in  the  application  of  slide  bars,  have 
led  to  the  construction  of  other  straight-line  motions.  An 
examination  of  the  mo- 
tion discussed  in  §  11 
of  the  Introduction,  in 
which  two  determinate 
points  of  a  system  move 
on  two  intersecting 
straight  lines,  leads  us 
at  once  to  a  series  of 
straight-line  motions.  It 
was  there  shown  that  a 
straight  line  A  B^  Fig. 
349,  which  moves  so  that 
two  of  its  points  A  and  B 
are  guided  along  two 
straight  lines  CGzxiA  CJ 

intersecting  at  right  angles,  has  a  motion  whose  centroids 
are  two  circles,  one  of  which  Is  stationary,  having  the  centre 
C  and  the  radius  A  B,  while  the  other  is  movable  and  has 
the  straight  line  ^  ^  for  a  diameter.  Now  if  we  suppose 
these  circles  or  centroids  to  be  embodied  in  actual  construc- 
tions which  can  roll  on  each  other,  the  straight  line  A  B  will 
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have  the  same  motion  as  the  assumed  one.  For  instance, 
the  circle  about  C  may  be  constructed  as  a  stationary  annular 
wheel  and  the  circle  about  D  as  an  ordinary  spur  wheel 
whose  centre  D  is  guided  in  a  circle  around  the  point  C  The 
point  A  will  travel  along  the  whole  diameter  G  H  and  will 
return,  and  the  point  B  will  travel  along  the  whole  diameter 
/AT  and  return,  while  the  centre  Z>  makes  one  rotation  about 
C.  Moreover  other  points  on  the  circumference  of  the  roll- 
ing circle  will  describe  diametral  paths  while  the  smaller  cir- 
cle is  rolled  within  the  larger  and  stationary  one,  for  example, 
£  will  traverse  the  diameter  LM. 

Use  has  been  made  of  this  property  in  a  few  cases,  for 
example,  to  give  a  rectilinear  motion  to  the  bed  or  carriage 
of  a  printing  press.     The  mechanism   is  shown  in  Fig.  350. 
The  internally  toothed  rim  GH'ia  bolted  to  the  frame  of  the 
machine,  while  the  pinion  A  B  turns  loosely  on  the  pin  D  of 
the  crank  C  D.     This  crank  receives  a  uniform  rotation  from 
a  vertical  shaft  whose  axis  passes  through  the  centre  of  the 
fixed  wheel.    The  ro- 
tation of  this  vertical 
shaft  C  is  effected  by 
bevel    wheels     E  F, 
which    in     turn    are 
driven  by  a  belt  on 
the  pulley  of  the  hori- 
zontal shaft  K.    The 
driving  pin  is  placed 
at  a  point  A  exactly 
on  the    pitch    circle 
of  the  small  wheel. 
This  driving  pin  trav- 
erses   the    diameter 
AH   and  communi- 
cates rectilinear  motion-  by  means  of  a  connecting  rod  A  Lto 
the  bed  which  carries  the  form.    Every  time  the  crank  turns, 
the  carriage  makes  one  stroke  forward  and  one  back,  each 
stroke  being  equal  to  the  diameter  G  I/=  2A  B  oi  the  pitch 
circle.    It  is  clear  that  the  numbers  of  teeth  of  the  two  wheels 
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are  as  one  to  two.  When  the  rotation  of  the  crank  CD  is 
uniform,  the  velocity  of  the  rectilinear  motion  of  the  pointy^ 
is  proportional  to  those  ordinates  of  the  fixed  circle  which 
are  normal  to  the  diameter  A  H,  as  was  explained  in  §  13  of 
the  Introduction. 

To  this  mechanism  we  may  give  the  name  of  hypocycloidal 
motion.  It  is  rarely  used  except  in  the  power  printing  presses 
just  mentioned.  In  other  cases  the  large  diameter  of  the 
fixed  toothed  wheel  is  the  principal  objection  to  the  straight- 
line  motion. 

We  may  also  mention  that  this  mechanism  has  been  used 
in  another  manner  as  a  straight<line  motion,  for  if  we  sup- 
pose the  whole  system  to  receive  at  every  instant  an  addi- 
tional motion  exactly  equal  and  opposite  to  the  rectilinear 
motion  of  the  pin  A,  it  will  not  alter  the  motion  of  the  indi- 
vidual parts  relatively  to  each  other.  This  evidently  brings 
the  point  A  into  absolute  rest,  while  the  toothed  wheel  G  H, 
which  was  formerly  stattonaty,  receives  rectilinear  motion 
equal  to  and  in  the  direction  of  A  H,  Therefore,  if  this 
wheel  GH  is  united  to  the  rod  L,  Fig.  351,  and  the  pin  A  in 
the  circumference  of  the  small  wheel  is  bolted  to  the  frame, 

Fia  351. 


a  rotation  of  the  crank  CD,  in  which  its  centre  D  rotates 
about  the  fixed  centre  A,  will  cause  the  wheel  G//'and  the 
rod  attached  to  it  to  have  a  reciprocating  motion,  the  points 
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C  and  H  alternately  covering  the  fixed  point  A.  The  ar- 
rangement obtained  by  holding  fast  another  link  of  a  mech- 
anism is  called  by  Reuleaux  an  inversion  of  that  mechanism. 
We  may  therefore  call  the  mechanism  last  obtained  an  in- 
verted hypocyclotdal  straight4ine  fnotion.  This  arrangement 
hardly  has  a  practical  value,  and  may  be  considered  of  theo- 
retical interest  only. 

If  the  larger  wheel  CGi^  provided  with  external  teeth, 
the  smaller  wheel  D  will  have  an  opposite  direction  of  rota- 
tion. But  if  this  reversal  of  motion  is  neutralized  by  insert- 
ing an  idle  wheel  between  C  and  D  of  any  size  whatever,  we 
obtain  a  straight-line  motion  which  may  be  called  an  epicycloid 
dal  straight4ine  motion.    That  this  will  give  a  correct  straight- 

line  motion  can  be  easily  proved. 
Let  the  two  wheels  D  and  B  be  at- 
tached to  the  lever  C BD  turning 
about  dr,.and  let  the  wheel  Z>,  whose 
radius  is  again  equal  to  half  that  of 
the  wheel  C,  be  provided  with  an 
arm  2?^  whose  length  \^  DA  ^  DC^ 
then  if  the  lever  D  B  C  ht  turned 
about  Cy  the  end  A  of  the  arm  will 
remain  on  the  prolonged  diameter 
CA.  In  the  isosceles  triangle  thus 
formed  let  the  angle  ACD=CAD 
be  represented  by  y,  then  will  the  angle  A  DC  at  the  vertex 
be  /?  =  2  (i?  —  ;/).  If  the  lever  DBChe  given  a  right-handed 
rotation  through  D  CD'  =  a^  the  wheels  will  cause  the  arm 
DA  to  turn  to  the  left  about  D  through  the  angle  2  or,  thus 
forming  a  new  isosceles  triangle,  A'D'  d  the  angle  at  the  ver- 
tex D'  being  given  by 

fi  +  2a=i2{R'-y+a). 

Consequently  each  of  the  angles  at  the  base  will  be : 

A'CD'  z=zCA'D'^R--(R^  y  +  a)  =  y^a. 


This  proves  that  A'  lies  in  the  same  straight  line  with  A 
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Fig.  353. 


and  C.  It  is  easy  to  see  that  when  the  lever  DBC  makes  a 
complete  revolution,  the  end  A  of  the  arm  will  have  a  for- 
ward and  backward  stroke,  each  of  which  is  equal  to  4  Z>  C 
This  mechanism,  therefore,  produces  a  straight-line  motion 
of  considerable  length  with  com- 
paratively small  wheels. 

From  this  straight-line  motion 
we  may  obtain  another  by  inversion, 
i.e.,  by  fixing  the  end  A  of  the  arm, 
and  by  uniting  the  guided  rod  with 
the  wheel  C.  The  latter  will  then 
partake  of  the  reciprocating  motion 
of  the  rod,  but  will  be  prevented 
from  rotating.  In  this  straight-line 
motion,  as  in  the  inverted  hypocy- 
cloidal  motion,  shown  in  Fig.  351, 
there  are  two  dead  points,  so-called 
(see  Crank  Trains). 

§  98<  Evan*'  Parallel  IKoiloii,  or  Mechanlm  Tor  Pro- 
dnclDs  Rccitlllnear  Motloa. — In   the  motion  of   a  straight 
line  discussed  in  §  11  of 
■  the     Introduction,     the 

ends  A  and  B,  Fig.  354, 
of  the  line,  were  guided 
along  two  straight  lines 
at  right  angles,  and  this 
caused  the  centre  D  of 
the  line  to  move  in  a  cir- 
cle  concentric  with  C 
and  with  a  radius  equal 
to  half  the  length  of  A  B. 
Since  the  motion  of  abody 
in  a  plane  is  completely 
determined  by  the  mo- 
tion of  two  of  its  points, 
we  can  produce  this  motion  of  the  line  ABhy  guiding  one  end 
B  along  the  straight  line  CJ  and  compelling  the  centre  D  to 
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remain  on  the  circle  having  C  as  a  centre  and  C  D  =^  B  D  ^ 
AD  SiS  a,  radius.  The  other  end  A  must  evidently  have  a 
rectilinear  motion  along  the  diameter  GH  normal  to  Cy. 
To  compel  D  to  move  in  a  circular  path  about  C,  it  is 
only  necessary  to  connect  Z^  by  a  link  to  a  stationary  journal 
at  Cf  the  link  having  a  turning  motion  about  C,  This  link, 
provided  with  eyes  at  each  end,  may  be  called  a  radius  bar. 

This  straight-line  motion  may  be  realized  practically  as 
shown  in  Fig.  355.  The  guided  piston  rod  A  K  is  joined  at 
its  upper  and  forked  end  to  the  deam  A  By  at  the  other  end 
B  of  which  there  is  a  cross-bar  with  two  end  journals  which 
fit   into    two   blocks    that   slide    along   the    guides    £    F. 

There  are  two 
radius  bars  C  A 
the  beam  lying 
between  them 
at  D.  The  other 
ends  C  of  these 
bars  are  con- 
nected with  two 
journals  so  at- 
tached to  the 
stationary  cross, 
piece  G  that  the 
forked  end  -^  of 
the  piston  rod  can  readily  pass  between  them.  When  this 
rod  makes  a  complete  stroke,  represented  by  Sy  from  A  to 
A'y  and  when,  as  is  always  the  case  in  practice,  the  beam 
oscillates  symmetrically  on  each  side  of  the  straight  line  C  B^ 
the  maximum  inclination  of  the  beam  to  CB  on  each  side  of 
the  latter  will  be  a^ABC^A'BCf  and  may  be  found 
from: 


stn  az=z 


4a' 


where  a  represents  half  the  length  of  the  beam  and  the  whole 
length  of  the  radius  bar  CD.  This  angle  is  generally  not 
greater  than  20°,  sometimes  it  is  as  high  as  25** ;  the  ordinary 
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2  a 


'9     £W 

ratio  of  the  length  2  a  of  the  beam  to  the  stroke  ^  is  —  =  1.5, 

s 

hence  we  have : 

sin  a  =  0.333  ;        a  =  19*=*  30'  =  about  2o'', 

During  a  single  stroke  of  the  piston  rod  from  A  \.o  A'  ox 
in  the  opposite  direction,  the  point  B  traverses  the  path 
B  ff  ^  <f,  which  may  be  found  from 

(T  =  2a:(l  --  COS  a). 

This  is  always  much  smaller  than  the  stroke  j,  for  exam- 
ple, when  a  =  20°,  we  have  : 

<r  =  2^  X  0.060  =  0,120!  =0.09 J. 


This  justifies  the  use  of  this  straight-line  motion  for  gfuid* 
ing  the  point  i4,  al- 

Fio.  356. 

A 


though  the  motion  of 
one  point  B  is  still 
controlled  by  pris- 
matic guides. 

Generally,  how- 
ever, the  prismatic 
guiding  of  the  point 
B  is  avoided  by  car- 
rying it  on  a  vibrat- 
ing pillar  MB  with 
a  fixed  centre  at  M. 
In  this  way  B  is  guid- 
ed along  an  arc  which 
differs  but  little  from 
the  straight  line  B  B\ 
The  motion  of  A  does 
not  then  take  place 
exactly  in  a  straight 
line,  but  its  devia- 
tion from  the  latter  may  be  neglected  in  practice  if  the 
length  t  of  the  pillar  is  not  taken  too  small,  say  equal  to  the 
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length  s  of  the  stroke.  In  order  to  ascertain  the  character 
and  magnitude  of  this  deviation,  we  must  note  that  since 
the  point  B  moves  in  the  circular  arc  BE  B'y  the  other  end 
A  of  the  beam  must  pass  through  the  three  points  Ay  C  and 
A'  of  the  straight  line  A  A'  in  which  the  piston  rod  is  to  be 
guided,  for  these  three  points  correspond  to  the  three  posi- 
tions By  B'  and  -5  of  the  back  end  of  the  beam  on  C  B,  In 
all  other  positions  of  the  beam,  the  point  A  deviates  from 
the  straight  line  and  is  on  opposite  sides  of  the  line  A  A'  dur- 
ing the  two  halves  of  the  stroke,  the  end  describing  a  curve, 
say  like  AGCGA\  which  has  a  point  of  inflexion  at  C 
The  greatest  deviation  y  occurs  at  the  instant  when  the  point 
B  is  at  the  vertex  of  the  ^rcB  E  B  or  in  its  immediate  neigh- 
borhood, and  a  very  close  approximation  to  these  deviations 
may  be  found  as  follows :  Let  us  first  suppose  the  exact 
straight-line  motion  by  means  of  slide  bars  to  exist,  and  con- 
sider that  position  of  the  beam  in  which  its  end  is  at  H  half 
way  between  B  and  B'y  then  the  other  end  will  be  in  the 
straight  line  A  A'y  and  the  angle  a'  =:JHCy  which  the  beam 
makes  with  the  line  C By  may  be  found  from 


2^  —  l(r 

cos  a  z= = — 

2a 


2  il 

Employing  the   above  ratio,  —  =  1.5,    which    gives   <r 
=  OA2oay  we  have 


,       1.940 
cos  a  =     ^^    =  0.970;         a  =  14 

4V 


O 


Now  if  we  suppose  the  beam  to  receive  a  slight  rotation 
about  its  centre  Z?,  Fig.  357,  so  that  the  end  describes  the 
small  arc  HE'  from  //  to  the  guiding  arc  B  E B\  then  the 
other  end  will  describe  an  equal  arc  JJ\  The  deviation  of 
this  point  from  the  straight  line  -/I -^' is  therefore  given  by 
/'  K=^  E  E,  Now  let  h  represent  the  height  HE  of  the  arc 
B E By  then  we  have,  approximately, 

/=^  E  £'  ^  h  sin  a  \ 


§98.] 


EVANS'  PARALLEL  MOTION. 


433 


The  height  HE  is  also  approximately 

Fig.  357. 


2/ 


8/' 


If  we  assume  the 
length  of  the  pillar, 
for  example,  /  =  j,  we 
get: 

.    (0.000  sy 

h  =  ^^ — ^   '  =  0.001  J, 
8  J 

consequently  the  deviation  will  be 

/*=  0.00 1  s  sin  14°  =  0.00024  J. 

We  may  also  remark  that  this  practically  infinitesimal  de- 
viation (less  than  jth  millimeter  for  i  meter  stroke  [less  than 

y^yth  of  an  inch  for  40  inches  of 
stroke])  may  be  still  further  re- 
duced by  so  placing  the  pillar 
MB  that  the  height  h  of  the  arc 
BE  will  be  bisected  by  the 
straight  line  C B^,  Fig.  358,  in 
which  case  the  guided  point  A  enters  the  straight  line   A  A 


four  times  every  strpke. 
It  is  moreover  evi- 
dent that  we  may  ob- 
tain a  correct  straight- 
line  motion  by  so 
inverting  the  Evans 
mechanism  that  the 
end  A  of  the  beam, 
Fig.  359,  will  be  fixed, 
and  the  centre  C  of 
the  radius  bar  and 
the  prismatic  guide  will 
be  rigidly  connected  with  the  piston  rod. 

28 


Fig.  359. 
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§  99,  Elliptical  CfOfdei  and  Unkai^eB  for  Produeinff 
Rectilinear  IHotion. — Evans'  parallel  motion  discussed  in 
the  preceding  article  is  only  a  particular  case  of  a  series  of 
straight-line  motions  which  may  be  obtained  from  the  often- 
mentioned  motion  treated  in  §  1 1  of  the  Introduction.  It 
was  there  proved  that  every  point  of  the  straight  line  A  B^ 
Fig.  360,  describes  an  ellipse  whose  principal  axes  coincide 
in  direction  with  the  straight  lines  A  C  and  B  Cy  along  which 
the  points  A  and  B  are  guided.  The  lengths  of  the  semi- 
major  and  semi-minor  axes  are  respectively  a  -^  e  and  tf  —  ^, 
where  a  represents  half  the  length  of  A  -ff,  and  e  the  distance 
of  the  describing  point  from  the  middle  of  A  B.  The  points 
Ef  F,  G  and  H  describe  the  elliptical  paths  which  are  drawn 


Fig.  360. 


through  them.  The  remark  made  in  the  preceding  article 
that  the  motion  of  a  body  in  a  plane  is  completely  deter- 
mined by  the  motion  of  two  of  its  points,  holds  here  also.  It 
follows  from  this  that  the  point  A  will  move  in  the  straight 
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Fig.  361. 


line  A  C\i  the  point  B  is  guided  along  the  straight  line  C  B^ 
and  any  one  of  the  points  Ey  FyG  or  H  is  guided  in  the  ellip- 
tical path  belonging  to  it.  The  latter  may  be  done  by  em- 
ploying elliptical  surfaces,  or  surfaces  which  are  equidistants 
to  the  latter ;  but  such  a  construction  would  involve  many 
practical  difficulties,  and  as  only  a  small  part  of  the  periphery 
of  the  ellipse  in  the  vicinity  of  the  vertex  is  employed,  it  will 
be  sufficiently  accurate  to  replace  the  elliptical  arc  by  acir- 
cular  arc  having  three  points  in  common  with  the  latter,  say 
the  middle  and  end  points.-  If,  therefore,  we  find  the  centre 
^o  of  the  circular  arc  passing  through  £,£' and  E'\  and  guide 
the  end  B  of  the  lever  A  B  by  prismatic  guides  along  the 
straight  line  C-ff,  and  also  the  points  of  the  lever  by  a  radius 
bar  E^E  whose  axis  is  at  E^,  the  other  end  A  will  be  guided 
in  a  line  which  approximates  to  the  straight  line  A  A'.  In 
this  way  a  number  of  straight-line  motions  can  be  obtained 
which  differ  from  each  other  in 
having  different  positions  for  the 
point  which  is  guided  by  the  ra- 
dius bar.  These  niechanisms 
may  be  called  elliptical  (or  ap- 
proximate) straight-line  motions. 
We  may  accordingly  distinguish 
three  different  kinds  of  elliptical 
straight-line  motions : 

i)  In  the  first  kind  of  ellip- 
tical motions,  the  ra- 
dius bar  guides  a  point 
like  E  or  i%  which  is 
situated  between  A 
and  B,  Correspond- 
ing constructions  are 
shown  in  Fig.  361  and 
Fig.  362,  which  differ 
only  in  this,  that  the 
radius  bar  takes  hold 
of  A  B  at  R  on  different  sides  of  the  centre  D.  We  see  from 
the  figures  that  the  axis  O  of  the  radius  bar  in  these  two  cases 
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lies  upon  different  sides  of  the  required  straight  line  A  A\  and 
that  the  radius  bar  OR  is  shorter  the  nearer  the  point  R  to 
the  point  B  guided  by  the  slide  bars.  Evidently  Evans* 
straight-line  motion  lies  half  way  between  these  two  cases, 
the  radius  bar  for  this  motion  having  a  length  equal  to  a 
and  having  its  axis  at  C. 

2)  In  the  second  kind  of  elliptical  straight-line  motion,  the 
radius  bar  guides  a  point  R  lying  outside  ol  A  B  beyond  Aj 

^  and      consequently 

'^'  the  axis  O  of  the  bar 

lies  on  the  opposite 
side  beyond  B. 

3)  The  third 
kind  of  elliptical 
motion  is  shown  in 
Fig.  364,  Here  the 
point  R^  guided  by 
the  radius  bar^  lies 
outside  ol  A  B  be- 
yond B,  the  axis  O  of  the  bar  lying  on  the  same  side  of  B. 

Moreover,  it  is  clear  that  in  all  these  mechanisms,  instead 
of  guiding  the  point  B  by  slide  bars,  we  may  approximately 
guide  it  by  a  lever  or  vibrating  pillar,  as  in  Fig.  365,  and  to 
this  arrangement  the  discussion  accompanying  the  analogous 
case  in  Evans'  motion  is  likewise  applicable. 

The  position  of   the  axis  O  of  the  radius  bar  and   the 


Fig.  364. 


length  r  of  the  latter  may  in 

every  case  be  easily  found  by  ^ 

a  graphical  construction  when 

we  know  the  stroke  s,  the  length 

A  B  =  /  oi  the   beam   and  the 

position  relatively  to  A  and  B 

of  the  point  R  guided  by  the 

radius   bar,    />.,    the  distances 

R  A  ^l^  and  RB  =  /^^      It  will   then  only   be  necessary  to 

draw  the  beam  in  its  two  extreme  positions,  A  B,A'  B  and  in 

its  middle  position  CB\  Fig.  366,  in  order  to  determine  the 

centre  of  the  circle  which  passes  through  the  corresponding 
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points  R,  R'  and  R'.  The  length  of  the  radius  bar  may  also 
be  very  easily  found  by  calculation.  For  if  in  Fig.  366  we 
represent  the  co-ordinates  RE  by y,  H' Ehy x  and  the  radius 
ORhy  r,  we  shall  have  the  known  relation 


^  =  {2r  —  x)x  \     or    r  = 
But  according  to  the  figure 

y~l^sina;    x=  /, (i  - 
Fig.  365. 


cos  a) ; 
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hence 
__        I^  sin^  cL  J  \  —  cosa  _^l^  \  rif  cosa       .  \  —cosa 

24(1  —COS  a)  2  42  2 

If  we  again  assume  half  the  angle  of  oscillation  of  the 
beam  to  be  20°,  we  shall  have  for  the  radius  bar,  the  length 

/a 

r  =  0.970  -^  +  0.030  4  • 

The  above  expression  for  r  is  applicable  to  all  three  kinds 
of  elliptical  straight-line  motions,  and  when  R  is  taken  at  the 
middle  point  Z?,  we  have  4  =  4  and  r  =  la^  4>  which  corre- 
sponds to  the  case  of  Evans*  straight-line  motion. 

The  circular  path  of  R  will  not  coincide  with  the  oscula- 
tory  circle  of  the  corresponding  ellipse,  for  the  circle  found 
does  not  contain  three  consecutive  points  of  the  ellipse.  But 
we  may  recognize  the  deviation  of  the  radius  of  curvature  p 
from   length   r  of  the  radius   bar  from  the  above   formula 


I  +  cos  a  l^       I  —  cos  a 


r  = 7-H 4f  while  the  radius  of  curvature 


/a 

at  the  vertex  of  the  ellipse  is  p  =  y  ,  where  4  and  4  repre- 

4 
sent  the  semi-axes. 

It  is  evident  that  of  these  straight-line  motions  the  only 
one  which  is  exact  is  that  of  Evans,  for  which  the  ellipse 
becomes  a  circle.  For  all  other  positions  of  the  point  R 
guided  by  the  radius  bar,  there  is  a  deviation  of  the  circular 
path  from  the  proper  or  elliptical  one,  which  deviation  must 
be  greater  the  greater  the  eccentricity  of  the  ellipse.  With- 
out entering  into  any  exact  and  complex  calculation,  we  may 
conclude  that  the  motion  of  the  point  A  will  be  more  nearly 
rectilinear  the  less  the  eccentricity  of  the  point  guided  by  the 
radius  bar  O  Ry  ?>.,  the  nearer  this  point  is  to  the  middle  of 
the  beam.  For  this  reason,  levers  of  the  first  kind  are  best 
suited  for  straight-line  motions,  and  for  another  reason  also, 
namely,  that  for  a  given  stroke  s  and  angle  of  deviation  a, 
the  straight  line  motions  of  the  first  class  require  the  least 
length  of  beam.  When  this  kind  is  employed,  a  more  exact 
straight-line    motion   is  obtained  when  the  point  R  of  the 
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radius  bar  lies  on  the  portion  D  Ay  than  when  it  lies  on  the 
half  D  B  of  the  beam  which  is  nearer  to  the  slide  B  B'y  for  in 
the  first  case  the  arc  described  by  the  radius  bar  approxi- 
mates more  closely  to  the  portion  of  the  ellipse  which  it  re- 
places {FF"  F'  in  Fig.  360)  than  in  the  latter  (EE"  Ey  At 
any  rate,  when  the  length  r  of  the  radius  bar  is  correctly 
chosen  and  the  angle  of  deviation  a  is  small  the  deviation  of 
the  point  A  from  the  straight  line  A  A'  will  be  very  slight. 

In  the  arrangements  just  described,  the  circular  pa^h  of  the  point  7?  is  so  chosen 
that  it  coincides  at  three  points  R^  R!'  and  A",  Fig.  367,  with  the  ellipse  ;  conse- 
quently the  end  of  the  piston  rod  must  f>ass  through  the  exact  rectilinear  path  at 
the  corresponding  points  A^  Cand  A\  Whenever  the  circular  arc  deviates  from 
the  ellipse,  the  end  A  of  the  piston  rod  will  deviate  from  the  exact  rectilinear 
path.  \Ve  see  from  the  figure  that  both  halves  i?  U R"  and  R'U'R"  of  the  ellip- 
tical arc  lie  either  inside  or  outside  of  the  circular  arc  R  TR\  being  on  the  inside 
when  R"  is  the  vertex  of  the  major  axis  (as  E"  and  N"  in  Fig.  360),  and  on  the 
outside  when  R"  is  the  vertex  of  the  minor  axis  (as  F"  and  G^'  in  Fig.  360). 
Consequently  the  end  A  of  the  beam  will  lie  on  the  same  side  of  the  desired  rec- 
tilinear path  during  both  halves  of  its  motion.    If  we  suppose  a  circular  arc  r  x"  r' 


Fig.  367. 


Fig.  368. 


to  be  described  with  O  as  a  centre  and  such  a  radius  O  r  that  it  will  bisect  the 
greatest  deviation  U  T,  the  end  of  the  beam  will  be  so  guided  as  to  meet  the 
exact  rectilinear  path  in  four  points  corresponding  to  the  intersections  5",  S',  S\  S 
of  the  circle  r  r''  r'  with  the  ellipse.  The  deviations  of  the  piston  rod  at  interme- 
diate points  will  then  be  alternately  on  opposite  sides,  and  only  about  half  as  large 
as  they  would  be  if  A*  7"  -^  were  the  guiding  circle.  These  approximate  straight- 
line  motions  may,  like  all  other  mechanisms,  be  inverted.     For  instance,  we  may 
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suppose  the  whole  system  to  receive  an  additional  motion  equal  and  opposite  to 

the  stroke  s  of  the  ptbton  rod,  this  will  cause  the  end  A  of  the  beam  to  become 

a  fixed  point  of  the  frame.     Then  it  is  only  necessary  to  unite  the  piston  rod  K 

to  the  eye  O  ol  the  radius  bar 

Flc.  369.  and  to  the  slide  ban  at  the 

other  end  of  the  beam. 

These  parts,  which  were 
formerly  at  rest,  now  take  on 
the  additional  reciprocal  slid- 
ing motion  communicated  to 
the  system.  A'Mr/iVj'j  straight- 
line  motion,  Fig.  36S,  is  an 
example  of  this,  and  must 
be  r^arded  as  an  inversion 
of  the  approximate  elliptical 
motion  of  the  lirst  kind.  An 
inversion  of  the  elliptical  mo- 
tion of  the  third  kind  is 
thou-n  in  Fig.  369.  After 
what  has  been  said,  no  fur- 
ther explanation  of  these  fig- 
ures is  necessary.  In  some 
cases  these  straighl-lina  motions  may  be  useful  ;  indeed  they  have  been  em- 
ployed for  pump  rods. 

§100.  Oblique  Elliptical  Guide*  and  Unkases  tor  Pro* 
dndng  Rectilinear  Motion. — The  parallel  motion  discussed 
in  the  last  article  does  not  correspond  to  the  most  general  case, 
for  it  was  tacitly  as- 
sumed that  the  end 
Boi  the  beam  moved 
in  a  straight  line(or  a 
close  approximation 
to  it)  which  was  per- 
pendicular to  the 
direction  of  motion 
of  the  other  end  A, 
But  this  condition  is 
not  essential,  for  it 
was  shown  in  §  11 
of  the  Introduction 
that  when  the  ends 
of  a  line  A  B  are  guided  on  two  straight  lines  at  right  angle* 
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to  each  other,  every  point  -£,  Fig.  370,  on-  the  circumference 
of  a  circle  described  on  ^  ^  as  a  diameter  will  likewise  move 
in  a  straight  line  C E  passing  through  C.  Therefore,  instead 
of  guiding  the  point  -ff  in  a  straight  line  C B  perpendicular  to 
AA'y  we  may  guide  any  point  E  on  the  circumference  men- 
tioned, in  a  straight  line  C E  which  is  oblique  to  A  A'.  By 
this  means,  and  by  guiding  the  point  R  with  the  help  of  the 
radius  bar  OR,  we  obtain  a  mechanism  which  may  be  called 
an  elliptical  straight-line  motion  with  oblique  guides.  The 
beam  or  principal  lever  here  assumes  the  triangular  form 
ARE. 

This  straight-line  motion  may  also  be  arranged  when 
the  point  E  does  not  lie  on  the  circumference  of  the  circle, 
described  on  A  B^  Fig.  371,  in  which  case  this  point  is, 
of  course,   no   longer 

guided    in   a  straight  ^i^-  371- 

line,  but  in  the  arc  of 
an  ellipse.  The  ellipse 
representing  the  exact 
path  of  this  point  E 
may  easily  be  found 
from  what  was  said  in 
§  II  of  the  Introduc- 
tion, by  drawing 
through  E  the  radius 
D  E  F  oi  the  rolling 
circle.  For  the  point 
F  travels  in  the 
straight      line        C  F^ 

which  is  the  direction  of  the  transverse  axis  of  the  required 
ellipse.  This  ellipse  is  easily  drawn,  for  the  semi-a3»es  a  '\'  e 
and  a  —  e  are  given,  e  representing  the  distance  E  D  oi  the 
point  E  from  the  middle  of  A  B,  and  a  the  radius  A  D  —  B  D 
of  the  rolling  circle.  Now  when  this  ellipse  has  been  drawn, 
we  may  take  the  elliptical  arc  E  E*  E*  which  is  traversed  by 
the  point  E  during  the  stroke  of  the  piston  rod  A  K,  and  find 
as  before  the  centric  M  oi  ^  circular  approximation  to  this 
elliptical   arc.      In  this  straight-line  motion,  therefore,  the 
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beam  is  guided  by  two  radius  bars  O  R  and  M  Eva  two  circu- 
lar arcs  which  act  as  substitutes  for  the  elliptical  paths  of  the 
points  R  and  E, 

Finally,  if,  instead  of  assuming  the  point  R  on  the  straight 
line  AB?A  hitherto,  we  choose  it  at  any  point  outside  of  this 
line,  and  if  we  substitute  a  circular  arc  for  the  elliptical  path 
of  this  point  R^  we  shall  obtain  the  most  general  form  of  the 
elliptical  straight-line  motion.  Among  the  infinite  number 
of  straight-line  motions  belonging  to  this  case  there  is  a  par- 
ticularly interesting  one  which  can  be  obtained  by  assuming 
the  points  guided  by  the  radius  bars  symmetrical  with  respect 
to  the  straight  line  C  By  the  latter  being  perpendicular  to  the 
piston  stroke  A  A  at  its  centre  C.  This  gives  us  Robert's 
straight-line  motion.  Fig.  372.  Here  the  points  E  and  G  are 
guided  by  the  radius  bars  ME  and  O  Gj  and  are  symmetrical 

to  the  line  C  B,  In 
order  to  find  the  length 
of  these  radius  bars 
and  the  positions  of 
their  centres  M  and 
Oy  it  is  only  nec- 
essary to  draw  in 
the  manner  described 
above  the  ellipses  rep- 
resenting the  exact 
paths  of  the  points  E 
and  (7.  To  do  this 
we  draw  radii  through 
E  and  G  from  the 
centre  of  the  rolling 
circle,  and  join  the 
two  points /"and  H  on  the  circumference  of  the  rolling  circle 
with  Cby  straight  lines  C-Fand  CH\  the  latter  are  then  the 
major  axes  of  the  required  ellipses.  The  semi-axes  of  the 
latter  are  again  a '\-  e  and  a  —  e,  where  a  represents  the  ra- 
dius C  D  ol  the  rolling  circle,  and  e  the  distance  of  the  points 
£  and  G  from  D.  From  these  ellipses  we  may  now  find  by 
the  method  used  above  the  centres  M  and   O   of  the  radius 


-^^/m  fZJ^i 


§  lOI.]  CONCHOIDAL  PARALLEL  MOTIONS.  443 

bars  and  their  length  r.  According  to  Robert,  this  straight- 
line  motion  will  be  very  accurate  when  the  base  b  =  EG 
of  the  triangle  is  equal  to  b 
—  o.  593  s  and  the  height  h  ==  CJ 
=  1. 112  s,  which  data  corre- 
spond to  an  angle  ECG  =  yf 
at  the  vertex  of  the  triangle. 
These  assumptions  give  for  the 
length  of  the  radius  bars 


Fig.  373. 


r  =  ME=OG  =  o.S&4^- 


By  inverting  Robert's  mech- 
anism we  get  a  straight-line  mo- 
tion like  that  shown  in  Fig.  373. 
Here  the  vertex  A  of  the  trian- 
gle is  fixed  and  the  centres  M' 
and  O'  of  the  radius  bars  are 
united     with     the     piston    rod. 

These  centres  were  formerly  fixed,  but  now  have  a  reciprocating 
Fio.  374.  motion  equal  to  the  stroke  j. 

A  particular  case  of  the 
last  mentioned  mechanism 
is  Reuleaux' s  straight-line 
motion,  Fig.  374,  in  which 
the  guided  points  F  and  G 
are  assumed  on  the  cir- 
cumference of  the  rolling 
circle ;  as  a  consequence, 
these  points  move  along 
rectilinear  paths  passing 
through  C.  The  result  is 
that  the  radius  bars  may  be  replaced  by  slide  bars. 

§101.  Concholdal  Guides  and  Llnkacea  for  Prodnclnf 
Rc«illlncar  Motion. — In  the  previous  articles  we  discussed 
the  motion  obtained  by  moving  the  ends  A  and  ^  of  a 
straight  line  A  B  on  two  straight  lines  at  right  angles  to  each 
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other.  If  we  now  suppose  this  form  of  motion  to  be  so  mod- 
ified that  the  straight  line  A  By  Fig.  375,  has  only  one  end 
A  guided  along  the  straight  line    A  A',  while  the  line  itself 

Fig.  375. 


is  constrained  to  always  pass  through  a  fixed  point  B,  we 
shall  have  an  arrangement  which  likewise  gives  rise  to  differ- 
ent forms  of  straight-line  motion.  To  determine  the  cen- 
troids  for  this  motion  of  the  straight  line  A  B,  we  will  sup- 
pose this  straight  line  to  be  in  a  position  in  which  it  makes 
the  angle  A  B  C=  a  with  the  normal  distance  B  C  oi  the 
fixed  point  B  from  the  guiding  line  A  A\  The  instantaneous 
centre  for  the  elementary  motion  occurring  at  this  instant  is 
found  at  the  intersection  -Pof  the  two  normals  A  B  and  BP 
erected  td  the  paths  of  the  points  A  and  B ;  i>.,  by  drawing 
A  -ff  perpendicular  to  A  A'  and  ^/^perpendicular  to  A  B.  The 
instantaneous  centres  thus  obtained  determine  the  fixed 
centroid  PB  P\  which,  it  is  easy  to  see,  is  a  parabola  whose 
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vertex  is  at  the  fixed  point  B^  and  whose  parameter  is  equal 
to  half  the  distance  B  C.  If  C  is  taken  as  the  origin  of  co- 
ordinates and  the  constant  distance  C B  is  represented  by  ^^, 
we  see  from  the  figure  that  for  the  co-ordinates  of  any  point 
P  we  shall  have : 


and 


tan  AB C  =  tan  nr  =  -  , 

a 


tan  B  PH  =  tan  a  = ; 


7 
hence 

y  =  a{x-'a). 

In  order  to  find  the  moving  centroid,  let  us  suppose  the 
point  which  comes  in  contact  with  P  to  He  at  Q  when  the 
point  which  is  guided  along  the  straight  ^  A'  is  at  C.  Now 
if  we  suppose  the  straight  line  QC  to  be  attached  to  the 
moving  system,  we  see  that  this  line  will  take  the  position 
PA  at  the  instant  when  Q  coincides  with  P^  so  that  we  have 
C  Q  =  A  P  =  X.  But  the  moving  system  has  taken  this  posi- 
tion by  leaving  its  initial  location,  which  corresponds  to  the 
position  CB  of  the  guided  straight  line,  and  turning  through 
the  angle  CB  A  =  a,  thus  bringing  the  guided  straight  line 
into  the  position  A  B.  While  the  moving  system  was  turn- 
ing through  the  angle  a,  the  straight  line  CQ  attached  to  the 
system  moved  with  it,  so  that  we  may  conclude  that  CQ 
makes  the  angle  a  with  both  A  P  and  CB.  Now  if  x^  and^, 
represent  the  co-ordinates  of  the  point  Q,  we  have 

tana  =-^'  =z-^  ^     or    ^  =  a^, 
x^      a  a         x^ 

also 


CQ^  AP=^x  •=^^  x^  -^  y^,  hence  x  —a=i  ^  x^  +  ^i'  -  a. 
Now,  since  the  fixed  centroid  is  represented  by  the  equation 
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we  have  for  the  moving  centroid  the  equation : 


a-^,^  WxTTJ^  -  a. 

When  the  motion  just  described  takes  place,  the  path  of 
any  point,  E,F or  Gy  of  the  straight  line  A  B  will  give  certain 
curves  E  E\  FF'  or  G  G'y  which  may  be  employed  for  straight- 
line  motions.  These  curves  can  be  easily  constructed  by 
points,  by  laying  off  from  th^  guided  point  A  on  b,  sufficient 
number  of  positions  of  the  straight  line  A  B,  s.  distance  (say 
A  E  =  e)  equal  to  the  distance  of  the  describing  point  {E) 
from  the  guided  point  A,  We  see  from  this  that  these  curves, 
whatever  the  position  of  the  describing  point  E,  will  approach 
more  and  more  nearly  to  the  straight  line  A  A'  without  ever 
reaching  it,  and  that  these  curves  turn  their  concave  sides  to 
the  guiding  line  A  A'  at  their  vertices  E^F^Gq.  If  one  of 
these  vertices,  as  G^y  lies  beyond  the  fixed  point  B  (the  dis- 
tance being  measured  from  the  guiding  line  A  A')^  />.,  when  e 
is  assumed  greater  than  a^  this  point  will  pass  through  the 
fixed  point  B  twice  during  its  motion,  and  will  therefore 
describe  the  loop-shaped  curve  G.  These  curves  are  called 
conchoids. 

We  can  obtain  the  equations  of  these  curves  in  the  follow- 
ing manner.  Let  x  =  E  L  and  y  =  E  N  be  the  co-ordinates 
of  any  point  E  at  the  distance  A  E  =  Cy  and  let  the  inclina- 
tion of  the  guided  line  to  the  axis  C  B  hQ  A  B  C  =  a,  we  shall 

then  have : 

^  =  (^  —  x)  tan  (Xy 

and  since 


AL       ^  e"  -  X' 
tan  (t  =  ,  —  = 


LE  X 

we  have  for  the  equation  of  the  conchoid : 


jyx  =  {a--x)  ^  e^  —  x^. 

This  equation  holds  for  all  points  Ey  F  and  C,  and  the 
three  cases  represented  by  these  points  differ  in  this,  that  the 
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distance  e  of  the  point  E  is  positive  and  smaller  than  or, 
the  distance  e  oi  Fis  negative  and  the  distance  ^  of  C  is 
positive  and  greater  than  a.  For  x  =  e  wq  get  for  all  the 
curves^  =  o,  which  corresponds  to  the  vertex  of  the  curve; 
for  every  value  of  x  numerically  smaller  than  e  we  get  two 
equal  real  and-opposite  values  for,;',  from  which  follows  that 
the  curves  are  symmetrical  to  the  axisC^.  If;ris  taken 
greater  than  e,  we  have  an  imaginary  square  root  and  there- 
fore no  point  of  the  curve.  Hence  x  can  only  vary  between 
o  and  e.  If  in  an  equation  for  the  curve  G^  ue.y  when  e>  Uy 
we  substitute  jr  =  ^?,  we  shall  get  ^  =  o ;  ue.y  all  conchoids  of 
the  third  kind  for  which  e>  a  form  loops  which  intersect 
at  the  fixed  point  B.  When  ^  =  ^  the  loop  reduces  to  the 
point  B. 

The  present  case  may  be  discussed  in  the  same  way  as  the 
elliptical  guide,  ue.y  we  can  obtain  a  straight-line  motion 
along  the  line  A  A'  for  the  point  A  of  the  beam  -^  ^  if  we 
guide  any  one  point  E,  For  G  of  the  beam  in  its  own  con- 
choid, and  at  the  same  time  compel  the  beam  to  pass  through 
the  fixed  point  B ;  hence  it  will  suffice  for  most  practical 
cases  to  replace  a  portion  of  the  conchoid  extending  to  both 
sides  of  the  vertex  by  a  circular  arc  having  three  points  in 
common  with  the  exact  conchoid.  For  this  we  may  employ 
the  vertex  of  the  curve  and  the  two  extreme  points  corre- 
sponding to  the  greatest  angle  of  deviation  of  the  beam  on 
each  side  of  CB.  This  arc  agrees  sufficiently  well  with  the 
conchoid,  as  long  as  the  angle  of  deviation  a  is  not  too  great, 
say  not  more  than  20°  to  25°.  As  the  deviation  of  the  beam 
on  both  sides  of  the  axis  CB  is  the  same,  the  centre  of  the 
circular  approximation  will  fall  into  the  line  CB  and  will 
serve  as  the  axis  of  the  radius  bar.  Therefore  if  we  know 
the  greatest  angle  of  deviation  a  =  A  B  C  of  the  beam,  and 
the  distance  e  =  A  E,  A  F  or  A  G  of  the  point  guided  by  the 
radius  bar,  we  can  find  the  axis  M  of  the  latter  by  finding 
the  centre  of  the  circle  passing  through  the  three  points 
EE^E'y  FF^F'  or  GG^G  respectively.  To  do  this,  for 
example  for  the  point  Ey  it  is  only  necessary  to  draw  the 
chord  ££0  and  erect  a  perpendicular  at  its  middle  point; 
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the  intersection  of  this  perpendicular"  with  the  axis  -5  C  will 
give  the  required  centre  M. 

On  the  other  hand,  if,  instead  of  knowing  the  position  of 
the  point  E  guided  by  the  radius  bar,  we  know  the  centre  M 
by  its  distance  C  M  =  c  from  the  straight  path  A  A\  we  may 
find  the  position  of  E  by  laying  off  from  A  on  the  outermost 
position  of  the  beam,  the  distance  A  AT  =  CM  =  r,  and 
erecting  a  perpendicular  at  the  middle  M^  of  the  line  MM ; 
this  perpendicular  will  intersect  the  beam  at  the  point  E. 
That  this  construction  is  correct  will  be  evident  if  we  sup- 
pose the  radius  bar  turned  about  E  till  it  coincides  in  direc- 
tion with  the  beam  A  By  for  then  the  radius  bar  will  project 
beyond  the  beam  a  distance  C  M  =  c. 

The  required  length  r  = -^^  of  the  radius  bar  can  be 
easily  determined  by  calculation.  The  equation  of  a  circle 
whose  centre  is  at  M  and  whose  radius  r  =  ME^  =  ^  +  ^ 
when  the  origin  of  coordinates  is  at  C,  is  as  follows  :    . 

or 

;r*  —  2  ^  jr '-f  y  =  ^  —  2 ^^. 

If  this  circle  is  to  pass  through  the  point  -£,  the  co-ordi- 
nates 

X  =  e  cos  oc,     and    y  =  a  tan  a  —  e  sin  a  (see  figure) 

of  the  latter  must  satisfy  the  equation  of  the  circle,  that  is : 
^  cos^  a  —  2cccos  a'\-c^tatf  a^iaetanasinfr+i^siff  a^^—2ce; 
or  after  reduction 

2a e Ian  a  sin  ot  —  a' /an'  a 


c  = 


2  r  ( I  —  cos  a) 


If  in  this  we  substitute  2  a  tan  «  =  j,  where  s  is  the  stroke 
of  the  piston,  we  shall  have 

AS e sin  at  ~-  s*  . 

c  =  T„ and    r^e-^c. 

8^'(i  —  cos  ay 
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The  centre  M  of  the  radius  bar  falls  on  the  straight  line 
A  A  when  r  =  o,  i>.,  when  a*  tav?  a  =  2  a  e  tan  a  sin  a,  or 
a 


e= . 

2  cos  a 

According  as  the  position  of  the  point  guided  by  the 
radius  bar  lies  between 
A  and  By  beyond  A  or 
beyond  By  we  may,  as 
in  the  case  of  elliptical 
guides,  distinguish  three 
kinds  of  conchoidal  guides 
represented  by  the  figures 
376,  377  and  378.  The 
oldest  of  these  is  shown 
in  Fig.  378,  and  is  due  to 
Reichenbach.  The  straight-line  motion  obtained  by  its  means 
is  said  to  be  particularly  accurate  when  MGorr  is  taken 

a  ■¥  e 


equal  to  MB  or  ^  —  a,  />.,  r'= 


If  we  place  this  value 


equal  to  the  above  expression  for  c  we  shall  get 


a  •¥  e  _^2  ae  tan  a  sin  a—  a*  ta?^  a   , 
2  2e{\  —  cos  a)  ■ 

as  the  equation  of  condition  for  the  ratio  of  ^  :  ^. 

The  second  kind  of  guides,  Fig,  377,  is  but  little  used, 

because    the    approximately    straight    path    which    it    de- 
scribes is  short. 
^^^•377.  The    first    kind 

of  guide,  Fig. 
376,  is  better 
suited  for  prac- 
tical construc- 
tion than  the 
second,  *  provid- 
ed the  radius 
bar  ris  not  taken 

too  short,  i.c.y  provided  the  point  E  is  not  assumed  too  far 

89 


K 
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itom.A.  For  the  case  in  which  the  axis  of  the  radius  bar 
falls  on  Hie  line  A  A',  i.e.,  at  C,  we  have,  as  was  before  men- 
tioned : 

_2ae  tan  asitt  a  —if  tatf  a  _ 

~  2e{\  ~  cosa)  ~ 


from  which  follows  f  =  ,  in  other  words,  the  point  E 

2  cos  a  '         ^ 

guided  by  the  radius  bar  lies  half  way  between  A  and  B,  as 
in  Evans'  straight-line  motion,  when  the  beam  is  in  its  outer- 
most position.     If  E  is  assumed  nearer  to  A,  Fig.  376,  M 

Fig.  378.  Fig.  379. 


moves  away  from  C,   for  e  then   becomes  negative ;   if   we 

assume  a  lai^er  value  for  e  the 

^  "*  axis  M  will  fall  between  C  and 

B,  but  such  an  arrangement  is 

not  to  be  recommended. 

As  regards  the  arrangement 
of  the  radius  bar,  remarks  simi- 
lar to  those  made  in  connection 
with  the  elliptical  guides  are 
again  applicable.  For  if  we  sul>- 
stitute  a  circular  arc  for  the  con- 
choidal  arc,  the  two  arcs  having 
the  middle  point  and  the  two 
extreme  points  in  common,  Fig. 
379,  the  circular  arc  will  deviate  to  the  same  side  of  the  con- 
choid both  at  T'and  at  T'.    Consequently  if  the  circular  arc 
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were  passed  through,  say  the  middle  of  the  deviations  U  T 
and  U'T\  the  arc  would  cut  the  conchoid  in  four  points 
and  would  deviate  slightly  to  both  sides  of  the  latter. 

It  is  evident  that  the  conchoidal  guides  may  be  inverted, 
the  point  A  being  brought  to  rest  by  the  additional  motion 
—  s  and  the  guided  piston  rod  united  to  the  bearings  of  B 
and  M.  In  this  way  the  arrangement  shown  in  Fig.  380 
may  be  obtained  from  ReichenbacIC s  straight-line  motion, 
the  beam  A  G  being  double  in  order  that  the  piston  rod  R 
and  its  cross-head  B  M  may  work  in  the  intermediate  space. 

■ 

§  102.  Ltemnlteate  Onfdes  and  Linkages  for  Producing 
Rectilinear  Motion « — We  may  likewise  find  an  approximate 
parallel  motion  by  discussing  a  certain  motion  of  a  straight 
line.  For  if  we  suppose  a  straight  line  or  rod  C  D^  Fig.  381, 
to  be  so  moved  that  two  of  its  points  C  and  D  move  on  two 
fixed   circles  having  centres  A  and  By  say  by  uniting  the 

Fig.  381. 


points   C  and  D  by   radial   arms   turning   about  A  and  B 
respectively,   then   will   any   point    G  of  this  straight   line 
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describe  a  peculiar  looped  line  GG'  H]  having  a  resemblance 
to  the  figure  8,  and  known  in  geometry  as  a  lemniscate.  This 
curve  is  a  line  of  the  fourth  degree  ;•  the  development  of  its 
equation  is  a  long  operation,  and  can  be  avoided  for  the 
present  purpose,  for  only  a  portion  of  the  curve  is  needed 
to  produce  this  straight-line  motion.  In  the  figure,  succes- 
sive positions  of  the  straight  line  CD  are  represented  by 
I,  I,  2,  2  .  . ,  12,  12.  If  we  join  the  centres  of  the  guiding 
circles  by  the  straight  line  A  -5,  we  see  that  this  line  must  be 
an  axis  of  symmetry  of  the  curve,  because  for  every  position  of 
the  straight  line  C D^  for  example  that  shown  in  i,  i,  there  is 
another  7,  7,  which  with  the  first  is  symmetrical  with  respect 
to  the  line  of  centres,  i>.,  so  situated  that  the  radii  drawn 
from  A  and  B  to  the  points  i  and  7  make  equal  angles  on 
opposite  sides  of  the  line  of  centres  A  B,  Of  course  the  two 
corresponding  positions  of  the  describing  point  G  are  also 
symmetrically  situated  with  respect  to  A  B,  the  positions  of 
G  being  represented  in  the  figure  by  the  same  numbers  (in 
this  case  by  I  and  7).  It  is  also  plain  that  during  every 
complete  period  of  the  motion,  the  describing  point  C,  what- 
ever its  position  between  C  and  /?,  must  pass  twice  through 
the  line  of  centres,  crossing  the  latter  on  that  portion  KL 
included  between  the  two  circumferences,  so  long  as  the 
point  G  lies  between  A  and  B.  This  assumption  that  G  lies 
between  C  and  D  will  be  maintained  for  the  present.  From 
the  symmetrical  form  of  the  curve  with  respect  to  the  line  of 
centres,  it  follows  that  the  two  passages  of  the  describing 
point  G  across  the  line  of  centres  must  take  place  at  one  and 
the  same  point  O,  Consequently  every  lemniscate  must 
have  a  double  point  at  which  the  curve  intersects  itself,  all 
the  double  points  O  of  lemniscates  described  by  the  different 
points  G  lying  upon  the  line  of  centres  A  B.  When  the 
describing  point  G  coincides  with  either  of  the  guided  points 
C  or  Dy  the  lemniscate  reduces  to  the  corresponding  circular 
arc,  both  branches  of  the  curve  coinciding  and  the  double 
points  lying  at  intersections  K  and  L  of  the  line  of  centres 
with  these  circles.  These  points  K  and  L  are  twice  traversed 
by  C  and  -O,  while  the  straight  line  C D  \%  passing  through 
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positions  which  are  symmetrical.  These  positions  for  the 
point  L  are  represented  by  6, 6  and  I2,  I2,  The  figure  shows 
moreover  that  the  extreme  points  of  the  arcs  described  by 
C  and  Dy  namely,  5,  11,  3  and  9,  are  obtained  when  the 
straight  line  CZ?  coincides  in  direction  with  the  opposite 
radial  arm,  i>.,  with  B  $,  B  11,  A  ^  and  A  9  respectively. 

That  position  of  the  guided  straight  line  CD  in  which  the 
two  radial  arms  A  C  and  B  D  are  parallel  is  of  particular  in- 
terest. These  positions  are  represented  in  the  figure  by  i,  i 
and/, 7.  An  examination  of  the  position  i,  i  shows  that  at 
this  instant  the  straight  line  CD  has  an  infinitesimal  motion 
about  an  instantaneous  centre  infinitely  distant  in  the  direc- 
tion of  the  radii  A  I  and  B  \,  for  according  to  §  7  of  the  In- 
troduction, the  instantaneous  centre  for  the  motion  of  the 
rod  is  found  at  the  intersection  of  the  normals  to  the  paths 
of  the  guided  points  CandZ>.  Now,  a  rotation  about  an  in- 
finitely distant  point  lying  in  the  direction  of  the  parallel 
radii  is  equivalent  to  a  rectilinear  motion  in  a  direction  E  F 
perpendicular  to  the  radii,  and  we  may  therefore  .conclude 
that  at  the  instant  when  the  radial  arms  are  parallel,  all  points 
of  the  rod  CD  describe  paths  which  have  one  and  the  same 
direction  E  i^  perpendicular  to  the  radial  arms.  The  tangent 
E  Fis  drawn  for  the  point  C  in  its  position  i.  It  should  be 
noticed  that/^«r  different  parallel  tangents  may  be  drawn  to 
the  path  of  any  point,  and  parallel  to  a  given  direction,  for 
example,  to  the  direction  E  F^  for  the  lemniscate  is  of  the 
fourth  degree.  We  can  easily  find  the  position  of  these 
points  graphics^lly,  if  we  draw  the  corresponding  positions  of 
the  instantaneous  centres.  For  example,  the  point  G  of  the 
path  drawn  is  such  that  its  tangent  is  parallel  to  E  F  when  G\ 
which  corresponds  to  the  position  A  C  D  B  of  the  system,  lies 
in  such  a  position  that  the  instantaneous  radius  PG  becomes 
perpendicular  to  the  direction  EF,  The  instantaneous  cen- 
tre P  is  found  at  the  intersection  of  the  two  radial  arms  A  C 
and  BD'f  and  it  is  evident  from  what  has  been  said,  that  at 
the  instant  in  question,  the  point  G'  describes  the  element  of 
a  path  perpendicular  to  the  radius  P  G  and  therefore  parallel 
to  EF.     In  like  manner  we  could  find  two  other  points  of 
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the  curve  (in  the  vicinity  of  5  and  9)  whose  tangents  are  par- 
allel to  E  F^  but  it  is  unnecessary,  since  only  that  portion  of 
the  curve  lying  near  the  double  point  O  is  used  for  the 
straight-line  motion. 

A  closer  examination  of  the  lemniscate  shows  that  a  por- 
tion of  the  curve  on  both  sides  of  the  point  G  diflfers  but  little 
from  the  straight  tangent  at  this  point,  so  long  as  the  angles 
of  deviation  in  both  directions  of  the  radial  arms  A  C  and 
B  D  are  not  large.  Therefore,  if  we  regard  the  parallel  posi- 
tions of  the  radial  arms  as  their  middle  positions,  we  may 
with  sufficient  accuracy  for  practical  purposes  regard  the  path 
of  the  point  6^  as  a  rectilinear  one,  and  may  unite  a  piston 
rod  to  the  rod  CD  at  this  point  G*.  Until  now  the  point  G 
has  been  arbitrarily  assumed  upon  C  D,  but  it  is  evident  that 
the  paths  of  all  the  points  of  CD  do  not  lie  equally  close 
to  a  straight  line  parallel  to  E  Fy  and  that  these  paths  ap- 
proximate more  closely  to  the  circular  arcs  described  about 
A  and  B  respectively,  the  nearer  the  point  G  is  to  the  guided 
point  C  or  D.  In  order,  therefore,  to  find  the  most  suitable 
position  for  G,  />.,  to  find  the  position  for  which  the  deviations 
of  the  actual  path  from  the  ideal  rectilinear  one  are  as  small 
as  possible,  we  must  add  one  more  condition.  The  condition 
generally  chosen  is  that  the  rectilinear  path  along  which  the 
end  of  tlie  piston  rod  is  guided^  7nust  not  only  pass  through  iJie 
middle  position  of  the  point  Gj  but  also  through  its  two  ra- 
trente  positions.  This  is  the  same  condition  to  which  the 
elliptical  and  conchoidal  guides  are  usually  subjected.  This 
condition  renders  the  position  of  the  point  G  between  C  and 
D  no  longer  indeterminate,  and  also  prescribes  a  certain  posi- 
tion of  the  points  A  and  B  relatively  to  each  other — in  other 
words,  a  certain  ratio  of  the  lengths  of  two  radial  arms  A  C 
and  B  D,  as  will  be  shown  in  what  follows.  Let  -5,  Fig.  382, 
be  the  axis  of  one  radial  arm  and  B  D  its  middle  position,  so 
that  the  extreme  positions  B  D^  and  B  D^  form  the  equal 
angles  ^-5^=  A^^  = /^  with  the  middle  position  B D. 
Draw  perpendicularly  to  B  D  through  a  point  /,  arbitrarily 
chosen  for  the  present,  the  direction  of  the  stroke  G^,  G„  and 
at  the  points  D^,  D  and  D^  lay  off  the  link  D  C  so  that  its 
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point  G  will  fall  on  the  direction  of  the  stroke ;  as  the  dis- 
tances of  G  from  C  and  D  are  represented  respectively  by 
C  G  =  /,  and  DG^  l^  we  have  D^G^-DG^D^  G^  =  4 
This  gives  us  the  three  positions  C„  C  and  C,  of  the  other 

Fig,  382. 


end  of  the  link  D  C,  and  through  these  three  points  C„  C  and 
C2  we  can  pass  a  circle  whose  centre  A  is  the  axis  for  the 
second  radial  arm  A  C.  It  is  required  of  this  second  radial 
arm  that  A  Che  its  middle  position,  and  that  it  be  parallel  to 
BD.  It  is  clear  that  when  this  is  the  case  the  chord  C,  C, 
will  be  perpendicular  to  A  C,  and  therefore  parallel  to  the 
chord  D^  D^  of  the  first  radial  arm,  and  also  parallel  to  the 
direction  of  the  stroke  G^  G^.  Now,  since  2?,  C,  =z  D^G^  =  l„ 
the  extreme  positions  Z>,  C^  and  D^  C^  of  the  link  D  Cmust  be 
parallel,  and  it  follows  from  this  that  D^  C,  C,  D^  is  a  parallel- 
ogram, and  that  the  chords  of  ike  two  arcs  are  equal  to  each 
other  and  to  the  piston  stroke  s,  />.,  C,  Q  =  D^D^=  C,  G^  =  J. 
If,  therefore,  a  represents  the  angle  of  deviation  C^AC 
=  C^A  Cof  the  second  radial  arm  and  r,  and  r,  the  lengths 
of  the  radial  arms,  we  shall  have 


r, stn  a:=r.stnp  ^  — . 
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Let  a  and  b  be  the  co-ordinates  of  the  centres  A  and  B 
referred  to  a  system  of  rectangular  co-ordinates  whose  origin 
is  at  Oand  whose  axes  pass  through  A  and  jB,  and  let  Xi»  Yo 
and  X,  be  the  angles  made  by  the  link  with  O  B,  the  axis  of 
Xy  when  the  link  is  in  positions  C,  Z>„  CZ?and  C,  /?,,  then  if 
we  make /^  +  1^  =  /vie  shall  have  from  the  figure : 

• 

OA  =  a  =  lsiny^; 

also 

a  =  E  Cj-i-  /sin  y^  —  A  P—  I  sin  y,. 

From  this  immediately  follows  that  Yo  =  Yxt  '^^^-yKcosy^ 
=  4^:^^  yx»  or  DJ  =  /  F.  The  assumed  arrangement  is  there- 
fore possible  only  when  the  direction  of  the  stroke  passes 
through  the  middle  of  the  rise  FD  of  the  arc  D^D  D„  and  in 
this  case  the  rise  E  C  oi  the  arc  described  by  the  other  radial 
arm  is  also  bisected  at  H  by  the  direction  of  the  stroke,  for 
we  have 

/^  cos  y^  =  /,  cos  y^z=zCHz=  HE. 

For  the  rises  E  C  =  e^  and  FD  =  e^  we  have : 

^x  =  ''i  (l  ""  ^OS  «)  ;      ^a  =  ^a  (l  —  cos  /3), 

and 

From  the  condition  governing  the  relative  position  of  the 
two  radial  arms  we  may  also  find  a  perfectly  determinate  re- 
lation between  their  lengths  r,  and  r,.  According  to  a  well- 
known  geometrical  property  of  the  circle,  we  have : 


or  since 


we  have 


C,E'  =  EC{2r,'-£C); 


s 
CjE  =  —  =  rj  sin  a  =  r^sin  fl^ 


(r^sin  fiy  =  c,(2  r, -- e^j. 
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Since,  moreover, 

it  follows  that 

'a 


= ''- j^ -=  '^  Q-'i + i""  0- 

By  means  of  this  equation  any  one  of  the  four  quantities 

■ 

r„  r„  fi  and  -  may  be  determined  when  the  other  three  are 
known.  For  example,  if  r,,  y^and  r,  are  given,  we  can  find 
the  ratio  j=  nol  the  distances  on  the  link  from 

^a 


by  jneans  of 


r^      n        2  2 


•  a  P     ^a  2 


or 


'      2r,sm'^       ^    4r,'svi*- 

_  I  -  i/WF^" 


2 


2  Jl«*  - 
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When,  as  is  generally  the  case,  the  stroke  s  is  given  instead 
of  the  angle  /?,  we  place 


cos  fi  = 


_i^_ 


=/^ 


and  get 


-5[K'y-.^>i(-i/-.^)]- 


In  like  manner  when  s,  fi  and  j  are  given,  we  find  the  radii 


^a  = 


2sin  p 
and 


Tx- 


(^-.^l^wl) 


2  j;>»  /y 

For  the  case  in  which  r,  =  r,  we  obtain  a^  ^  from 

s=  2r^sin  a=^  2 r,  j/«  /?  ,     also    ^,  =  <?2»    and  therefore  /,  =/^ 

This  last  arrangement  is  the  most  useful,  because,  as  will 
be  shown  later,  it  gives  the  closest  approximation  to  the 
exact  rectilinear  path.  We  easily  see  from  Fig.  381  that 
with  this  arrangement  the  middle  position  of  the  point  G 
falls  on  the  line  of  centres  A  B  and  coincides  with  the  double 
point  O  of  the  lemniscate,  which  is  impossible  when  the 
radial  arms  have  unequal  lengths  r,  and  r,.    When  the  angle 

of  deviation  ft  is  small,  we  can  assume  that  siti^  -  =  o  and 

2 

cos^  -  =  I  approximately,  and  then  get : 

r,      4' 
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!>.,  the  lengths  of  the  radius  rods  vary  inversely  as  the  corre- 
sponding distances  on  the  link,  when  the  angle  of  oscillation  is 
small. 

The  co-ordinates  of  the  centres  A  and  B  may  be  easily 
found  from 


a  =  V(/,  +  l,y  -  i  (^.  +  e,y  =(!+«)  V/,"  -ir,»(i  -  cospy 
where  n  is  the  ratio  j  ,  and 

*  =  r,  +  r,-  i(^i  +  .^a)  =  ^i  -^r^-ii^  +  »)  ^a(i  -  cos p). 

Although,  as  has  already  been  stated,  the  greatest  ac- 
curacy in  the  straight-line  motion  is  attainable  when  the  two 
radius  rods  are  of  equal  length,  it  is  sometimes  necessary  to 
deviate  from  this  condition,  and  sometimes  considerations  of 
economy  of  space  require  that  both  centres  should  lie  on  the 
same  side  of  the  piston  rod  that  is  to  be  guided,  in  which 
case  all  consideration  of  equality  of  length  in  the  radius  rods 
is  excluded.  For  such  an  arrangement  of  the  radius  rods 
the  same  considerations  obtain  as  in  the  arrangement  hitherto 
discussed,  as  may  be  seen  from  the  following. 

Let  A  C  and  B  D,  Fig.  383,  be  two  radius  rods  whose 
centres  are  at  A  and  B  and  whose  ends  C  and  D  are  again 
connected  by  the  link  C  Z>,  then  will  any  point  of  the  latter 
likewise  describe  a  lemniscate,  and  to  it  apply  remarks  simi- 
lar to  those  made  with  reference  to  the  case  of  Fig.  381.  The 
line  of  centres  A  B  is  again  an  axis  of  symmetry  for  every 
curve  whose  double  point  O  falls  upon  it  {A  B),  also-  every 
point  moves  in  a  direction  perpendicular  to  the  radius  rods 
at  the  instant  when  the  latter  are  parallel.  Therefore,  if  we 
again  start  with  the  supposition  that  the  stroke  of  the  piston 
rod  is  perpendicular  to  the  parallel  position  of  the  radius  rods, 
and  again  require  that  the  condition  "be  fulfilled  that  the 
point  G  in  its  highest,  middle  and  lowest  position  shall  fall 
in  the  direction  of  the  stroke,  then  by  a  construction.  Fig. 
384,  perfectly  analogous  to  that  employed  in  Fig.  382,  we 
can  find  the  position  of  the  point -4  and  the  length  A  Cwhen 
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B  Dy   the  stroke  s=  D^  D^  and  the  distance  J)^G^^  D  G 
=  -^a  ^a  =  h  of  the  guided  point  G  from  D  are  given.     The 

present  case  differs 


Fig.  383. 


from  the  preceding 
one  in  that  the 
guided  point  G  no 
longer  lies  between 
the  points  C  and  D^ 
but  outside ol  C D\ 
for  if  it  did  not  lie 
outside  the  two 
centres  A  and  B 
could  not  lie  on  the 
same  side  of  the  re- 
quired straight  line. 
Further  investi- 
gation shows  that 
here  also  the  chords 
of  the  arcs  describ- 
ed by  the  radius 
rods  are  equal  to 
each  other  and  to 
the  stroke : 

•=^2r^  sin  a 

=  2  r,  sin  y^  =  J, 


and  that  the  rises 
of  these  arcs  C  E=^ej^  and  D  F'=-  e^  are  bisected  at  H  and  J 
by  the  direction  G^  G^  of  the  stroke.  If,  as  before,  we  repre- 
sent the  distances  of  the  guided  point  G  from  C  and  D  by 
G  C  ^l^  and  G  D  ^  l^\f^  shall  also  have  the  relation  : 

Finally,  we  obtain  exactly  as  before  from 

C^B  =  E  C{2r,  -EC) 
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,  =  ,.  (4..^  ^  A  „^  1). 


Fig.  384. 


For  the  distance  of  the  centres  we  have  here  : 


a=  V(/a-/0'-i(^,-^,)^ 


=  (!-;/)  V/a'-ir/(i  -COS  fsy, 
b-  r,  -r,  +  \{e^  ~  ^1)  =  ^  -  r,  +  i(i  -  n)  r,(i  -  cos  fi). 

By  means  of  this  equation,  as  was  shown  above,  we  may 

find  any  one  of  the  four  quantities  r„  r„§y  and  y ,  when  the 

other  three  are  given,  the  calculation  offering  no  difficulties 
when  the  stroke  s  is  given  instead  of  r  or  ^,  From  what  has 
already  been  said,  it  is  evident  how  the  radius  r,  may  be 
found  graphically  when  r,  /?,  and  /,  are  given.  In  an  equally 
.  simple  manner  the  unknown  quantities  may  be  found  when  any 
three  other  quantities,  independent  of  each  other,  are  given. 
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For  example,  If  besides  r,  and  fi  we  know  the  position  of 
the  centre  A  to  B,  Fig.  385,  we  have  in  Z>,  Z>,  the  stroke  s 
and  in  Z>-Fthe  chord  e^    Therefore  if  we  draw  through  the 

Fig.  385.  • 


EHOlf 


middle/ of  jD/^the  direction  G^  G^  of  the  stroke,  it  will  evi- 
dently cut  off  from  A  C,  which  is  parallel  to  B  D^^  portion 

€ 

A  H  =^  r.  — ^ .     Now,  since 

2 


C  E* 
we  can  easily  construct  r,  =  — h-jj  by  making  H  L  ^  F D^ 

7=.  - ,  then  laying  o^  AK  =  H A  and  erecting  a  perpendicu- 

\diT  LN  to  K  L  at  Z,  we  shall  have  in  H  N  the  rise  r„  and  in 

KN 

the  radius  r„  etc.    In  like  manner  the  construction  may 

be  easily  made  when  r„  r,,  and  P  are  given.  For  the  chord 
of  the  sector  whose  radius  is  r,  and  angle  at  the  centre  2  /3 
gives  us  immediately  the  stroke  j,  which  when  applied  to  a 
circle  having  the  the  radius  r„  gives  the  angle  or  and  the  rise 
r,.  Then  if  the  two  sectors  be  so  arranged  that  the  middle 
radii  are  parallel  and  the  middle  points  of  the  rises  lie  on  the 
same  normal  to  the  radii,  all  the  relations  will  be  determined. 
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The  distance  a  of  the  parallel  radius  rods  of  course  depends 
on  the  magnitude  /,  +  /,  or  /,  —  /„  according  as  the  radius 
rods  lie  on  opposite  sides  or  on  the  same  side  of  the  stroke. 

A  simple  lemniscate  guide  is  shown  in  Fig.  386.  The  two 
equal  radius  rods  A  Cand  B  D  are  united  by  a  link  CD, 
whose  journals  G  G  are  connected  to  the  piston  rod  K  and 
the  connecting  rod  EF.    The  latter  serves  to  convert  the  ro- 

FiG.  386. 


tary  motion  ■  of  the  crank  WE  into  a  reciprocating  sliding 
motion  of  the  piston  rod.  From  the  right  hand  portion  of 
Fig.  386,  wc  can  readily  see  the  arrangement  of  the  mechan- 
ism, and  particularly  how  the  forked  end  LFL  of  the  con- 
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necting  rod  encloses  the  pin  G^  whose  central  portion  is  keyed 
to  the  piston  rod  M K.  The  link,  as  well  as  the  radius  rods, 
is  double,  thus  avoiding  one-sided  action,  and  diminishing 
the  resulting  lateral  motion  of  the  rods. 

§  103.  BeTlatlon  from  Exact  Rectilinear  Motioii. — ^The 
motion  of  the  point  which  is  guided  by  radius  rods  is  not  per- 
fectly rectilinear,  but  the  deviations  which  take  place,  when 
the  proportions  have  been  correctly  chosen  and  the  angle  of 
oscillation  of  the  radius  rods  is  not  assumed  too  large,  are  so 
insignificant  that  they  may  be  neglected  in  practical  con- 
structions. This  is  the  more  allowable  as  the  unavoidable 
inaccuracies  occurring  in  the  construction,  and  particularly 
in  the  setting  up  of  the  machinery,  are  usually  much  more 
considerable.  From  the  form  of  the  lemniscate,  it  is  evident 
that  the  deviations  from  a  straight  line  will  be  greater  the 
greater  the  angle  of  oscillation  of  the  radius  rods,  conse- 
quently the  lengths  of  the  radius  rods  are  usually  made  so 
large  in  comparison  with  the  stroke  that  the  angles  of  devia- 
tion a  and  fi  remain  small.  For  example,  a  rule  often  fol- 
lowed is  to  make  the  length  of  a  radius  rod  not  less  than  one 
and  a  half  times  the  stroke,  and  this  rule  r  =  1.5  j  gives  for  the 
angle  of  deviation  on  each  side  of  the  middle  position : 

s        I 
sin  a  =  —  =  -,  or  a  =  19°  30'  ==  about  20**. 

Now  although  with  such  proportions  the  deviations  of  the 
guided  point  from  a  rectilinear  path  are  so  slight  that  it  is 
seldom  necessary  to  even  determine  them,  nevertheless  the 
investigation  of  these  deviations  is  of  interest,  because  it  en- 
ables us  to  recognize  the  influence  exerted  by  the  different 
elements  of  the  construction  on  the  magnitude  of  such  de- 
viations. 

Let  the  axis  Ay*  Fig.  387,  be  taken  as  the  origin  of  a  rect- 

*  In  the  following  investigation  use  was  made  of  an  article  by  y.  Lueders^ 
Zeitschr.  deutsch.  Ing.,  i860,  p.  83. 
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angular  system  of  co-ordinates ;  let  A  X^  the  positive  axis  of 
X^  coincide  with  the  middle  position  A  C  ol  the  radius  rod  ; 
and  let  ^  F  be  the  direction  of  the  positive  axis  of  F,  so  that 


the  ordinates  of  B  may  be  represented  by  a  and  h.  More- 
over, let  or,  Yy  and  P  represent  the  angles  made  by  the  direc- 
tions A  C,  C Dy  and  D  B  with  the  axis  of  X^  so  that  these 
angles  can  be  taken  positive  or  negative  according  as  the  po- 
sitions of  the  points  C,  D,  and  B  deviate  from  the  points  A, 
Cy  and  D  respectively  to  the  positive  or  negative  side  of  the 
axis  of  Yy  and  let  these  angles  in  the  highest,  middle  and 
lowest  position  be  represented  respectively  by  or,  a^ot^  y^  y^  y„ 
and  (iif^Q^r  ^^  have  accordingly,  ar,  =  —  or, ;  «'o=0;  /?j 
=  yS, ;  /7^  =  o ;  y^=.  y^*^  Ko  +  /i  =  l8o°  (this  last  equation  is 
true  only  when  C,  G^  =  G^  D^),  The  angle  yy  so  far  as  it  is  here 
to  be  considered,  is  always  positive,  and  is  but  little  greater 
or  less  than  90°.  Let  the  distances  of -the  guided  point  G  from 
C  and  D  be  again  represented  by  /,  =  CG  and  /^=  G  D,  also 
/=  4  ±  /,  =  CD. 

We  now  have  for  the  co-ordinates  x  and  y  of  any  point  of 
the  lemniscate  described  by  G  the  equations : 

x=  r^  cos  a  +  li  cos  y (i) 

^  =  r,  sin  a  -{■  \  sin  y (2) 

30     ' 
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Moreover  the  arrangement  of  the  whole  system  is  repre- 
sented  by  the  equations : 

r^  cos  a  +  r^  cos  fi  =  b  ^  I  cos  y  =^  B  ,     .     .     (3) 
and 

r,  sin  a  \  r^sin §  ^a^  I siny'=^A  ,    .     .     (4) 

representing  b^  I  cosy  hy  B,  and  a  —  I  sin  y  by  A. 

For  the  distance  of  the  line  G^,  G2  from  A^  we  have  from 
the  preceding  article  : 

C  T 

x^  =  r^  cos  o',  +  -  =  r,  cos  o^i  +  -  ( i  —  cos  a,) 

=  -  (i  +  cos  a\ 
2 

If,  therefore,  /  represents  the  error  or  deviation  from  the 
straight  line  G,  G^  of  any  point  of  the  lemniscate  whose  co- 
ordinates are  x  and  7,  we  have  for  this  deviation, 

or,  according  to  i : 

-r                    .    /                    I  +  cos  a.  ,. 

fziz  r,  cos  a  +  l^cosy  ^  r, .    .     .     (S) 


It  is  only  of  interest  to  know  the  greatest  deviation.  The 
latter  evidently  obtains  where  the  lemniscate  has  a  tangent 
parallel  to  the  direction  of  the  stroke  G,  G„  and  consequently 
also  parallel  to  the  axis  of  K  This  position,  as  is  well  known, 
is  given  by : 

6x 


dy 


=  0. 


6x 
This  value  of  -«—  is  obtained  by  differentiating  i  and  2 

6x  _       r,  sin  a  ^  a  ->r  l^  sin  y  6  y 

dy  r^cos  ocd  a  '\-  /,  cosy  6  y'^    ' 
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j>.,  for  the  position  of  greatest  deviation  we  have : 

r,  sin  a  6  a  +  l^  sin  y  d  y  =  o^ 

or 

dct  _____/,  siny 
6y  r^sina' 

S  a 
The  general  expression  for  -j —  is  found  by  differentiat- 
ing 3  and  4,  thus  getting : 

—  r,  sin  ada^r^sinPdft=^lsinyd  y, 

and 

r^cos  a  d  a  +  r^cos  /SS  /3  =  —  Icos  y  S  y. 

Deducing  two  expressions  for  6  ft  from  these  equations 
and  placing  them  equal,  we  get : 

rf/?  —  —  I  sin  y  S  y  —  r^  sin  ad  a 
""  r,  sin  p 

—  I  cos  y  S  y  —  r^cos  ad  a 


r,  cos  P 
from  which  we  obtain : 

^  (cos  a       sin  a\      ^        .  fstn  y      cos  y\ 

\cos  p       sin  p  J  \stn  p      cos  PJ 

hence 

6  a  __  I  sin(y  —  P) 
d y  '~^  Tj sin (p  —  a)' 

ft 
This  general  expression  for  --^ —  must  now  be  placed  equal 

to  the  expression  calculated  above  for  the  greatest  deviation, 
and  we  then  have : 
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/  sin  {y  --  fi)  _      /,  sift  y   ^ 
sin  (/3  --  a)  sin  a 

Expanding  and  dividing  both  sides  by  sin  a,  sin  A  sin  y, 
we  get : 

I  cot  y  ^  l^cot  a  '\-  l^cot  ft (6) 

It  is  now  a  question  of  expressing  cot  a  and  cot  ft  in  terms 
of  Yy  for  which  purpose  we  employ  equations  3  and  4,  deduc- 
ing from  them  : 

sin^  ft  +  cos'  ft y     and     sit^  a  +  cos^  cos  a^) 

and  placing  these  expressions  equal  to  i.     W. 

(r,  sin  fty  +  (r,  cos  ftf  =  r/  =  {A  —r^  sin  ay  -t  {B  —  r^  cos  af, 

expanded  this  becomes : 

2  r,  {A  sin  a  -h  B  cos  a)  =  A'  +  &  +  r^'  —  r^'  —p; 
in  like  manner  we  get  from 

(r,  sin  ay  +  (r,  cos  ay  =  r,'  =  {A  —  r^  sin  fty  -^  {B  —  r^  cos  fty, 

after  expansion :  • 

2  r^{A  sin  ft  -^  B  cos  ft)  ^  A'  +  B*  ■{■  r/  -  r,*  =  y, 
when  for  the  sake  of  brevity  we  make 

and 

A'  +  B^  +  r;  -  r,'  =  g. 

*  This  equation  may  easily  be  deduced  from  Fig.  381,  and  has  a  significance 
that  is  evident  from  the  figure.  For  if  G'  is  the  point  of  the  curve  which  has  a 
vertical  tangent,  corresponding  to  the  position  A  CI^B  of  the  system,  the  instan- 
taneous radius  R  C  must  be  parallel  \o  B  D.  Therefore,  in  the  triangle  P  CLf 
we  have  the    angle   CPn  =.  fi—  cc,   and    PD'C  —  y  —  fi\    moreover  />  C 

=  //4L?:  .  „d  Cjy  =  /.  therefore  ^-.^,  =  '^^  =  't'Sr  -l\ 
•«"«  CD        Inn  a       sin(/t-a) 
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If  we  substitute  in  these  expressions 


cos 


—  y/i  —  sir^  and    sin  =  Vi  —  cos*. 


we  get  by  solving  the  quadratic  equations  : 


p A  ±BV4r^'iA' +  £»)-/>>      ...     (7) 


""  "=  2  r.  {A'  +  B') 


cosa= 2r,{A'  +  B') •     •     •    W 


cos 


,B±AV4r.^iA^^B')~f  ^     .     .     (,o) 


hence 


p  B  tA  V4  ^'  {A'  +  B)  -f 

cot  CL  = " •       .        •       III) 


cot  p  ^tl±AA^:i^^^^^£ .    .     ,     (,,) 

These  formulas  give  the  angles  a  and  ft  as  functions  of 
the  angle  y  formed  by  the  connecting  link  with  the  axis  of  X^ 
for  the  quantities  A,Byp  and  q  also  contain  y.  If  we  assume 
any  angle  for  y,  these  expressions  will  give  two  values  for 
a  and  two  for  >5,  as  is  evident  from  the  double  sign  before 
the  radicals,  and  Fig.  387  shows  how  these  values  are  re- 
lated. The  angle  y,  made  by  the  connecting  link  in  its 
highest  position  C,  D^  is  less  than  90°,  and  becomes  greater 
as  it  moves  gradually  downward,  having  in  its  middle  posi- 
tion a  value  y^  greater  than  90°,  namely,  y^  =  180°  —  y^y  then 
diminishing  until  it  again  has  the  value  y^  =  y^  in  its  lowest 
position.      During  this   stroke   the  angle   y  twice  assumes 
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every  value  between  y  ^^^  7^o>  once  above  and  once  below  the 
middle  position  of  the  system.  To  every  value  of  7/,  therefore, 
there  are  two  pairs  of  values,  one  for  a  and  one  for  >^,  and  these 
values  of  a  and  /?  may  also  be  paired  so  as  to  correspond  to  the 
upper  and  lower  positions  of  the  system.  In  order  that  there 
may  be  no  doubt  about  this  latter  pairing,  we  should  notice 
that,  in  accordance  with  the  supposition  made  at  first  con- 
cerning positive  and  negative  angles,  those  values  of  a  and  fi 
belonging  together  always  have  opposite  signs.  This  explains 
the  difference  in  the  double  signs  before  the  radicals  in  the 
preceding  formulas,  and  here  we  must  remember  that  in  all 
these  expressions  for  a  and  >^,  the  upper  signs  belong  to  one 
pair  of  values  and  the  lower  to  the  other  pair.  We  can  easily 
prove  by  calculation  the  correctness  of  the  signs  in  the  Equa- 
tions from  7  to  12  ;  for  example,  if  we  substitute  in  Equation 
4  the  values  of  sin  a  and  sin  ft  obtained  from  7  and  9  we  get 

r,  sin  ot  +  r^  sin  /3  =  A. 

This  IS  only  the  case  when  the  radicals  have  opposite 
signs,  for  since  the  quantities  under*the  radicals 

4r,»(^»  +  ^) -/»,     and    4r/(^^+^)-^ 
are  equal  and  disappear,  we  have 

r,  stn  a  +  r,  sin  6  =  ^-j-r- — ^^  =  A. 

since  2  {A^  +  B')  =/  +  g. 

If  we  now  substitute  the  values  of  ^^/ «  and  cot /3  of  11 
and  12  in  the  equation  of  condition  for  the  maximum  devia. 
tion  given  by  No.  6, 

/  cot  y  =  /,  cot  a  +  4  cot  /3, 

we  shall  get  an  expression  containing  besides  known  dimen- 
sions only  y,  and  from  the  resulting  equation  we  can  obtain 
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the  two  values  of  y  corresponding  to  the  two*  greatest  devi- 
ations. These  values  substituted  in  the  Equations  7  and  8 
will  give  the  corresponding  values  of  a  and  a"  ;  we  then  get 
from  Equation  5  the  maximum  deviations  /,  and  from  2  the 
corresponding  ordinates^,  uc,  the  heights  at  which  these  de- 
viations occur.  But  such  a  calculation  would  be  exceedingly 
long,  and  therefore  devoid  of  all  practical  value.  In  every 
case,  therefore,  the  desired  result  can  be  more  easily  obtained 
by  an  approximate  method.  For  this  it  is  only  necessary  to 
assume  a  probable  value  for  y^  and  by  means  of  it  find  from  1 1 
and  12  the  quantities  cot  a  and  cot  y6?,  and  then  see  whether 
the  equation  of  condition,  6,  is  satisfied  by  the  assumed  value 
of  y  and  the  corresponding  calculated  values  of  a  and  fi.  If 
this  is  not  the  case,  it  will  be  necessary  to  obtain  a  closer  ap- 
proximation by  making  a  change  in  the  assumption  of  y. 
When  y  has  been  found  in  this  way,  the  determination  of  f 
oflers  no  difficulties.  This  approximate  calculation  is  ren- 
dered easier  by  the  fact  that  the  value  of  y  in  the  present 
case  varies  within  very  narrow  limits,  namely,  between  y^  and 
y^  =  180®  —  y^.  From  the  figure  it  is  evident  that  y^  is  de^ 
termined  by 


cos  yi  =  — 


I    CE  ^DF      I    e^-\-  e^ 


2         CD       ''2        I 

Now  if  we  assume,  as  is  generally  done,  r  =  1.5  j,  we  have 
sin  a^  =  0.333,  ^x  =  19°  30'»  and  therefore  e  =  r  {i  —  cos  a^ 
=  0.057  ^  =  0.086^.  Moreover,  the  length  /  of  the  connect- 
ing link  is  not  usually  taken  less  than  —s.      If,  therefore,  we 

put  /  =  0.6  i",  and  assume  r,  =  r„  r,  =  ^,  =  ^,  we  shall  get  for 
the  outermost  angle  y^\ 

e      0.086 

*  Since  the  lemniscate  is  a  curve  of  high  degree,  we  have  to  do,  strictly  speak- 
ing,  with  several  maximum  deviations,  only  two  of  which,  however,  are  of  inter- 
est in  the  present  case,  as  only  two  occur  in  the  portion  of  the  curve  under  coik- 
sideration. 
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or  y^  =  82°  50',  and  y^  =  97°  10'.  The  angles  y'  and  y'\  which 
correspond  to  the  greatest  deviations,  therefore  differ  but  lit- 
tle from  90**. 

If  we  assume  the  frequently  occurring  case  r^^  r^-^  r,  we 
have 


we  therefore  get  from  8  and  10  : 


i^'i- 


cos  a  = 

2  r 

and 


COS  ft  =  


V'i- 


2r 


As  the  direction  of  the  stroke  is  in  this  case  half  way  be- 

tween  the  centres,  we  have  ;ro  =  - ,  and  /,  =  4  =  — .     Substi- 

2  2 

tuting  these  values  in  5,  we  get  for  the  deviation : 

/=  rcosa  +  /,cosy-x^  =  —  T  -if  ^  - ^  +  Kcosy-  ^^ 

or,  since  B  =  b  —  /  cos  y,  wg  have : 


^-^iVr^' <■'> 

For  equal  radius  rods,  therefore,  we  have  two  equal  and 
opposite  deviations  from  the  straight  line,  and  it  is  evident 
that  the  middle  point  G  must  be  a  point  of  inflexion,  for 
according  to  the  preceding  article  the  path  of  G  is  paral- 
lel to  the  stroke,  the  points  G^  and  G^  lie  on  this  path,  and 
the  portions  of  the  curve  G  G^  and  G  C„  Fig.  388,  deviate  to 
opposite  sides  of  the  straight  line.  It  may  also  be  noted  that 
when  the  radius  rods  are  equal,  we  have  /,  =  4,  and  the  mid- 
dle position  of  G  falls  on  the  line  of  centres  A  B,  so  that  the 
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point  of  inflexion  G  is  at  the  same  time  the  double  point  of 
the  lemniscate.  Equation  No.  6,  for  the  case  when  /,  =/„  be- 
comes 2coty  =  cot  oL  +  cot  S, 

Since  the  maximum  deviation  /  takes  place  when      '  ^ 
the  connecting  link  makes  an  angle  y  with  the  axis 
of  Xj  which  differs  but  little  from  90°,  we  can  assume 
y  =  go®,  and  determine  an  approximate  value  for/ 
from  Equation  13.     For  this  supposition  gives  us: 

-4  =  a  —  /  Ji«  90°  =  ^1  —  /, 

B^b"  I  cos  90°  =  * ; 

and  since  A  is  very  small  in  comparison  with  -S  we       \ 
can  place 

/  =  ^»  +  5»  =  *". 
Hence 


/=  T  --^- V4r- -  <J». 


Now,  according  to  Fig.  387,  we  have  for  the  rise  of  the 
radius  rod : 

^  =  ^  ~  ^«  =(/  +  ^)  (/-  d) ; 

hence 


a-l^- 


/+  a  2/ 


when  we  assume  1=  a  approximately.  In  like  manner  e  •\-  b 
=  2  r ;  therefore ^  +  2^d  =  4r*  —  ^,  in  which  for  the  purpose 
of  approximation  we  may  neglect  ^ ;  then  substituting  these 
values  we  obtain : 

and  if  we  assume  ^  =  2  r  approximately,  we  get : 

/=±^^ ('4) 
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This  approximate  formula  holds,  as  was  remarked  above, 
only  when  the  radius  rods  are  equal,  and  does  not  Correspond 

exactly  to  the  maximum  de- 
viation, but  to  the  deviation 
which  occurs  when  the  con- 
necting   link     is  vertical    {y 

= 90"). 

We  may  here,  as  in  pre- 
ceding straight-line  motions, 
easily  obtain  another  by 
inversion  of  the  lemniscate 
guide.  To  do  this,  Fig. 
389,  we  rigidly  unite  to 
the  piston  rod  the  jour- 
nals of  the  two  radius  rods 
A  and  B  by  the  yoke  A  £  B. 
The  point  C,  formerly  guided  in  a  straight  line,  is  now 
replaced  by  two  con-axial  pins  whose  bearings  are  fixed  to  lat- 
eral supports  so  arranged  that  the  piston  rod  with  its  cross- 
head  £  and  the  (double)  radius  rods  A  C  can  work  freely 
between  the  bearings  of  C.  Probably  this  kind  of  guide  will 
be  seldom  used. 


Examples,  i)  If  for  a  lemniscate  guide  with  equal  radius  rods  we  assume  the 
angle  of    deviation  ai  =  /ii  =  ±  30",  and  the  length  of  the  connecting  link 

/  =  /,  -I-  /a  =  o.  5  /,  we  have  first  of  all  ri  =  fj  =  — ; j  =  j,  and  the  rise 

2  sin  30 

tf  =  j(i  —  r<?j30®)  =  0.134J.      Moreover,  the  horizontal  distance  between  the 

two  centres  is^  =  2r  —  ^=  1.866  j,  and  their  vertical  distance 


a  =   Vl%  —  fa  =  J  Vo. 5'  — 0.134'  =  0.4817  J. 

According  to  the  above  approximate  formula,  the  lateral  deviation  when  the 
connecting  link  is  vertical  {y  —  90*")  is 


J.  O.I34'/*  . /o.  134  J  ^  ^     , 

/  ±  =  ^^  Q^j  y  — p-  =  0.00898  -Ko.  134  i  =  0.00329  J. 

therefore,  when  the  stroke  is  one  meter [39. 37  ins.]  the  deviation  is  3.29  milli- 
meters [0.13  in.]. 

2)  Let  the  length  of  the  principal  radius  rod  be  taken  rt^  =-  s^  then  from 
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Sin 


in  p=:  —  =  —  we  find  the  angle  of  deviation  fix  =  19"  28'  17".     The  rise  e^  of 

this  arc  will  consequently  be  t^  ^riij  —  cosfli)  =  (i  —  0.9428)  r,  =  0.0572  r». 

2 
If  we  now  assume  that  the  other  rod  has  a  radius  ri  =  —  ra  =  j,  we  shall  get  for 

3 

the  ratio  —  =  »  of  the  distances  on  the  connecting  link  : 

*t 

II  '^ 

Therefore  if  we  assume  /f  =  —  j  =  --  fa,  we  shall  have  A  =  «  /j  =  1.5C27  —  ' 

46  o 

=  0.2603  n,  and  hence,  /=  /i  H-  /*  =  0.427  rt. 

For  the  horizontal  and  vertical  distances  of  the  centres  when  the  latter  lie  on 

opposite  sides  of  the  stroke  (Fig.  381)  we  have : 

^  =  r,  +  0.6667  r,  —  (1  +  1.563)^"°^^-  ri=  (1.6667  —  0.0733)  rt  =  1.5934^1 

and  • 

a  =  rt  V'0.4270*  —  0.0733*  ==  0,4206  rj. 

§  I04-.  Pantoffraphio  Unkagef  for  Dnpllcatiny  Recti- 
linear IHotiont. — In  steam  engines  there  is  often  a  question 
of  guiding  several  piston  rods,  namely,  the  steam  piston  rod 
and  the  pump  rods.  In  such  cases  it  is  sufficient  to  give  a 
straight-line  motion  to  one  of  the  rods  by  any  one  of  the 
means  discussed  above,  for  it  is  very  easy  to  communicate 
this  motion  to  other  rods  by  means  of  the  pantograph  mech- 
anism. An  idea  of 
this  mechanism  may 
be  obtained  as  fol- 
lows: "L^tABCD, 
Fig.  390  or  Fig.  391, 
be  a  parallelogram 
formed  of  straight 
rods  jointed  at  its 
four  corners,  and  let 
us  suppose  it  to  be 
intersected  by  any 
transversal  F  Hy 
which  is  not  parallel  to  any  of  the  sides.    This  transversal  will 
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have  four  points  of  intersection  E^  Fy  G  and  H^  which  possess 
the  remarkable  property  that,  when  any  one  of  these  points 
is  fixed,  so  that  the  whole  system  can  turn  upon  it,  the  paths 
of  the  other  three  points  will  be  similar  curves,  having  the 
fixed  axis  for  the  external  or  internal  centre  of  similitude 
according  as  these  points  lie  on  the  same  side  or  opposite 
sides  of  the  axis.  It  is  immaterial  whether  the  transversal 
cuts  two  sides  of  the  parallelogram  directly  and  the  other 
two  sides  in  their  prolongations,  as  in  Fig.  390,  or  whether, 
as  in  Fig.  391,  all  the  sides  of  the  parallelogram  are  inter- 
sected in  their  prolongations.  The  transversal  may  therefore 
also  pass  through  a  corner  of  the  parallelogram. 

The  correctness  of  this  assumption  becomes  evident  when 
we  remember  that  the  parallelism  of  the  opposite  sides  A  B 
and  D  C,  and  ol  A  D  and  B  Cis  maintained  during  the  as- 
sumed motion  about  a  point  of  the  transversal,  however  great 
this  motion  may  be.  From  this  follows,  in  accordance  with 
simple  geometrical  laws,  that  the  distances  of  the  stationary 

point  from  the  other 

Fig.  39X.  •    ^  ..•  r    *u 

mtersections  of  the 
transversal  with  the 
sides  of  the  parallel- 
ogram have  an  invari- 
able ratio  to  each 
other,  which  proves 
that  the  stationary 
point  has  the  proper- 
ties of  a  centre  of 
similitude  of  the 
paths  of  the  other  points  of  intersection.  For  example, 
if  we  suppose  the  point  C,  Fig.  391,  to  be' fixed,  and  the 
whole  system  FA  B  CI/ E  jD  to  he  brought  into  any  posi- 
tion F'A'B'C'H'E'D'f  we  have,  on  account  of  the  con- 
tinued parallelism  of  the  rods : 


and 


G£  :  GH=^DE  :  CH=e  :  h 


GE  :  GH'  =  DE'  :  CH'  =  e  :  h. 
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In  like  manner  we  also  have 


and 


GF  \  GH^CB  :  CIf=i  :  A 


GF'  :  GH'^C F  :  C'H'  =  b  :  h. 


While  the  point  G  acts  as  an  external  centre  of  similitude 
of  the  curves  described  by  E  and  H^  it  also  acts  as  cin  inter- 
nal centre  of  similitude  for  the  paths  of  i^and  H  and  for  the 
paths  of  F  and  E,  In  Fig.  390  H  is  the  external  centre  of 
similitude  for  the  paths  of  all  the  other  points  of  intersection. 

It  is  also  very  evident  that  any  other  point  J  of  this  trans- 
versal can  be  made  to  describe  curves  which  are  similar  to 
those  already  mentioned  and  have  the  same  centre  of  simili- 
tude. For  this  it  is  sufficient  to  unite  the  point  J  with  one 
pair  of  sides  of  the  parallelogram  by  means  of  a  link  K  LJ 
or  MJN  parallel  to  the  other  sides.  That  this  remark  is 
correct  will  be  seen  if  we  start  with,  say  the  parallelogram 
KB  C  Ly  for  which  the  transversal  gives  the  points  of  inter- 
section Fy  GjJ,  Hy  etc. 

On  this  property  of  the  jointed  parallelogram  depends 
the  instrument  known  as  the  pantograph^  which  is  often  em- 
ployed for  copying  drawings  and  models  on  a  different  scale. 
In  its  simplest  form,  as 

employed  by  copper  en-  ^^^'  ^^^* 

gravers  and  others,  it  con- 
sists of  four  thin  bars  of 
metal  or  wood,  A  B  and 
i?  C  at  B^  Fig.  392,  and 
D  E  and  F E  at  E  being 
jointed  like  ar  pair  of 
compasses.  These  two 
pairs  of  bars  are  then 
united  to  form  a  jointed 
parallelogram  by  means 
of  pins  at  G  and  //,  so 
that  its  vertex  B  will  lie 
on  the  straight  line  joining  the  ends  -Fand  D.    This  is  easily 
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done  by  making  D  G  :  DE  =^  B  G  :  FE\  for  this  purpose  the 
bars  are  provided  with  a  series  of  equidistant  holes  which  are 
designated  by  numbers.  The  end  F  can-  turn  about  a  pm 
projecting  from  a  plated  fixed  to  the  table,  while  /?  is  a 
tracer  and  B  a  pencil  or  pricker.  Now,  if  the  point  D  is 
gfuided  over  a  drawing  it  is  plain  that  the  pencil  B  will  make 
a  copy  of  the  drawing,  reducing  it  in  the  ratio  FH  :  FE  or 
B H  \  D  E.  In  embroidering  machines  this  apparatus  is  em- 
ployed, the  point  B  being  united  to  the  frame  in  which  the 
material  to  be  embroidered  is  stretched,  so  that  the  needles 
moving  up  and  down  in  fixed  guides  may  all  produce  reduced 
copies  of  the  pattern  along  the  lines  of  which  the  tracer  is 
guided  by  the  workman.  Finally,  if  we  suppose  a  ball  and 
socket  joint  to  be  placed  at  F  permitting  any  motion  of  the 
apparatus  about  Fy  the  latter  may  be  employed  for  copying 
solid  articles  like  busts,  etc.,  the  pencil  at  B  being  replaced 
by  a  cutting  tool,  say  a  circular  cutter. 

In  the  present  case  the  problem  is  to  copy  rectilinear 
motions,  and  that  this  is  possible  is  evident  from  what  has 
preceded.  If  in  the  pantograph,  Fig.  391,  we  suppose  one 
of  the  moved  points  of  the  transversal,  say  Ey  to  be  guided  in 
a  straight  line  by  any  of  the  straight-line  motions  that  have 
been  described,  all  the  other  points  //,/,  /%  etc.,  will  traverse 
straight  lines  parallel  to  the  path  of  E.  It  is  also  evident 
from  the  similarity  of  the  figures  that  the  strokes  of  all  these 
points  will  be  proportional  to  their  distances  from  the  fixed 
axis  G.  Moreover,  if  the  path  of  the  guided  point  E  is  only 
approximately  straight,  it  of  course  follows  that  the  paths  of 
all  the  other  guided  points  of  the  pantograph,  as  H^  J  and  F^ 
will  describe  approximate  straight  lines.  It  again  follows 
from  the  similarity  of  the  paths  that  the  linear  deviations  from 
a  straight  line  at  the  different  points  will  also  be  proportional 
to  the  distances  of  these  points  from  the  fixed  axis. 

One  of  the  best  straight-line  motions  for  large  beam  en- 
gines is  the  Watt  parallel  motion.  This  arrangement  consists 
essentially  of  a  combination  of  a  lemniscate  linkage  with  a 
parallelogram,  and  allows  a  straight-line  motion  to  be  given 
to  several  piston  rods.     For,  if  A  C,  Fig.  393,  is  an  arm  of  the 
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oscillating  beam  which  receives  at  its  end-^  the  reciprocating 
rectilinear  motion  of  the  piston  rod  D  K,  the  pair  of  radius 
rods  C  B  and  G  E  and  the  connecting  link  B  E  will  guide 

Fig.  393, 


the  point  ^  in  a  line  which  is  approximately  straight.  This 
point  is  usually  connected  with  the  piston  rod  of  the  air 
pump,  while  the  steam  piston  rod  is  connected  with  the  fourth 
vertex  D  of  the  parallelogram  constructed  on  A  B  E.  From 
what  has  preceded  it  is  evident  that  this  parallelogram  must 
be  so  chosen  that  the  fourth  vertex  D  will  lie  on  a  straight 
line  passing  through  i^and  C,  If,  as  in  a  Woo//  engine  with 
two  cylinders,  a  second  piston  rod  is  to  be  guided,  we  can 
connect  the  latter  with  any  point  y  of  the  transversal  C  D^ 
provided  J  is  carried  by  a  rod  like  H  L  parallel  to  the  links, 
or  by  a  rod  like  J/ iV  parallel  to  the  beam.  If  the  rod  to  be 
guided  lies  beyond  the  centre  of  the  beam,  for  example  at 
O  K^,  the  point  O  of  the  transversal  D  C  may  be  guided  in  a 
straight  line  by  connecting  the  rod  O  P  parallel  to  B  E  with 
the  beam,  and  the  rod  O  Q  parallel  to  the  beam  with  the 
produced  back-link  E  B,  But  it  is  plain  that  instead  of  em- 
ploying the  links  O  P  and  O  Q  we  can  employ  O  PR  and  E  R 
or  OPS  and  S  T.  Generally  speaking,  all  that  is  necessary 
to  give  a  straight-line  motion  to  the  point  O  is  to  constrain 
it  to  move  so  that  the  distance  CC?  will  always  have  the  same 
ratio  to  C  F, 
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If  s  again  represents  the  stroke  of  the  rod  at  i^and  5  the 
stroke  of  the  rod  at  D  we  have 

s  :  S=BC  :  AC=r  :  R, 

the  lengths  of  the  arms  ^tr  and  ^  C  being  represented  by  r 

and  R.     The  deviation  f  of  the  rod  at  D  is  of  course  f  =  — f„ 

where_/,  is  the  deviation  of  the  rod  I^ K,.  The  mode  of  de- 
termining the  length  of  the  radius  rod  G  E  and  the  ratio  of 
the  segments  E  F  and  B  E  oi  the  back-link  have  already  been 
discussed  in  the  preceding  article.  We  also  see  that  the 
chord  of  the  arc  described  by  any  point  A,  P,Hoi  the  beam 
is  equal  to  the  stroke  of  the  rod  which  it  moves,  and  that  the 
stroke  of  this  rod  bisects  the  rise  of  the  arc. 

In    Walt's  parallel  motion  it  is  customary  to  make  the 

Fig.  394. 


radius  rods  C  B  and  G  E  o\  equal  length,  so  that  ^Hes  at  the 
centre  of  the  back-link  E  B.    Moreover,  the  arm  C  A  Is  usu- 
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ally  made  twice  as  large  as  C  By  ue.y  the  air  pump  at  F\s 
given  only  half  the  stroke  of  the  steam  piston  at  D.  These 
assumptions  correspond  to  the  pantographic  guide  shown  in 
Fig;  394.  The  cast-iron  beam  C  A  is  supported  at  its  centre 
by  two  bearings,  one  on  each  side  of  the  beam,  resting  on 
frame  work  which  at  the  same  time  serves  as  a  suppott  for 
the  journals  G  of  the  double  radius  rod  G  E.  To  connect 
the  latter  with  the  beam  the  back-link  E  B  is  employed ; 
this  link,  the  main  link  A  D  and  the  parallel  bar  D  E  are  all 
constructed  double  to  exclude  all  lateral  action.  The  piston 
rods  AT  and  L  are  keyed  to  the  transverse  axes  D  D  and  F  Fy 
the  cross-bar -£  being  provided  at  its  centre  with  an  elongated 
opening  R^  shown  in  II.  and  III.,  for  allowing  a  free  passage 
to  the  piston  rod  Z. 

In  marine  engines  the  beam  is  often  placed  below,  and  is 
constructed  double,  so  that  it  lies  on  both  sides  of  the  steam 
cylinder  and  air  pump;  an  arrangement  chosen  because  it  is 
economical  of  space.  The  arrangement  for  this  case  is  shown 
in  Fig.  395.  C  A\s  the  beam  and  C B  and  G E  are  the  two 
radius  rods  which  guide  the 
point  H  of  the  back-link  in 
a  straight  line.  The  paral- 
lelogram A  D  E  B  causes 
the  points  /**and  J^  lying  on 
the  straight  line  passing 
through  the  points  C  and 
Hy  to  move  in  straight  lines ; 
/"can  therefore  be  connect- 
ed with  the  piston  rod  of 
the  steam  cylinder,  J  with 
the  rod  of  the  air  pump  and 
H  with  the  rod  of  the  feed 


Fig.  395. 
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pump. 

If  a  rod  is  guided  by  any 
other  mechanism  than  the 

lemniscate  linkage  assumed  in  the  preceding  examples,  the 
parallelogram   may  still   be   employed  to  communicate  the 
existing  rectilinear  motion  of  one  point  to  any  number  of 
31 
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Others.  Those  straight-line  motions  are  particularly  suited 
to  the  application  of  the  parallelogram  which  are  provided 
with  a  lever  oscillating  about  a  fixed  point,  for  the  lever  can  be 
employed  as  the  oscillating  side  of  the  parallelogram.  This  is 
the  case  with  the  lemniscate  linkage  where  the  beam  forms  one 
side  and  the  connecting  link  another  side  of  the  parallelogram, 
so  that  only  two  sides  are  needed  to  complete  it,  namely,  the 
main  links  and  the  parallel  bars.  Elliptical  linkages  are  also 
suitable,  for  the  oscillating  beam  and  the  radius  bar  swinging 
about  a  fixed  point  permit  a  simple  arrangement  of  the 
parallelogram.  The  rule  according  to  which  the  parallelo- 
gram may  be  designed  follows  readily  from  what  has  been 
said.     \i  A^  Fig.  396,  is  the  point  guided  along  a  straight 

line   by  the  el- 
^'°-396.  liptical    linkage 

J^  ORA  B,   it    is 

cj       I ^11    'i^^^:^^  only    necessary 

^  to  pass  through 
this  point -^  and 
the  fixed  axis  O 
of  the  radius 
rod  a  straight 
line  A  O  and  then  connect  any  desired  point  G  of  the  latter 
by  parallel  links  GE  and  G  Fy  with  the  radius  rod  and  with 
the  beam.  If  the  slide  bars  of  the  elliptical  linkage  are  re- 
placed by  the  swinging  pillar  ^  J/,  Fig.  397,  the  construction 
is  in  many  cases  still  more  convenient,  if  the  centre  J/ be 
taken  as  the  centre  of  oscillation  of  the  parallelogram  -£5/^(7. 
We  may  then  draw  the  transversal  A  M,  of  which  one  point 
G  is  guided  in  a  straight  line  by  the  parallelogram. 


§  105.  Other  JLinkages  for  Producing  Rectilinear  no- 
tion.— We  may  now  mention  a  few-  other  mechanisms  like- 
wise consisting  of  a  certain  number  of  levers  and  links,  by 
means  of  which  an  approximate  rectilinear  motion  may  be 
obtained.  In  the  lemniscate  linkage  there  were  two  rods  oscil- 
lating about  fixed  axes  whose  relative  motions  were  made  to 
depend  upon  each  other  by  the  connecting  link.    Since  the 
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ends  of  the  connecting  link  describe  paths  of  different  cur- 
vature,  it    is   easy  to 

infer  that  some  third  ^'^  397. 

point  will  describe  a 
path  approximately 
without  curvature,  ue.y 
rectilinear,  constitut- 
ing in  a  certain  sense 
the  transition  between 
the  oppositely,  or  at  • 
least  unequally,  curved 
paths  of  the  ends  of 
this  link.  Also  in  the 
approximate  elliptical 
linkage  with  oscillat- 
ing pillar  there  are 
two  swinging  levers  whose  free  ends  are  united  by  an  oscillat- 
ing beam ;  and  here,  too,  the  problem  is  to  find  that  point  of  the 
connecting  link  whose  path  is  approximately  a  straight  line. 
In  solving  the  problem  it  is  therefore  principally  a  question  of 
establishing  the  relative  position  of  the  different  points. 

By  another  train  of  reasoning  we  may  obtain  a  series  of 
straight-line  motions.  Let  us  suppose  that  there  are  two 
levers  A  Cand  B  Dy  Fig.  398,  turning  about  fixed  centres, 
the  free  ends  of  the  levers  being  indirectly  connected  by  two 

jointed  rods  C  G  and  D  G^  in«- 
stead  of  being  directly  con- 
nected by  one  rigid  rod  as 
heretofore.  It  is  clear  that 
thus  far  the  motion  of  one  of 
the  links,  A  C  for  example,  is 
not  accompanied  by  a  deter- 
minate motion  of  the  other 
BDy  for  instance  the  latter 
may  be  held  stationary  and  a 
certain  amount  of  motion  will 
still  be  possible  for  the  lever 
A  C  dSiA  vice  versa.     If  we  suppose  the  connecting  point  G 
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of  the  two  links  G  C  and  G  Dtohe  given  a  certain  rectilinear 
motion,  say  from  G  to  C,  the  two  levers  will  rotate  through 
certain  angles,  say  CA  C  =  a  and  D  B  D'  =  fi,  which  may 
readily  be  found  graphically,  although  the  analytical  deter- 
mination is  lengthy.  Let  us  suppose  that  we  know  the  re- 
lation of  these  rotations  a  and  ^  for  every  instant  of  the  rec- 
tilinear motion  of  the  point  G  in  the  direction  GG.  Then 
vice  versa  it  is  clear  that  we  may  also  constrain  the  point  G 
to  have  a  rectilinear  motion  in  the  direction  GG  hy  giving 
to  the  levers  at  each  instant  the  proper  rotations  «  and  p. 
Since  the  relative  lengths  and  positions  of  the  levers  and 
links  as  well  as  the  direction  of  the  rectilinear  motion  of  G 
may  be  assumed  at  pleasure,  it  follows  that  the  arrangement 
just  described  is  capable  of  an  infinite  number  of  variations, 
it  being  only  necessary  in  each  case  to  cause  the  levers  A  C 
and  B  D  to  turn  at  each  instant  with  the  proper  relative  mo- 
tion. It  is  this  latter  condition  which  constitutes  the  diffi- 
culty of  the  construction,  for  we  must  notice  that  in  general 
the  ratio  of  the  rotations 
of  a  and  j8  for  every  in- 
stant of  the  motion  is 
variable. 

There  is  but  one  case 
where  the  rotations  dur- 
ing the  whole  motion  of 
the  point  G  have  a  con- 
stant ratio,  the  rotations 
being  equal  to  each  oth- 
er and  opposite  in  direc- 
tion when  the  arrange- 
ment of  the  system  is 
symmetrical  with  respect 
to  the  straight  line  G  G. 
In  this  case  the  two  axes 
A  and  B,  Fig.  399,  can 
be  made  dependent  on 
Q  each  other  by  means  of 

two  equal,  cylindrical,  toothed  sectors  A  CFandBD£,     It 
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is  evident  from  the  figure  that  in  the  motion  of  the  system 
thus  caused,  the  end    G   of   the   piston    rod  must  move  in 
the  straight  line  M  G  perpendicular  to  the  line  of  centres  at 
M.    The  motion  of  the  sectors 
may  be  communicated  by  a  con-  *"  ^^^' 

necting  rod  PP  acting  at  any 
point  of  one  of  the  sectors.  It  / 
is  also  clear  that  the  arrange-  ( 
ment  may  be,  as  in  Fig.  400,  such  ^ 
that  the  levers  will  have  not  a 
reciprocating  but  a  continuous 
rotation.  The  length  of  stroke 
is  readily  determined  in  all  these 
cases.  For  example,  if  ^  C"  = 
BD^r  is  the  length  of  the 
.  lever,  C  E=  DF=  /of  the  links, 
AM=  B  M=a  half  the  dis- 
tance between  the  axes,  and 
EG  ~fG  =  el\ie  half  distance 
between  the  joints  of  the  links, 
since  G,  and  G,  are  the  extreme  positions  of  G,  we  have: 


s  =  MG,-  M  G,-.=  ^/  {I  -V  rf  -{a  -  e)'  -  ^/  {I  -  ry  -{a-  if. 

In  like  manner  when  the  levers  have  an  oscillating  mo- 
tion, the  stroke  may  be  found  from  the  angle  of  oscillation. 
Let  fl-,  represent  the  angle  MA  C=  M B  D,  i.e.,  the  angle  of 
deviation  of  each  lever  above  the  line  of  centres,  and  for  this 
position  let  y^  represent  the  inclination  of  the  link  C E  to  the 
direction  of  stroke  MG,  and  y^  its  inclination  to  the  stroke 
when  the  lever  is  in  its  middle  position  or  in  the  line  of  cen- 
tres A  B.  We  shall  now  find  for  the  rise  J,  from  the  middle 
position  corresponding  to  this  angle  «■, : 

s,  +  Icosyi  =  rsina,  +  Icosy^ 
i.e, 

Sj  =  r  sin  a,  -\-  /  (cos  y^  —  C£'S  y,). 
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where  the  angles  Yo  ^^^  ^x  ^^^  given  by 


a  —  r  —  e           .                    a  —  r  cos  a.^e 
stn  Yq  = J and     stn  Yx  = -, — 


In  like  manner  we  obtain  the  portion  s^  of  the  stroke  cor- 
responding to  the  swing  a^  of  the  lever  below  the  position 
A  B  from 


j.^., 


J,  +  I  cos  Yo  =  r  sin  a,  +  /cos  Y29 
s^  =  r  sin  a^  4-  /  {cos  Y2  ~"  ^^^  Vo)* 


when  the  angle  of  inclination  Y2  of  the  link  in  its  lowest  posi- 
tion is  determined  from 


stn  Y2  = 


a  —  r  cos  n^  —  e 


Fig.  40X. 


In  Fig.  401,  the  rotations  of  the  two  levers  A  C  and  B  D 

are  not  made  dependent  on  each 
other  by  toothed  sectors  but  by 
guiding  the  connecting  point  G 
of  the  two  links  by  a  special 
straight-line  motion,  say  by  slide 
bars,  the  point  G  being  guided 
along  the  straight  line  G//' which 
is  perpendicular  X,o  A  B  at  its 
►B  middle  point.  This  mechanism 
may  be  employed  for  communi- 
cating rectilinear  motion  to  any 
other  points  E  and  F.  These 
points  are  also  connected  with 
the  levers  by  the  links  CE^  CFj 
DE  and  D  F,  We  see  that  it 
depends  upon  the  position  of 
the  point  E  or  /^whether  the  direction  of  motion  is  the  same 
as  that  of  G  or  opposite.  Nor  is  it  necessar)'  to  connect  the 
links  of  the  guided  point  directly  with  the  journals  C  and  D^ 
for  any  other  levers  A  C  and  BD'  may  be  employed,  pro- 
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vided  the  latter  have  the  same  axes  2s  A  C  and  B  D  and  are 
symmetrically  arranged  with  respect  to  the  stroke  G  H, 
Neither  is  it  necessary  that  these  levers  A  C'y  B  D'  should 
lie  in  the  same  plane  with  A  C  and  B  Dy  for  we  may  regard 
the  axes  A  and  B  as  having  any  desired  length  and  can  sup- 
pose them  to  carry  any  number  of  such  shear-like  systems 
as  A  C  H D  B.  We  see  from  this  that  the  mechanism  under 
discussion  may,  like  the  pantograph,  be  employed  to  trans- 
mit the  rectilinear  motion  obtained  by  other  means  to  any 
number  of  rods..  One  essential  difference  of  the  two  mechan- 
isms is  that  while  in  both  the  rectilinear  motions  all  lie  in 
one  plane,  this  plane  is  parallel  to  the  lever  axes  and  half 
way  between  them  in  the  mechanism  just  discussed,  while  in 
the  pantograph  the  plane  is  perpendicular  to  the  axes  of  the 
levers.     The  mechanism  just  described  is  rarely  employed. 

If  the  two  levers  and  the  links  are  not  arranged  sym- 
metrically with  respect  to  the  required  straight  line,  we  must 
effect  the  rectilinear  motion  by  bringing  the  rotations  of  the 
levers  into  such  a  dependence  upon  each  other  as  this  motion 
of  the  point  demands.  It  has  already  been  remarked  that  in 
this  case  the  ratio  of  the  rotations  of  the  levers  is  no  longer 
constant,  consequently  cylindrical  toothed  wheels  can  no 
longer  be  employed  for  connecting  the  levers.  If  toothed 
gears  are  to  be  employed  we  must  provide  the  two  axes  of 
the  levers  with  non-circular  wheels  or  sectors,  whose  varying 
velocity  ratio  will  agree  with  the  varying  ratios  of  the  lever 
rotations  a  and  /?,  resulting  from  the  mechanism.  Since 
toothed  wheels  are  too  uncertain  in  their  action  where  very 
exact  motions  are  required,  the  levers  are  connected  in  a 
simpler  manner,  namely,  by  special  coupling  rods.  It  is 
evident  in  advance  that  in  this  way  the  conditions  of  the 
problem  can  be  only  approximately  met.  Nevertheless,  a 
suitable  choice  of  proportions  and  positions  will  enable  us  to 
obtain  a  degree  of  accuracy  which  is  entirely  sufficient  for 
practical  purposes,  in  some  circumstances  even  exceeding 
the  accuracy  of  the  straight-line  motions  of  the  elliptical,  con- 
choidal  and  lemniscate  linkages  already  discussed.  The  ana^ 
lytical  investigation  of  this  kind  of  straight-line  motion  13 
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extremely  lengthy,  and  cannot  be  carried  out  practically  be- 
cause of  the  great  number  of  jointed  links  involved.  The 
exact  paths  of  points  guided  by  such  mechanisms  are  curves 
of  very  high  degree.  This  renders  it  possible  to  obtain  a 
closer  approximation  of  the  path  to  a  straight  line,  for  a 
curve  can  have  as  many  points  in  common  with  a  straight  line 
as  there  are  units  in  the  number  representing  its  degree.  In 
most  of  the  straight-line  motions  hitherto  discussed,  the  path 
coincides  with  the  required  straight  line  in  three  points ;  in 
the  present  mechanism,  however,  the  exact  path  is  a  curve  of 
the  eighth  degree  and  coincides  at  five  points  with  the  re- 
quired straight  line.  This  constitutes  a  certain  advantage  of 
these  mechanisms  over  those  discussed  before,  and  in  cases 
where  it  is  important  to  have  as  exact  a  motion  as  possible 
such  an  arrangement  may  prove  desirable,  although  its  com- 
plexity will  prevent  its  application  in  ordinary  cases. 

Since  the  analytical  investigation  is  impracticable,  these 
straight-line  motions  when  designed  must  be  treated  by 
graphical  methods,  from  which  the  required  results  may  be 
obtained  with  comparative  ease.  We  will  now  describe  a  few 
of  the  most  interesting  of  these  mechanisms. 

In  Maudslay's  straight-line  motion,  Fig.  402,  the  axes  A 
and  B  of  the  levers  are  connected  by  toothed  sectors  A  P 
and  B  F.     Here  the  two  levers  A  C  and  B  D  are  unequal  in 

length,  and  the  piston  rod 
'  ^    '  G  K  is  not  hung  from  the 

connecting  point  E  of  the 
two  links  C  E  and  D  E^ 
but  from  a  point  G  on  the 
prolongation  oi  D  E.  If 
we  suppose  the  point  G  of 
the  piston  rod  to  be  moved 
into  different  positions  on 
the  straight  line  K  Gy  and 
if  we  determine  the  angles 
a  and  ft  of  the  levers 
which  correspond  to  these 
successive  positions,  we  shall  get  the  corresponding  velocity 


w 
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Fig.  403. 


ratios  of  the  toothed  sectors  A  F  and  B  F^  which  may  then 
be  designed  as  non-circular  wheels,  in  accordance  with  the 
rules  given  in  §  49. 

Two  other  mechanisms  of  the  same  kind,  whose  levers  are 
united  by  a  coupling-rod  F  H^  are  shown  in  Fig.  403  and  Fig. 
404.  There  is  an  un- 
important difference 
between  these  two, 
namely,  in  the  mode  of 
suspension,  the  piston 
rod  G  K  m  Tsckcby- 
jA^*^'j  straight-line  mo- 
tion (Fig.  403)  being 
suspended  from  the 
connecting  point  G  of 
the  two  links,  while 
in  Harvey  s  (Fig.  404) 
mechanism,  the  piston 
rod  is  hung  from  one  of  the  intermediate  points  of  the  link 
C  E.  In  both  mechanisms  the  levers  are  connected  by  a  link 
FH whose  joints  Fand  //"must  be  found  from  the  drawing. 

For  this  purpose  we  must 
draw  the  whole  mechan- 
ism in  different  positions 
corresponding  to  the  dif- 
ferent positions  of  the 
guided  point  G  on  the 
given  straight  line  G  K. 
We  must  then  find  by 
trial  those  two  points  F 
and  //  whose  distance  is 
most  nearly  constant  for 
all  the  different  positions 
of  the  levers.  It  is  evident 
that  by  varying  the  lengths 
of  the  levers  and  the  links,  and  by  changing  the  positions  of 
the  centres  relatively  to  each  other  and  to  the  given  straight 
line,  we  can  obtain  an  infinite  number  of  different  combinations. 
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Remark.     If  we  wish  to  obtain  good  proportions  for  the  straight-line  motion 
shown    in  Fig.  403,  we    must,  according  to   the   inventor,  take  D B  -^DG 

s 
=  0.809  A  C,  also  J*'C=^  //B  =  0.618  A  C,  and  CG  :=  F H-=-  —  ,  where s repre- 

sentsthe  whole  stroke  of  the  piston  rod  G  K,  Moreover,  the  direction  G  K  oi 
the  stroke  must  pass  through  the  axis  B  and  be  tangent  to  the  arc  described  by 
the  point  C  while  the  lever  A  C  swings  about  A. 

This  straight-line  motion  may  be  employed  to  communi- 
cate the  given  rectilinear  motion  of  one  point  to  any  other 
points  in  a  manner  similar  to  the  pantograph.  For  instead 
of  connecting  the  levers  A  C  and  B  Dhy  2,  coupling-rod  or 
toothed  sector  so  that  a  certain  point,  say  the  connecting 
point  of  the  two  links,  shall  be  guided  in  a  straight  line,  we 
may  obtain  the  same  determinate  motion  of  the  levers  by 
actually  guiding  the  point  mentioned  in  the  given  straight 
line.     For  example,  let  A  C,  Fig.  405  and  Fig.  406,  be  the 

Fig.  405. 


beam  of  a  steam  engine,  and  let  the  point  E  of  the  link  be 
guided  by  any  means,  say  by  a  lemniscate  linkage,  along  the 
straight  line  Q  Q,  From  what  has  preceded  we  know  that 
this  line  bisects  the  rise  of  the  arc  C,  C^  C^  so  that  the  angles 
^/-j  and  y^oi  the  link  C-ffare  numerically  equal  when  the 
latter  is  in  its  extreme  and  middle  positions.    Let  us  now 
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suppose  that  the  rectilinear  motion  of  a  point  G  is  to  be  de- 
duced from  that  of  E.  We  may  employ  for  this  the  panto- 
graph mechanism -£j5i?/^G^//^,  the  point  5  on  the  straight 
line  E  G  being  taken  as  a  stationary  axis  on  which  is  placed 
a  second  lever  DBF.  On  this  lever, and  on  the  guided  point 
G  draw  a  parallelogram  as  shown  in  the  figures.  It  is  evi- 
dently unnecessary  to  complete  the  parallelogram,  for  we 
may  employ  the  just  discussed  straight-line  motion  with  two 
levers  and  two  connecting  links  to  guide  (7  in  a  straight  line. 
It  is  plain  that  we  have  here  two  levers,  A  C  and  B  Z>,  whose 
ends  C  and  D  are  not  only  united  by  the  links  C  E  and  D  E 
but  are  also  constrained  to  assume  perfectly  determinate 
motions  relatively  to  each  other,  for  the  reason  that  the  point 

Fig.  406, 


E  is  already  guided  in  a  straight  line.  Therefore,  if  the 
point  Gy  which  is  to  be  guided,  is  connected  with  such  points 
of  the  two  levers  (the  levers  being  supposed  to  have  the  de- 
terminate motions  just  mentioned)  as  will  cause  the  point  G 
to  describe  a  straight  line,  the  rectilinear  motion  of  E  will  be 
communicated  to  G.  Now  the  point  G  is  already  connected 
with  the  lever  B  D  2X  F\  it  is  therefore  only  a  question  of 
finding  that  pointy  of  the  other  lever  or  beam  A  C  which  is 
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to  be  connected  by  a  link  with  G.  The  position  of  this  point 
y,  if  we  assume  that  the  point  G  in  its  highest,  middle  and 
lowest  positions  falls  on  the  given  straight  line  K  AT,  may  be 
found  as  follows :  Let  r  and  r,  represent  the  lever  arms  A  C 
and  A  J  ol  the  beam,  /  and  /,  the  lengths  of  the  links  C  E 
and  /  G,y  and  6  their  inclinations  to  the  straight  lines,  y^  and 
d^  corresponding  to  the  highest  and  y^  and  d^  to  the  middle 
positions  and  finally  let  s  and  j,  represent  the  strokes  of  the 
points  E  and  C  Designating  the  arms  D  B  and  F  Bhy  p 
and  p,  respectively,  we  now  have 

• 

Moreover,  from  the  figure  we  get 

\5  —  r  sin  or,  4- 1  cos  y^  —  I  cos  yi^  r  sin  a^ 

for  cos  y^  =  cos  y^.     In  like  manner  we  have 

i  "^x  =  ^i  ^in  «i  +  A  ^^J  ^^  —  /x  ^^J  <y„ 

and  consequently 

s  rsina^ 


Si      r^sin  a^  +  /,  {cos 6^  —  cos  d\) 

When  the  direction  AT  AT  bisects  the  rise  of  the  arc  de- 
scribed by  y  we  also  have  cos  d^  =  cosd^  and 

s  _  r  sin  ot^  __  r 
s^      r,  sin  a^      r^ 

Now,  since  we  also  have 

Sx  Pi' 

the  equation  of  condition  for  guiding  the  point  G^  in  a  straight 
line  becomes : 
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It  is  easy  to  see  that  this  condition  can  only  be  fulfilled  if 
the  line  of  centres  A  B  is  parallel  to  the  direction  of  the 
stroke.  The  pointy  must  then  be  so  assumed  on  the  beam 
that  it  will  describe  an  arc  whose  rise  is  bisected  by  the  given 
lineKK. 


§  106.  Peaucellier's  Unkage  for  Producing  Rectilin- 
ear nioilon. —  In  1864  a  captain  of  engineers,  Pcaucellier^ 
described  in  the  Nouvelles  Annales  des  Math^matiques,  Vol. 
III.,  2d  Series,  an  instrument  called  the  universal  or  com- 
pound cornpasSy  by  means  of  which  a  circular  motion  could  be 
converted  into  an  exact  rectilinear  one  without  the  aid  of 
slide  bars.  Later,  in  1871,  Lipkin  in  Petersburg*  discovered 
a  straight- line  motion  based  on  the  same  principle  as  Peau- 
cellier's  compound  conripass.  This  straight-line  motion  may, 
with  the  help  of  a  few  known  properties  of  the  circle,  be  ex- 
plained as  follows : 

Let   the    diameter  A  B  of  the  circle  whose    radius  is 

MA  ■=.'.  p,  Fig.  407,  be  divided  internally  at  C  and  externally 

at  B  in  the  same 

Fig.  407. 


ratio,  that  is  so 
that 


AC  :  BC 
=zAD  :  BD; 

then  will  A  Bhe 
divided  harmon- 
ically at  the  con- 
jugate  points    C 

and  Z>,  and  A^B^  Cand  D  will  be  four  harmonic  points.  It 
is  evident  that  for  every  two  such  conjugate  points  we  shall 
have  the  equation  : 


*  See  Zcitschrift  deutscher  Ingenieure,  1877,  p.  ii. 
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MC  .  MD  =  MA', 

or  if  we  make  MC  =  c  and  MD  =  dv/G  have : 

cd=  fit". 

This  equation  follows  immediately  from  the  above  har- 
monic proportion : 

p  +  c  I  p  —  c==d  +  p  :  d—  p. 

Now,  if  we  suppose  any  circle  O  FG E  to  he  passed  through 
Cj  and  determine  for  all  of  its  points,  as  E,  F,  C,  the  corre- 
sponding conjugate  points  jE„  F„  G^  for  the  first  circle  Mj 
these  latter  points  all  lie  on  the  circumference  of  a  second 
circle  whose  centre  is  (?,.  To  prove  this,  draw  a  tangent  M  G 
from  M  to  the  circle  O  and  also  any  secant  M  E  F,  then, 
under  the  supposition  that  £„  Fj  and  G,  are  the  conjugate 
points  to  E^  F  and  G  for  the  circle  M  with  radius  p,  we  have, 
according  to  the  above : 

ME  .  ME,  =  MF  .  MF,  =:MG  .  MG,  =  p». 
But  since  we  also  have 


ME  .  MF=MG' 
division  gives  us 

MF  :  ME,  =  ME  :  MF,  =  MG  :  MG,. 

From  this  follows  that  the  two  figures  E  G  Fand  F,  G,E,  are 
similar  and  similarly  situated,  and  that  the  centre  M  oi  the 
first  circle  is  a  centre  of  similitude,  an  external  one  when  Jf, 
as  in  Fig.  407,  lies  without  the  circle  O,  and  an  internal  cen- 
tre of  similitude  when  J/,  as  in  Fig.  408,  lies  within  the  circle 
Oy  in  which  case  the  shortest  half  chord  M  G  takes  the  place 
of  the  tangent.  It  is  likewise  evident  that,  for  the  limiting 
case  in  which  the  circumference  of  the  circle  O  passes  through 
the  centre  of  similitude  My  the  circle  O,  reduces  to  a  straight 
line  (?,  Z?  perpendicular  to  the  line  of  centres  M  O,  Fig.  409. 
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On  these  geometrical  properties  of  the  circle  *  depends  the 
Fig.  408.  Fig.  409. 


compound  compass  of  Peaucel- 

Her    and    the     corresponding 

straight-line  motion. 

This  mechanism  consists  essentially  of  a  jointed  rhotnbus 

CED  F,  Fig.  410,  two  opposite  points  of  which,  E  and  /%  are 

jointed  to  the  fixed  centre  M  by  the  long  links  ME  and 

MF. 

Fig.  410. 


*  See  Chauvenet's  Geometry. 
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This  combination  of  levers  and  links  has  thus  far  no  con- 
strained motion  (see  §  30,  Introduction),  and  whatever 
motion  is  given  to  it,  the  vertices  C  and  D  and  the  fixed  axis 
M  will  lie  on  the  straight  line  bisecting  the  angles  at  J/,  C  and 
27,  for  the  links  are  symmetrically  arranged.  If  we  represent 
the  length  of  the  levers  by  ME  =  M F  =  Z,  the  length  of  a 
side  of  the  rhombus  by  /,  and  by  (p  and  y  ^^  ^^^  angles  at 
M  and  C  when  the  system  is  in  any  position,  we  have  for  the 
distances  of  the  vertices  C  and  D  from  the  fixed  axis  M  in 
this  arbitrarily  chosen  position  : 

M  C  =  c  =^  Lcos  <p  —  I  cos  Yy 

M  D  =  d  ^  Lcos  <p  -\-  I  cos  y  ; 

hence 

MC .  MD  =  cd=  D  cos"  (p-  locos' y 

=  Z '  cos^  (p  —  l^(\  —  sin^  y\ 
or  since  I  sin  y  =  L  sin  (p : 

when  the  constant  L^  —  l^  =  M E^  —  C E^  is  represented  by 
(f.  The  mechanism  described  has,  therefore,  the  property 
that  the  two  vertices  of  the  rhombus  not  directly  connected 
with  the  levers  move  so  that  the  product  of  their  distances  c 
and  d  from  the  axis  J/  is  a  constant  ^'.  If  we  therefore  lay 
off  p  as  one  side,  M E\  of  a  right-angled  triangle  MEE\ 
whose  hypothenuse  ME  =  L  and  whose  other  side  EE'  ^=^ 
EC •=^  ly  and  describe  the  circle  R  from  M  as  a  centre  with 
the  radius  ME'  =  p,  wo  know  from  the  foregoing  that  the 
two  vertices  C  and  D  of  the  rhombus  will  move  so  that  they 

• 

are  always  conjugate  points  of  the  circle  7?.  It  now  follows 
from  the  above-mentioned  property  of  the  conjugate  points 
of  a  circle  that  if  one  of  the  points  C  or  D\s  guided  in  a 
circle,  the  other  vertex  D  ox  C  will  describe  a  circular  path 
for  which  J/  is  a  centre  of  similitude.  For  example,  if  the 
point  C  is  guided  in  a  circle  jfiT,,  say  by  means  of  a  lever  O,  C 
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turning  about  the  fixed  centre  (9„  the  point  D  will  move  on 
the  circle  Z,  and  this  latter  circle  will  become  a  straight  line 
2?Za,  when  the  circular  path  K^  of  the  point  C  passes  through 
the  centre  M  oi  the  levers.  If  the  circular  path  of  the  point 
C  becomes  yet  larger — for  instance  if  it  extends  to  K^ — the 
path  of  the  point  D  will  alter  its  curvature  and  b.ecome  a 
circle  Ly  Moreover,  the  two  circular  paths  K^  and  L^  of  C 
and  D  must  touch  at  the  same  point  A  of  the  original  circle 
/?,  for  if  one  of  the  conjugate  points  of  a  circle  coincides  with 
its  circumference,  the  other  conjugate  must  also  coincide 
with  it.  If  the  circular  guide  of  C  is  still  greater — for  exam- 
ple if  it  extends  to  Ky  the  circular  path  of  D  will  become 
smaller  and  will  lie  at  Z,.  This  circle  and  K^  will  pass 
through  the  same  points  H  and/  of  the  original  circle.  Finally 
if  the  radius  of  the  circular  guide  of  C  becomes  infinite,  i.e., 
if  the  point  C  is  guided  along  a  straight  line  CK^,  the  path 
Zj  of  D  will  pass  through  the  centre  M.  A  further  diminution 
of  the  circular  path  of  D  will  cause  the  point  C  to  describe  a 
circle  lying  on  the  other  side  of  the  straight  line  K^,  i.e.,  it 
will  lie  toward  D,  etc. 

The  relation  between  the  radii  of  the  two  circular  paths 
in  which  the  vertices  C  and  D  move,  is  also  readily  found  by 
calculation.     Let  OC  =  r  be  the  radius  of  the  circle,  Fig. 

Fig.  41 X. 


411,  in  which  the  point  C  is  guided,  and  let  a  represent  the 
distance  MO  between    the  two  fixed    centres,  then  in  any 
32 
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position  C ED F  of  the  rhombus,  in  which  the  axis  of  sym- 
metry M  CD  makes  any  angle  C M  O  =  (wwith  the  fixed  base 
M  (?,  we  have  : 


MC  ==  c  =a  cos  CO  4-  Vr*  —  a'  sin*  oj  ; 
and  since 

we  also  have 


cd  =  d{a  cos  co  4-  Vr*  —  a^ siv^  co)  =  p*, 

from  which  we  find 

{fj'  —  da  cos  ooY  =  ^»  (r*  —  a'  sin''  go), 
or, 

d'{a^  —  r*)  —  2dp'acos  c.?  =  —  /:/♦. 

If  we  write  this  in  the  form 

,,  2dfi'a  fJ 

a*  =1  —  ^  ----  ^cos CO  =  —     — - 


a*  -  r»  ^?^  -  r» 

and  place  —^ — --  =  6,  we  get  by  adding  6*  =  ,  T^ ^..  to  both 
^  a'  —  r^  o        y  o  (^'  —  r*/ 

sides  : 

« 

d*  —  idbcosGo  -^  b^  =z  —  -^ — -  -f  ,-  -'  -^ 


a*  -r"      (a*  -  rj      (^'  -  ^0^  ' 


But  it  is  easy  to  see  that  if  we  make  il/0,  =  ^  =  - 


the  side  D  O^  will  likewise  be  determined  by 


DO^  =  DM''-2DM.  MO.cosoo^MO^ 


=^  d^  —  idbcos  00  -h  ^  = 


(^  -  r*)» ' 
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(ft 

consequently  D  Oj=    ^        and  is  independent  of  the  angle 

GO,  From  this  follows  that  O^  is  the  centre  of  a  circle  on 
which  the  point  D  moves,  and  that  this  centre  is  at  a  dis- 
tance from  the  axis  M  of  the  levers,  equal  to 

1^  io        I.         P*  ^         D  —  I* 
MO^  =  *  =    ^        =  -J ^  a, 

a^  —  7^      a"  —  7^ 
while  the  radius  of  the  circle  is  equal  to 

Z)0,  =  r,  =  -;-—-  =  — -r. 

a^  —  r^      a^  —  r^ 

If  in  this  expression  we  make  ^  =  r,  we  get  r,  =  op ,  i>., 
the  point  D  is  guided  in  a  straight  line.  If  in  the  expres- 
sions found  for  b  and  r^  we  exchange  b  for  a  and  r  for  r,,  the 
expressions  will  then  give  the  radius  and  centre  of  the  circular 
path  of  the  point  C  when  the  path  of  D  is  established  by  r, 
and  b.  We  then  likewise  get,  when  r^  —  b  the  radius  r  =  oo , 
ue.y  C  is  guided  in  a  straight  line  when  the  path  of  the  vertex 
D  passes  through  the  axis  M  of  the  levers,  a  fact  already 
mentioned. 

It  follows  from  these  investigations  that  this  mechanism 
can  be  employed  to  describe  circular  arcs  of  any  radius  what- 
ever, thus  justifying  the  name  of  universal  compass.  The 
instrument  is  particularly  useful  in  drawing  very  flat  circular 
arcs,  whose  centres  are  distant  and  therefore  not  accessible. 
On  the  other  hand,  only  that  case  is  of  interest  in  machinery 
in  which  the  path  of  one  of  tlic  vertices  of  the  rhombus  becomes 
a  straight  line  ;  this  always  occurs  when  the  other  free  vertex 
swings  in  a  circle  passing  through  the  axis  of  the  levers. 

The  arrangement  of  this  straight-line  motion  is  as  follows : 
If  the  rod  DL\s  to  be  guided  in  the  straight  line  DD^,  Fig. 
412,  it  is  only  necessary  to  connect  its  end  D  with  the  vertex 
of  the  rhombus  D  E  C Fy  whose  opposite  vertex  C  is  guided 
by  a  lever  OC  oi  such  a'  length  and  position  that  the  circle 
described  hy  O  C  around  (9,  passes  through  the  axis  M  of 
the  two  levers  ME  and  MF,     One  of  the  latter,  say  MF^ 
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may  be  formed  of  two  simple  links,  whiic  the  other  ME  may, 
for  the  purpose  of  transmitting  motion,  be  given  the  form  of 
a  beam  EM  A  at  the  other  end  A  of  which  the  connecting- 
rod  acts.     Here,  as  in  previously  discussed  straight-line  mo- 


tions, the  links  and  levers  may  be  arranged  in  pairs  in  order 
that  the  beam  and  the  piston  rod  may  have  space  to  move 
between  them.  We  see  from  the  figure  that  the  position  of 
the  system  in  which  the  points  E,  C  and  O  lie  in  the  same 
straight  line  corresponds  to  the  upper  limit  of  the  motion. 
Now  if,  with  the  radius  OC  -^^  C E  =  r  +  /,  we  describe  the 
arc  K,  about  O,  this  .circle  will  cut  the  circle  K  described 
from  .^  as  a  centre  with  a  radius  ME  =  Z,  in  two  points  G 
and  H,  corresponding  respectively  to  the  extreme  positions 
of  E  and  F.  Bearing  this  in  mind  it  becomes  easy  to  deter- 
mine the  dimensions  i,  /  and  r  corresponding  to  a  given 
stroke  D  D^  of  the  piston  rod. 

In  the  arrangement  hitherto  discussed,  the  axis  M  was 
outside  of  the  rhombus,  but  there  is  no  objection  to  short- 
ening the  principal  levers  ME  and  M F  sufficiently  to  bring 
the  axis  jlf  within  the  rhombus,  for  the  relations  developed 
above  are  perfectly  general  and  independent  of  the  ratio  of 
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the  lengths  L  and  L  In  this  case  we  have  a  construction 
like  Fig.  413,  in  which  the  rhombus  CE  DF'va  a  certain  sense 
takes  the  place  of  the  beam  whose  point  of  support  M  is  the 
axis  for  the  two  equal  levers  ME  and  M  F. 

Fig.  413. 


It  is  clear  that  from  these  straight-line  motions  we  may 
obtain  others  by  inversion.  It  is  also  clear  that  by  suitable 
combination  with  the  pantograph  guides  we  may  deduce 
other  rectilinear  motions  from  the  given  one.  In  this  con- 
nection reference  may  be  made  to  an  article  by  H,  A. 
Huehenbcrg  in  the  Zeitsckrift  deutsch.  Ing.,  1877,  p.  11. 

Finally  we  may  remark  that  this  ingenious  and  beautiful 
straight-line  motion  is  the  only  known  system  of  links  which 
converts  an  oscillating  circular  motion  into  an  exact  recti- 
linear  one  •without  the  intervention  of  slide  bars,  thus  com- 
pletely solving  a  problem  which  has  engaged  the  most  dis- 
tinguished engineers  since  the  time  of  Wait, 

%  107.  Rocking  Armii. — When  power  is  to  be  transmitted 
by  rods  through  long  distances,  the  rods  must  be  secured 
against  bending  by  supports  or  guides  placed  at  suitable 
points  between  their  ends.  For  example,  rollers  may  be  used 
for  this  purpose,  in  which  case  the  rod  is  composed  of  several 
parts  rigidly  connected;  the  pump  rods  of  mines  are  usually 
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of  this  kind,  but  these  may  be  composed  of  separate  pieces 
jointed  together  at  their  ends  by  pins,  the  joints  being  sup- 
ported by  rocking  arms.  Such  arrangements  were  formerly 
employed  for  transmitting  power  from  water  wheels  to  ma- 
chinery and  are  still  used  in  the  passages  of  mines. 

A  rocking  arm  is  simply  a  bar  oscillating  about  an  axis 
with  fixed  bearings,  the  other  end  being  jointed  to  one  or  two 
rods.  The  plane  of  motion  of  the  arms  is  almost  always  ver- 
tical, the  axis  about  which  the  arm  swings  being  sometimes 
below  and  sometimes  above  the  guided  rod.  Horizontal 
rockers,  />.,  such  as  swing  about  vertical  axes,  are  seldom 
employed,  or  only  when  the  direction  of  a  rod  in  a  horizontal 
plane  is  to  be  changed. 

Since  the  end  of  an  arm  moves  in  a  circular  arc,  two  such 
equal  arms  slsA  C  and  BD^  Fig.  414,  will  not  communicate  to 

Fig.  4x4. 
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the  rod  C D 2i straight4ine  mo/ionjhut  a  parallel  movement,  i.  e., 
a  motion  in  which  all  its  positions  CD,  C^D^y  C^D^y  are  parallel. 
Evidently  in  this  case  every  point  E  of  the  rod  describes  an 
arc  £",  E  E^  equal  to  the  arc  described  by  the  ends  C  and  D 
of  the  arms.  The  rise  CF  of  the  arc  described  by  the  arm 
A  C  ol  the  length  a  is  expressed  by  ^  =  C F  —  a{i  —  cos  co), 
where  go  is  the  angle  of  deviation  C^ACof  the  arm  to  each 
side  of  its  normal  position,  in  which  the  arm  is  perpendiculai 
to  the  direction  of  the  rod.  If  we  suppose  the  same  angle  ol 
deviation  on  each  side  and  the  stroke  s  to  be  given,  we  may 
find  this  angle  go  from : 

s 
stn  oj  =  —  . 
2a 
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This  rise  e  also  agrees  with  the  lateral  displacement  of  the 
rod  C  D^  ue.y  with  the  distance  between  the  extreme  positions 
Cx  A  and  CD  of  the  rod.  If  one  end,  say  D^  of  the  rod  is 
guided  in  a  straight  line,  as  often  occurs  with  pumps  whose 
piston  rods  are  moved  by  a  swinging  lever,  the  parallel  mo- 
tion will  of  course  cease,  and  in  order  that  the  rod  CD  may 
deviate  as  little  as  possible  from  the  rectilinear  path  of  Z>,  the 
arrangement  must  be  so  chosen  that  the  straight  line  in  which 
D  is  guided  will  bisect  the  rise  of  the  arc  C,  C^ 

In  no  case  is  it  v/ell  to  assume  the  length  a  of  the  arm  too 
small,  for  the  angle  of  deviation  oo  becomes  smaller  the  greater 
a  is  in  comparison  with  s.  It  is  therefore  customary  to  choose 
a  between  2s  and  3  j,  which  corresponds  to  an  angle  of  devi, 
ation  CO  varying  between  14°  29'  and  9°  35'  and  a  rise  vary- 
ing between  0.064  s  and  0.042  s. 

Rocking  arms  or  bobs  furnish  a  simple  means'of  changing 
the  direction  of  the  rods  ;  two  cases  being  distinguished,  when 
the  change  of  direction  is  slight,  and  when  it  is  nearly  a  right 
angle.  When  the  change  is  very  slight  the  rods  can  both  be 
jointed  to  the  same  pin  of  an  ordinary  rocking  arm,  as  shown 
in  Fig.  415,  but  this  causes  a  considerable  lateral  deviation  of 
the  rods  from  the  directions  of  their  strokes.  Consequently 
when  the  change  of  direction  of  the  rods  is  considerable,  a 
two-armed  rocker  or  bob,  Fig.  416,  is  employed,  i>.,  a  bell- 
crank  lever  whose  arms,  when  the  lever  is  in  its  middle 
position,   are    perpendicular   to   the  directions  of    the  rods, 

Fig.  4x5.  Fig.  416. 

1. 


and  therefore  are  inclined  to  each  other  at  the  same  angle 
as  the  rods. 
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hetMG  and  MK,  Fig.  417^  be  the  directions  of  two  rods 
making  the  angle  O MK^  a  with  each  other,  and  let  us 
suppose  that  the  rods  are  both  jointed  to  the  pin  M  ol  3,  one- 
armed  rocker  whose  centre  C  is  so  situated  that  the  rocker  in 
its  middle  position  bisects  the  angle  G  M K.  Now  if  a»  again 
represents  AC  M  ^  B  C  My  the  half  angle  of  oscillation  of 
the  arm,  and  a  its  length  M  C,  we  shall  have  for  the  stroke 
B  DznAH  =^soi\\i^  rods : 


a 


s  =  ABcosABD=.2a  sin  go  cos  — . 

2  ' 


from  which,  for  a  given  stroke  s  and  given  change  of  direc- 
tion a,  we  obtain  half  the  angle  of  oscillation,  or 


stn  GO  = 


a 

2  a  cos  — 
2 


The  greatest  lateral  displacement  /  =  E F=  E^F^  for  this 
case  is  given  by 

f  =  C E -  C F=  a^i  -  cos  (go  ^  ^\\ 


Fig.  417. 


Fig.  4x8. 


If  the  other  ends  of  the  rods  were  guided  in  straight  lines, 
the  directions  ought  to  be  so  located  as  to  coincide  with  the 
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dotted  lines  which  respectively  bisect  the  lateral  displace- 
ments E  F  and  E^  F^. 

When  the  change  of  direction  is  small  and  the  rocker 
has  two  arms,  we  obtain  the  following  relations.  Let  MP 
and  MQj  Fig.  418,  be  the  directions  of  the  two  rods  whose 
angle  is  bisected  hy  M  C.  If  from  the  axis  C  ol  the  bob  we 
let  fall  the  normals  CiVand  CL  on  to  the  rods,  and  regard 
these  normals  as  the  middle  positions  of  the  arms,  «>.,  make 

NDz=.NE  =  LFz:zLH=  - ,  we  shall  have  CD,  C  E,  CF 

2 

and  CH  for  the  extreme  positions  of  the  arms.    Then  we 

again  have : 

s 
stn  Gj  =z  — , 
2a 

and  for  the  lateral  motion, 

/=  AN=::BL  =  a{i  —  cosco\ 
or  approximately : 


Sa' 

which  is  independent  of  the  change  of  direction  0  M H  ^  a 
of  the  rods. 

For  the  distance  M  N  ■=•  M  L^  d-^^  have 

d^  acos (o tan  — . 

2 

When  the  two  arms  are  of  unequal  length,  the  stroke  as 
well  as  the  lateral  deviation  is  different  for  the  two  rods,  and 

we  have : 

Si^  2  asin  00;  s^^  26  sin  cw, 

/,  =  d:  (l  cos  co);         /«  =  ^  (l  —  cos  g>), 

i!  -  /« -  ^ 
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ExAMPj-E,    When  the  change  of  direction  of  the  rods  is  a  =  30°,  the  stroke 

of  the  rods  J  =  1.5  meters  [59.06  ins.]  and  the 
Fig  410  length  of  an  arm  a  =  2  j  =  3  meters  [78.74  ins.], 


e3 


e& 


we  have  for  a  one-armed  rocker  : 


sin  00  =  -— ^    ^  =  0.258  ;     oj=  14°  56', 
o  cos  1 5 


and  for  the  lateral  motion  : 

f  T=  ^{i  —  cos 29'  56')  =  0.400  meter  [15.75  ins.]. 

On  the  other  hand,  for  a  two-armed  rocker  or 
bob,  we  have 


1-5 
ji/i  G?  =  — =  =  0.25  ;     GO  =:  14®  29  ; 

o 
/=  3(1  —  cos  14"  29')  =  0.095  meter  [3.74  ins.], 

d=  ^cos  14"  29'  /ani^°  =  0. 778  meter  [30.63  ins.]. 

Remark.  When  a  rod  is  guided  at  one  end 
'  in  a  circular  arc,  and  at  the  other  end  in  a  straight 
line,  it  is  necessary  to  joint  the  rod  to  the  portion 
which  is  guided  in  a  straight  line,  in  order  that  the 
£  rod  be  subjected  to  tension  and  compression  only, 
and  not  to  bending  stresses.  The  latter  stresses 
occur  when  the  rod  in  question  is  rigidly  con- 
nected with  the  piece  which  is  guided  in  a  straight 

line.  This  case  is  represented  in  Fig  .419.  Here  the 

rod  A  Ris  subjected  to  a  deflection  y<  A'  =  ^  ,  for 

it  is  not  only  acted  upon  by  the  pull  or  thrust  P  but  also  by  a  bending  force  Pi 
at  right  angles  to  the  former.  The  bending  moment  for  the  dangerous  cross 
section  at  R  is  given  by 


Mz=  P,,  KR  -P.  A  K-  Pxh-  P 


f 


and  the  dimensions  of  the  cross  section  are  found  by  the  rules  given  in  Vol.  I., 
g  276,  for  beams  subjected  to  bending. 


§  108.  Bell-erank  Levers, — The  dimensions  of  bell-crank 
levers  are  determined,  in  accordance  with  the  rules  laid  down 
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in  the  Strength  of  Materials,  from  the  forces  acting  upon 
them.  In  the  one-armed  rockers,  which  serve  simply  to  sup- 
port and  guide  the  rods,  all  the  parts,  the  pins,  rock-shaft 
and  arm,  are  simply  subject  to  the  load  of  the  rod  resting 
upon  them,  the  dimensions  of  the  pins  and  of  the  shaft  being 
determined  in  accordance  with  the  rules  given  §§  3  and  6  for 
journals  and  shafts  which  are  subjected  to  bending.  The 
magnitude  of  the  force  /^transmitted  by  the  rods  when  both 
of  the  latter  act  on  the  same  pin,  only  influences  the  diameter 
of  the  latter  by  the  shearing  effect  which  it  exerts.  On  the 
other  hand,  if  the  two  ends  of  the  rods  act  on  different  pins, 
as  is  always  the  case  with  bell-crank  levers  and  bobs,  these 
pins  and  all  the  connecting  parts  between  them,  arms  and 
shafts  for  example,  are  subject  to  the  action  of  this  force  and 
must  be  determined  with  reference  to  it. 

Let  a  and  b  be  the  anns  A  C  and  B  C  of  r  bell-crank  lever, 
fig.  420,  forming  the  angle  /3  with  each  other,  and  let  P  and 
Q  be  the  forces  acting  at  A  and  B,  then  if  we  neglect  the 
weight  of  the  parts,  the  frictional  and  a/l  other  hurtful  resist- 
ances, we  have 

Pa^Qb, 
and  for  the  pressure  on  the  shaft, 


/?=  V/^+  !?+  2PQcosti:^PU  I  +  (^)'+  2^cosfi. 


From  P  and  Q  we  can  then  find  the  diameter  of  the  pins, 
taking  into  account  of  course  the  manner  in  which  the  latter 
are  strained  by  the  forces.     Namely,  if  the  arm  is  provided 

with  pins  on  each  side,  as  in  Fig.  421,  the  end  of  the  rod 

p 

must  be  forked  and  each  pin  must  transmit  a  force  —  ,  hence 

2 

the  diameter  of  the  pin  must  be  found  from 

22        /      "*    32     ' 


5oS 


MACHINEKY  OF   TRANSMISSIOX. 


y  ,1  4 I'd     '  y     k 


where  A  again  represents  the  ratio  -^ ,  which  in  this  case  usually 

varies  from  i  to  1.2,  and  *  the  maximum  permissible  stress, 
being  i=6  kilograms  [8, 500 lbs.  per  square  inch]  for  wrought 
iron  and  i  =  10  kilograms  [14,200  lbs.  per  square  inch]  for 
steel.     (Cast  iron  is  in  this  case  never  used  for  pins.) 


Fic.  430. 


Fig.  421, 


But  experience  shows  that  the  use  of  a  forked  end  of  a 
rod  turning  on  pins  is  not  to  be  recommended,  and  that  it  is 
better  to  provide  the  arm  with  a  forked  end  and  rigidly 
fasten  to  it  the  pin  D  I?  so  that  the  rod  can  turn  about  the 
central  portion  of  the  latter.     The  moment  in   this  case  is 


Fto.  433. 


;  /  is  the  free  length  of  the 
pin,  so  that  we  again  have  1/  given  by 


y^^- 


The  same  formula  also  serves  to  determine  the 
diameter  of  each  journal  of  the  rock-shaft  if  we 
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centre  of  the  rock-shaft  is  given  by 


«f^^ 


where  L  is  the  distance  from  centre  to  centre  of  the  bear- 
ings. 

The  dimensions  of  the  arms  are  determined  from  the 
formula  for  a  beam  fixed  at  one  end  and  subjected  at  the 
other  to  a  bending  force  P  or  Q,  that  is  from 

W 
Pa=~k 
e 
(see  Vol.  I.,  g  235). 

The  length  of  the  nave  can  be  taken  equal  to  1.5  D,  and 
the  thickness  of  the  metal  around  the  eye  of  the  nave  equal 
to  0.4  D,  where  D  is  the  diameter  at  the  middle  of  the  rock- 
shaft  (see  0  6  and  7). 

In  order  that  the  arms  of  the  bell-crank  lever  may  not 
be  subjected  to  bend- 
ing, which  is  a  very  ^'*^-  4*3- 
unfavorable  form  of 
strain  and  therefore  re- 
quires a  large  amount 
of  material,  it  is  cus- 
tomary to  unite  the 
arms  of  the  larger 
levers  by  diagonal 
pieces  which  act  as 
ties  or  struts  according 
as  the  forces  acting  on 
the  rods  tend  to  pull 
the  arms  apart  or 
press  them  together. 

Let  CA  =  a  and 
C  B  =  l>.  Fig.  423  and 
Fig.  424,  be  the  arms  of  a  bob  whose  arms  include  the  angle 
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A  C  B  =  y,  and  let  the  ends  of  the  rods  be  connected  by  a 
straight  rod  A  Boi  the  length  c,  then,  for  the  middle  position 
of  the  bob,  in  which  the 
forces  P  and  Q  are  perpen- 
dicular to  the  arms  at  the 
pins  A  and  B,  we  shall 
have: 

Pa  =  Qb. 

I  These   forces  cause  the 

thrusts  or  pulls  P^  Q,  and  6" 
in  the  arms  and  connecting 
piece  respectively.      These 
may  be  readily  found  when 
we  know   the   heights  e,  f 
and  g  of  the  triangle  ABC, 
the  distance  B  F  =  p  of  the 
force  P  from  B  and  AG  =  q  oi  the  force  Q  from  A,  which 
quantities  may  be  found  from  the  drawing  or  easily  calcu- 
lated from  the  known  parts  of  the  triangle  ABC.     The  equi- 
librium of  the  forces  P,  P,  and  5  acting  at  A    gives   with 
reference  to  the  centre  of  moments  B : 

pp=p,f, 

therefore 

P,=P^=  Pcota, 

and  in  like  manner  the  equilibrium  of  the  forces  Q,  Q,  and  5 
with  reference  to  the  centre  of  moments  A  gives  : 

Qg=Q,e, 
or 

Moreover  for  the  centre  of  moments  C  we  have: 
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Pa^Sg=Qb, 


or 


s=P-  =  Qi^  P-=Q 


g  g      sin  a      sin  fi 

Finally,  for  the  pressure  on  the  shaft  we  get : 


R=zVP'+  Q'-2PQcosy  =  P 


l/^^d/"^"?""^ 


The  connecting  piece  A  B  prevents  the  arms  from  being 
subjected  to  bending  strains,  for  the  forces  P^  and  j2i  act  in 
the  directions  of  the  arms,  subjecting  the  latter- either  to  ten- 
sion or  compression.  Similar  remarks  hold  with  respect  to 
the  connecting  piece  and  the  force  5  acting  upon  it.  We  also 
see  from  the  figures  that  the  arms  A  C  and  B  C  are  subject 
to  compression  when  the  connecting  piece  A  B  is  in  tension 
and  vice  versa.  In  Fig.  423  the  connecting  piece  A  B  acts  as 
a  tie  and  in  Fig.  424  as  a  struty  and  consequently  if  the  rods 
act  both  in  the  forward  and  back  stroke,  the  piece  A  B  sls 
well  as  the  arms  will  be  alternately  stretched  and  compressed. 
These  circumstances  must  be  considered  in  choosing  the 
material,  for  wrought  iron  is  particularly  suitable  for  pieces 
subjected  to  tension  and  cast  iron  for  pieces  subjected  to  com- 
pression. The  determination  of  the  cross  sections  F  of  the 
arms  and  of  the  connecting  piece  may  in  every  case  be  easily 
found  from 

k  ' 

where  K  is  the  maximum  force  acting  in  the  piece  under  con- 
sideration and  k  the  maximum  permissible  stress  in  the 
material.  In  assuming  k  we  must,  if  the  piece  is  compressed, 
take  into  account  the  length  of  the  latter,  determining  k  in 
accordance  with  the  rules  established  in  Vol.  I.,  §  274,  Fifth 
Ger.  Ed.,  for  resistance  to  buckling. 

It  often  happens  in  practice  that  the  motion  of  a  rod  is 
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Fig.  425. 


communicated  by  a  bob  to  two  other  rods  simultaneously, 
which  are  parallel  to  each  other ;  this  arrangement  is,  for 
instance,  employed  in  mines  and  in  draining  work  for  driving 
the  piston  rods  of  the  two  adjacent  pumps.  In  such  a  case 
the  bob  is  usually  provided,  as  in  Fig.  425,  with  three  arms, 

AC^B  C,  D  Cy  which  are  stiffened 
by  the  stays  or  struts  A  B  and 
A  D.  The  lever  arm  A  C^a  oi 
the  force  is  almost  always  at 
right  angles  to  the  lever  B  D=:2b. 
The  stresses  to  which  the  various 
portions  of  the  construction  are 
subjected  depend  on  whether  the 
resistances  at  the  points  B  and  D 
act  simultaneously  and  continu- 
ously  during  both  the  forward 
and  back  stroke  of  the  rods,  as  is 
the  case  in  double-acting  pumps, 
or  whether,  as  in  single-acting 
pumps,  the  resistance  is  always  in  one  direction  and  acts 
alternately  at  B  and  D.  In  the  latter  case  when  the  force  P 
acts  in  the  direction -<4P  and  the  resistance  Q  at  ^  acts  in 
the  direction  B  (3,  according  to  what  has  preceded  we  shall 
have  \n  A  C  z,  thrust 


in  B  CdL  thrust 


P  -  P- 


Q^^Q^'-^P, 
a 


and  in  A  B  3.  pull 


5  = 


sin  a 


The  rod  A  D  and  the  arm  C  D  come  into  action  only  during 
the  opposite  motion,  namely,  when  the  force  P  acts  in  the 
direction  A  P'  and  the  resistance  Q  acts  at  D.  Then  we  have 
in  A  Cb,  thrust 


a 


p.^p-^. 
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in  Z>  C  a  thrust 


and  in  A  D  a,  pull 


a 


stn  a 


In  this  case,  therefore,  the  arms  of  the  bob  are  subject  to 
compression  only,  the  arm  A  C  being  always  in  compression, 
while  B  C  and  D  C  are  so  alternately ;  on  the  other  hand,  the 
stay  rods  are  subject  to  tension  only,  and  that  alternately.  If 
thq  resistances  Q  had  an  opposite  direction,  as  in  force 
pumps,  it  is  easy  to  see  that  the  arms  would  be  in  tension 
and  the  stay  rods  in  compression.  In  every  case  the  pressure 
on  the  rock-shaft  is  given  by 


R=  ^P^  +  Q 


=V-^G 


and  its  direction  by  C R  or  C R  according  as  Pacts  in  one  or 
the  other  direction  ;  moreover,  the  direction  of  R  is  evidently 
aXvfsys  parallel  to  the  stay  rod  A  D  or  A  B  which  is  not  under 
stress. 

In  the  other  case  supposed.  Fig.  426,  the  resistances  Q  Q 
act  simultaneously  at  the  extremities  B  and  D  of  the  lever, 
and  are  equal  but  opposite  in 
direction,  consequently  the  arm 
A  C  oi  the  force  Pwill  not  be 
subjected  to  stress  at  all,  but 
each  of  the  stay  rods  will  be 
strained  by  a  force 


5  = 


2  stnoc 


which  in  the  forward  and  back 

stroke  alternately  stretches  one 

of  the  stay  rods  and  compresses    ^ 

the  other.     In  like  manner  one 

arm  is  always  stretched  and  the  other  compressed  by  a  force 
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and  we  always  have  that  arm  compressed  whose  stay  rod  is 
stretched,  and  vice  versa.  The  rock-shaft  is  in  this  case  con- 
stantly subject  to  a  pressure  R  =  2  Q^  =  P,  whose  direction 
coincides  with  that  of  P. 

If,  as  in  Fig.  427,  the  arm  A  C  o(  the  force   be  produced 


Fio.  427. 


Fig.  428. 


beyond  C,  we  get  a  four-armed  bob.     If  we  cause  rods  to  act 
at  £  as  well  as  at  A,  it  is  clear  that  the  motion  can  be  effected 


by  a /«///*  acting  alternately  at  A  and  £  whatever  the  direc- 
tion of  the  resistances  Q  at  B  and  D.     Therefore,  instead  ol 
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transmitting  the  motion  by  a  rigid  rod  acting  at  A,  we  can 
employ  for  this  purpose  two  ropes  or  chains  acting  at  A  and 
E,  The  transmission  of  reciprocating  motions  through  great 
distances  by  means  of  wire  ropes  has  often  been  employed  of 
late  years,  for  this  method  offers  advantages  not  possessed 
by  rods.     (See  following  chapter.) 

The  construction  of  bobs  is  given  in  Figures  428  to  431. 
Fig.  428  represents  a  wooden  bob  and  429 
a  cast-iron  one,  while  the  bob*  shown 
in  Fig.  430  is  mostly  of  wrought  iron. 
When  it  is  important  to  move  a  rod  exactly 
in  the  direction  of  its  axis,  the  correspond- 
ing arm  is  given  the  form  of  a  sector,  ac  in 
Fig.  43 r,  the  rod  being  connected  with  the 
latter  by  a  chain.  This  construction  is  of 
course  only  possible  when  the  rods  are  sub- 
jected to  tension. 


Fic.  431. 


Fig,  433. 


I  109.  Fricdonal  RcsUiance*.— The  friction  of  the  pins 
in  the  bearings  on  the  rods  and  of 
the  journals  in  the  bearings  of 
the  rock-shaft  increase  the  resist- 
ances acting  on  the  bob  and  re- 
quire an  increase  in  the  force  P 
sufficient  to  overcome  the  resist- 
ance  Q. 

Let  a  and  b  again  represent 
the  lengths  of  the  arms  A  C  and 
B  C,  Fig,  433,  of  the  force  Pand 
load  Q  respectively,  di  and  d^  the 
diameters  of  the  corresponding 
pins  and  d  the  diameter  of  the 
journals  of  the  rock-shaft  which  is 
subjected  to  the  pressure  R.  Now 
if  <p  is  the  coefficient  of  friction, 
we  have  for  the  work  of  friction  at  A  corresponding  to  a 

*  Sec  Rillittger  Ertahrungen,  1870 
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slight  angular  motion  co : 


at  B: 


at  C: 


lV,=  <pPGO^, 


W,  =  q>Qoj^. 


2 


and  the  necessary  force  m^y  be  found  from 


that  is : 

d 

2 


P  = 


Q{b  +  <P^)  +  Rep 


a  —  q>-- 
2 


To  be  exact,  it  would  be  necessary  to  substitute  in  this 
formula : 

R=  V{P-  P^r  +  (G  +  ^a/  -  2  {P--F,)[Q  +  K)cosy, 

where  F^  and  F^  represent  the  friction  of  the  pins,  that  is, 


and 


F^  =  —  '-  =  q?  P    -, 
00  a  2  a 


W  d 

'        iijb        ^      2b 


But  it  suffices  to  employ  for  R  the  value : 


ie=  ^/P^  ■^Q'-2PQcosr  =  QA/i+  fty^2^cosy. 


1 
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which  gives 


-P=  Q 


If  there  were  no  frictional  resistances,  the  force  necessary 
to  overcome  the  load  Q  would  be 


p,^q'-. 


hence  we  have : 


-^  =  v=  - 


a-<p- 


P 

The  value  ^  =  77,  or  the  ratio  of  the  force  P^  theoreti- 
cally necessary  when  friction  is  neglected  to  the  force  P  actu- 
ally exerted,  is  called  the  efficiency  of  the  particular  combi- 
nation ;  on  account  of  the  hurtful  resistances  this  ratio  is  of 
course  always  less  than  unity. 

In  the  foregoing  investigation  the  influence  of  the  weight 
of  the  rods  and  bob  has  been  neglected.  In  exact  determina- 
tions this  may  be  taken  into  account  by  finding  the  compo- 
nents  of  these  weights  borne  by  the  journals.  For  example, 
if  G  represents  the  weight  on  the  rock-shaft  due  to  the  bob 
and  a  portion  of  the  rods,  and  d  the  angle  made  by  the 
pressure  R  with  the  force  of  gravity,  it  would  be  more  exact 
to  use 


qf  V^  +  C  -\-  2R  G  cos  6 

for  the  friction  of  the  rock-shaft  than  (p  R.  We  see  from 
this  that  the  weight  G  may  in  some  circumstances  diminish 
the  friction,  namely,  when  the  angle  d  is  obtuse,  although 
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generally  the  weight  of  the  various  parts  increases  the  hurt- 
ful resistances,  and  consequently  diminishes  the  efficiency. 

Example.  When  a  wrought-iron  bob  has  equal  arms  and  changes  the  direc- 
tion of  a  force  Q  of  10,000  kilograms  [22,000  lbs.]  through  an  angle  of  60**,  ue 
have  the  following  dimensions  :  the  diameter  of  the  pin  on  each  arm,  when 

A  =  —  =  1.2  and  il  =  6  kilograms  [8,500  lbs.  per  sq.  in.],  is 


^  1.2 


</i  =  ^j  =  1.6  >i/  10,000  X  -^  =  71.5  =  about  75  millimeters  [3  ins.], 

consequently  the  free  length  of  the  bolt  is  /=  90  millimeters  [3.6  ins.]. 

The  pressure  R  on  the  rock-shaft,  when  the  weight  of  the  parts  is  neglected, 
is 

^  =  2  ^  Jt«  30"  =  ^  =  10,000  kilograms  [22,000  lbs.], 

hence  the  diameter  of  the  shaft  at  the  middle  when  the  distance  from  centre  to 
centre  of  the  journals  is  /=  0.5  meter  [19.69  ins.]  is 


D  =  1.38  /4/   — - — - — - —  =  130  millimeters  [5.2  ms.]. 


Moreover  the  diameter  of  the  shaft  journals  when  A  =  1.5  is 


^=  1.6  y    5,000  X  -^-  =  56.6  =  about  60  millimeters  [2.4  ins.]. 


and  the  length  /=  90  millimeters  [3.6  ins.].     The  tension  in  the  stay  rod  is 

S  =  -^  =-.  ^?^  =  1 1,547  kilograms  [25400  lbs.]. 
sin  fi      St  ft  00  " 


therefore  the  requisite  cross  section  is  : 

/=  — *— —  =  1.925  square  millimeters  [3  sq.  ins.]. 


The  arms  are  subjected  to  the  thrust  Qx  z=z  Py  z=.  Q  cot  to"  —  10,000  x  0.5774 
=  5»774  kilograms  [12,700  lbs.]  and  if  we  determine  the  permis.sible  stress  k  in 

accordance  with  §  274,  Vol.  I.,  Fifth  Ger.  Ed.,  we  get  -  ,—  for  the  cross  section. 
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Moreover  if  we  assume  a  =  ^  =  1.5  meters  [59.06  ins.]  and  the  coefficient  of 
friction  on  journals  ^  =  0.1,  we  get  for  the  requisite  force 


_  1,500  +  0.1  X  37.5  H-  0.1  X  30  a/  I  +  I  —  2f<>j6o" 

p  =  10,000 :- — ^ — • • 

1,500  —  0.1  X  37.5 

=r  10,070  kil<^rams  [22,200  lbs.]. 

The  efficiency  of  the  bob  is  therefore  : 

P^      10,000 

^7  =  -^  = =  0.993, 

P       10,070 

f.^.,  the  friction  causes  a  loss  of  work  of  only  0.7  of  one  per  cent. 

§  110.  Parallel  MoTemenu. — ^^It  is  often  necessary  in  en- 
gineering work  to  move  rod-shaped  or  other  machine  parts  so 
that  a  straight  line  connecting  any  two  points  of  the  body  will  be 
parallel  in  all  positions.  This  we  may  call  a  parallel  move- 
ment, an  example  of  which  was  given  in  §  107,  where  a  long 
rod  supported  by  two  equal  and  parallel  rocking  arms,  Fig. 
414,  was  subjected  to  such  a  parallel  movement.  It  is  easy 
to  see  that  this  motion  is  also  characterized  by  having  all  the 
points  of  the  guided  body  moving  in  equal  and  parallel 
paths,  which  paths  may  be  rectilinear  or  curvilinear.  In  the 
case  mentioned,  §  107,  these  paths  are  evidently  circular  arcs 
whose  radii  are  given  by  the  length  of  the  rocking  arms. 

It  is  evident  that  a  rigid  body  may  be  given  a  parallel 
movement  when  two  of  its  points  are  guided  in  parallel  and 
equal  paths,  provided  the  body  cannot  at  the  same  time  as- 
sume a  rotation  about  an  axis  which  is  parallel  to  the  straight 
line  joining  the  two  guided  points.  This  does  not  prevent  a 
body  from  receiving  a  parallel  movement  by  guiding  more 
than  two  of  its  points  in  such  paths,  and  this  often  happens 
in  actual  constructions  when  it  is  desired  to  make  the  motion 
positive. 

The  simplest  form  of  a  parallel  movement  is  that  of  a 
parallel  rtiler,  Fig.  433,  an  instrument  occasionally  used  in 
drawing,  in  which  the  two  rulers  -ffFand  H  J  dire,  united  by 
equal  and  parallel  links  A  C  and  B  D,  The  only  condition  of 
correctness  is  that  A  BD  Chean  exact  parallelogram,  for  it  is 
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Fig.  433. 


clear  that  the  edge  E  F\i\)X  then  always  have  the  same  direc- 
tion, as  the  two  points  C  and  D  must  always  move  in  equal 

and  parallel  arcs.  It  is  evi- 
dently unnecessary  that  the 
edge  E  F  should  be  parallel 
to  -^  ^  or  CD ;  on  the  con- 
trary, a  straight  line  E  G^ 
making  with  EF  ?SiY  angle 
Yi  provided  the  angle  is  fixed, 
will  likewise  remain  parallel 
to  itself. 
This  mechanism  is  essentially  the  same  as  that  described 
in  §  107,  and  is  extensively  used  for  coupling  driving  wheels, 
and  in  this  connection  reference  may  be  made  to  the  chapter 
on  **  Crank  Trains.'*  The 
combination  of  two  such  par-  '  ^^ 

allel  movements  gives  the 
double  parallel  ruler  ^  Fig«434» 
which  after  what  has  been 
said  needs  no  further  ex- 
planation. 

The  diagonal  ruler,  Fig. 
435,  is  a  rarely  applied  parallel  movement  depending  on  the 
property  of  a  trapezoid  A  BC Dy  namely,  that  the  diagonals 
form  similar  triangles  with  the  parallel  sides.  If,  therefore, 
two  straight  levers  A  D  and  BCy  jointed  at  E,  be  united  by 
jointing  them  to  the  bars  FG  and  HJ  at  A  and  C,  and  if  the 

ends  D  and  B  of  the  levers 
be  so  assumed  that  A  E : 
BE  =  DE:CE,  the  bar 
HJ  will  move  parallel  to 
itself  when  the  bar  FG  is 
held  fast,  the  points  2?  and 
B  moving  in  the  slits  of 
the  bars.  An  exact  paral- 
lel movement  is  not,  how- 
ever, to  be  expected  on  account  of  the  slits  in  which  the 
pins  D  and  B  are  guided.     This  arrangement  has  been  ap- 
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plied  in  parallel  vises,  but  is  objected  to  as  wanting  in  dura- 
bility. 

By  modifying  and  repeating  this  diagonal  ruler  we  get  the 
lazy  iongSy  Fig.  436.  It  has  been  proposed  to  utilize  this 
device  as  dividers  for  spacing  purposes,  for  example,  for 
spacing  the  rivet  holes 

of  boiler  plates.     If  we  ^^^-  43^. 

suppose  the  pins /I,  ^,C,    A      C      D      £      i      a      h      j      d 
.     .     .     to  be  provided 
with  points  lying  exact- 
ly in  the  axes  of  the  pins, 
and  place  two  points  A 

and  B  at  the  ends  of  a  straight  line  to  be  divided  into 
equal  parts,  the  points  C^  D  ,  ,  ,  lying  between  A  and  B 
will  furnish  the  points  of  division  for  as  many  parts  as  there 
are  intervals  between  A  and  By  provided  the  separate  links 
of  the  tongs  are  of  equal  length. 

In  traveling  cranes,  such  as  are  employed  in  the  erecting 
shops,  the  problem  arises  of  guiding  the  bridge  (which  carries 
the  truck)  so  that  it  will  be  parallel  in  all  positions.  For  this 
purpose  roller  guides  are  always  used,  the  bridge  being  pro- 
vided at  each  end  with  two  rollers  or  wheels  A^B  and  C^D. 
Fig.  437,  which  run  on  overhead  iron  rails  M  O  dsvA  N S.    The 

Fig.  437. 


wheels  are  provided  with  grooves  which  fit  the  rails  and  thus 
prevent  all  lateral  displacement.     The  motion  of  the  bridge 
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Z  Z  is  generally  effected  by  providing  the  arbor  of  each  of 
the  rollers  A  and  C  with  a  toothed  wheel,  as  E  and  /%  which 
gear  with  the  pinions  G  and  H  respectively.  By  turning 
these  toothed  wheels,  the  rollers  A  and  C  are  turned  and  the 
bridge  moved  like  a  wagon.  As  the  length  A  C=  /  ol  the 
bridge  is  long  in  comparison  with  the  distance  AB=:  CD  =^  If 
between  the  wheels,  it  is  always  necessary  to  move  the  gears 
Cand  //simultaneously  and  with  equal  velocity,  for  if  the  shift- 
ing force  P  were  to  act  on  only  one  side,  the  bridge  would  dind 
and  might  easily  be  clamped  fast  by  the  binding  action.  The 
following  will  show  when  stoppage  is  unavoidable :  Suppose 
that  only  one  roller  A  is  acted  upon  by  the  force  P,  which 
tends  to  move  the  bridge  in  the  direction  of  the  arrow  F, 
now  as  this  force  does  not  pass  through  the  centre  of  gravity 
of  the  bridge,  it  will  tend  to  turn  the  latter  in  the  direction 
of  the  arrow  T,  and,  as  a  consequence,  the  rollers  A  and  D  will 
press  against  the  inner  edges  of  the  rails,  causing  the  latter  to 
react  with  equal  and  opposite  forces  R.  These  reactions  may 
be  determined  from 

Pl^Rb        or        R  =  P^. 

b 

Therefore,  in  order  that  the  bridge  may  move,  the  sliding 
friction  between  the  flanges  of  the  rollers  and  the  sides  of 
the  rails  must  be  overcome  ;  the  amount  of  this  friction  on 
each  side  is  q)  R^  where  9?  represents  the  coefficient  of  friction. 
Therefore  to  produce  motion  we  must  have : 


that  is. 


P>2(pR,         or         P^2<pP-r, 

0 


-j>29. 


But  this  condition  is  never  fulfilled  in  this  kind  of  con- 
struction,  for  -j  is  always  smaller  than  2  (p{—  varies  ordina- 
rily from  ^   to   — j,  consequently  the  bridge  cannot  move, 
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however  great  the  force  P  be  taken.  Instead  of  moving,  the 
bridge  is  clamped  in  a  manner  similar  to  the  holdfast  or  dog 
described  in  §95.  For  this  reason  it  is  necessary  to  let  the 
moving  force  act  on  both  sides  simultaneously,  in  which  case 
the  tendency  to  turn  the  bridge  disappears.  This  is  effected 
by  fixing  the  pinions  G  and  //"  to  a  common  shaft  supported 
by  the  bridge.  By  turning  this  shaft,  the  two  rollers  A  and 
C  are  moved  uniformly. 

In  the  long  (15  meters  [50  ft.]  and  more)  carriages  used  in 
spinning  machinery,  another  arrangement  is  employed  whose 
object  is  to  transmit  the  moving  force,  which  acts  at  one  end 
of  the  carriage,  to  the  other  end.  For  this  purpose  the  car- 
riage W^  Fig.  438,  is  provided  with  wheels-^,  B,  C,  A  run- 
ning on  tracks.     On  the  lower  surface  of  the  carriage  is  placed 

Fig.  438. 


at  each  end  a  fixed  spindle,  two  equal  rope  pulleys  E  and  P 
turning  loosely  on  each  spindle.  Around  these  two  pairs  of 
rope  pulleys  pass  two  ropes  GHJ K and  LM N Oy  whose  ends 
are  fastened  at  G  and  AT,  and  at  L  and  O.  One  rope,  G  HJ K, 
is  guided  by  the  lower  pulleys  and  the  other  rope  by  the  upper 
pulleys,  the  two  crossing  at  the  middle  of  the  carriage.  In 
order  to  understand  the  action  of  these  crossed  ropes,  let  us 
suppose,  at  the  end  A  £  of  the  carriage,  a  force  P  to  act  in 
the  direction  of  the  arrow  Py  then  if  the  other  end  of  the  car- 
riage CD  does  not  move,  there  will  be  greater  tension  in  the 
rope  G  HJ K  thdiVi  existed  originally,  while  the  other  rope 
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LMNO  will  lose  tension.  The  consequence  is  that  the 
spindles  of  the  pulleys  F  are  pressed  in  the  direction  O  K 
because  the  tension  on  the  rope  J K  exceeds  that  on  NO. 
This  very  efficient  rope  guide,  therefore,  effects  the  motion 
of  the  carriage  whatever  the  position  of  the  driving  force. 
For  regular  working,  it  is  only  necessary  to  tighten  the  ropes 
as  they  become  slack  under  the  influence  of  temperature  and 
moisture. 

Preceding  investigations  show  that  there  is  danger  of 
clamping  the  carriage  only  when  the  length  is  comparatively 
great,  and  the  distance  between  the  wheels  small.  On  the 
other  hand,  if  the  distance  between  the  rails  is  small  in  com- 
parison with  the  distance  between  the  wheels,  there  will  be 

no  danger  of  clamping,  it  is  only  necessary  that  ~j>2<p.   If 

we  take  <p  very  large,  say  0.25,  we  have^  >  -  as  the  condition 

to  be  fulfilled  when  there  is  motion,  /  again  representing  the 
distance  between  the  rails,  and  b  the  distance  between  thci 
wheels.  For  example,  in  the  short  truck  carrying  the  hoist- 
ing apparatus  of  the  traveling  crane,  it  is  sufficient  to  confine 
the  transporting  gear  to  a  single  roller  or  wheel. 


Fig.  439. 


§in.  Parallel  MoTement  by  l.everfl. — If  on  a  fixed  ar- 
bor-^, Fig.  439,  we  suppose  two  equal  levers  ABto  be  placed, 
an  arbor,  passing  through  their  ends  B  parallel  to  A,  will  re- 
main parallel  to  A  in  any  position  of  the  system.      During 

the  motion  the  axis  B  must  of  course 
remain  on  the  surface  of  a  cylinder 
concentric  to  -^.  If  we  suppose  this 
construction  to  be  repeated  by  plac- 
ing on  the  arbor  B  two  equal  arms 
B  C  lying  in  the  same  plane,  the 
straight  line  passing  through  the  ends 
C  will  also  be  always  parallel  to  the 
axes  A  and  B.  This  allows  perfect 
freedom  of  motion  to  the  straight  line  at  C,  for  example,  the 
point  C  can  be  guided  along  any  plane  curve  Z  C  Z,,  as  long 


§  III.]  PARALLEL   MOVEMENT  BY  LEVERS.  525 

as  the  distance  of  C  from  A  does  not  exceed  the  sum  of  the 
two  arms  A  B  -v  B  C,  There  is  here,  strictly  speaking,  not  a 
parallel  movement  of  a  body,  but  of  straight  lines,  for  this 
mechanism  does  not  permit  any  line  to  constantly  maintain 
its  parallelism,  except  such  as  are  parallel  to  the  axis  A,  like 
B  and  C,  while  on  the  contrary  the  lines  A  B  and  B  C  can 
assume  any  direction  whatever.  An  example  of  its  applica- 
tion is  found  in  a  kind  of  embroidering  machine  where  threads 
or  cords  are  sewed  on  to  curtains.  Fig.  440.  Here  the  needle 
C  moves  up  and  down,  being  guided  by  the  cast-iron  frame 
B  C  turning  about  the  centres  B  B,  which  in  turn  are  attached 
to  another  frame  A  B  that  moves  about  fixed  centres  A  A. 
By  means  of  cord  pulleys  whose  axes  coincide  exactly  with 
the  straight  lines  A  A  and  B  B,  and  by  means  of  the  little 


bevel  wheels  FF,  motion  is  transmitted  from  a  fixed  driving 
shaft  to  the  needle  C  in  all  its  positions.  Therefore  if  the 
guide  of  the  needle  be  moved  along  the  pattern  drawn  on 
the  stretched  piece  Z,  the  stuff  will  be  embroidered  accord- 
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ing  to  the  outlines  of  the  pattern.  The  material  remains 
stationary  and  needs  no  motion  except  the  occasional  rolling 
up  of  the  finished  work  on  its  roller. 

A  combination  of  two  such  lever  mechanisms  has  been 
applied  by  Redtenbacker*  to  communicate  a  parallel  move- 
ment to  a  cylindrical  gate  for  turbines.  The  arrangement  is 
shown  in  Fig.  441.  Here  MM  is  the  vertical  flume  or  pipe 
of  the  turbine  carrying  the  horizontal  shaft  A  A'.  This  shaft 
carries  two  equal  levers  A  B  and  A'  B'  which  are  equal  and 
lie  in  the  same  plane.  The  two  pins  B  and  B'  are  connected 
by  two  equal  and  parallel  rods  5(7,  5' (T' with  the  ring- 
shaped  gate  C FC  F'  surrounding  the  apertures  of  the  pipe. 

Fig.  441. 


It  is  evident  that  in  this  arrangement  the  connecting  line 
CC  must  always  remain  parallel  to  the  axis  A  A',  but  this 
is  by  no  means  sufficient  to  guide  the  gate  parallel  to 
itself,  for  with  the  lever  gear  A  B  C,  any  point,  as  G,  is 
free  to  move  i:i  a  plane  G  H  passing  through  G  perpen- 
dicular to  A  A'.  But  if  the  gate  is  connected  with  the 
second  similar  system  of  levers  D  E  F  so  arranged  that 
D  D  is  likewise  normal  to  the  axis  of  the  turbine  pipe,  D  E 
equal  and  parallel  to  D'  E'  and  E  F  equal  and  parallel  to 
E  F',  the  second  system  will  constrain  any  point  G  to  move 
in  the  plane  C/ passing  through  G  perpendicular  XqDD'. 
It  follows  from  this  that  the  point  G  must  remain  on  the  line 

•  See  RidUaiitlier,  Die  Ben'e^ungsmechanismen,  PI.  LXIII. 
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of  intersection  G  Loi  the  two  normal  planes  A  A'  and  B  B' 
just  mentioned,  the  line  of  intersection  being  parallel  to  the 
axis  of  the  pipe.  As  this  holds  for  every  point  of  the  gate, 
it  follows  that  the  latter  has  a  parallel  movement.  As  it  is 
best  to  allow  the  connecting  rods  of  each  shaft  to  take  hold 
of  the  gate  at  points  C,  C  and  F,  F'  which  are  diametrically 
opposite,  this  arrangement  enablesns  to  place  the  shafts^^' 
and  D Ly  outside  of  the  centre  of  the  pipe,  thus  leaving  space 
for  the  turbine  shaft.  By  choosing  tlie  levers  A  B  and  D  E 
sufficiently  large,  the  shafts  .i4.i4' and  /?ZJ' could  be  placed 
entirely  outside  of  the  turbine  pipe.  It  is  evident  from  the 
figure  that  these  shafts  do  not  lie  in  the  same  plane  but  pass 
each  other,  and  generally  it  is  well  to  allow  them  to  pass  at 
right  angles,  but  this  is  not  a  necessary  condition,  for  they 
may  make  an  oblique  angle  with  each  other  provided  they 
are  placed  normal  to  the  rectilinear  guides,  i.e.,  normal  to  the 
axis  of  the  pipe.  Nor  is  it  necessary  to  make  the  levers  A  B 
of  the  same  length  as  the  levers  D  E,  provided  that  the  levers 
belonging  to  each  shaft  are  equal  and  parallel.  Finally,  the 
motion  of  the  gate  can  be  effected  in  any  manner,  for  ex- 
ample, by  a  force  acting  at  any  point  G  by  means  of  a  screw 
or  rack,  but  it  is  simplest  to  move  one  of  the  lever  shafts 
.^  ^'  by  a  worm  wheel  R  and  a  worm  5  driven  by  a  crank  K. 
If  we  suppose  the  levers  A  B,A'  B\  D  E  and  D'  E'  to  be 
replaced  by  toothed  gears  or  sectors  and  the  connecting  rods 
by  racks,  we  shall  have  another  parallel  movement.  Fig.  442, 
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likewise  su^ested  by  Redfenbacher  for  cylindrical  gates.  It 
in  clear  that  the  remarks  concerning  the  relative  position  of 
the  shafts  A  A'  and  DD",  as  well  as  those  made  with  refer- 
ence to  the  lever  arms,  apply  here  also,  and  that  the  wheels 
of  one  shaft  may  be  of  different  radius  from  those  of  the 
other  shaft.  The  racks  may  be  jointed  to  the  cylindrical  gate 
by  pins  or  rigidly  connected  with  it  by  bolts. 


§  112.  Parallel    MoTement   by  SrreivH. — In    many  ma- 
chines screws  are  used  to  give  a  parallel  movement  to  indi- 
vidual parts,  for  example,  in  the  planers  employed  in  machine 
shops.     In  rolling  mills  the  two  bearings  of  the  upper  roll 
are  moved  through  equal  distances  by  two  vertical  screws  of 
the  same  pitch.     This  arrangement,  as  it  is  used  in  a  planer, 
is  shown  by  Fig.  443.     Here  the  cross-head  A  B,  on  which 
the  tool-box  C  slides  horizontally,  is  hung  from  two  vertical 
screws  D  and  IX  whose  bearings  are  at  E  and  E'  on  the  up- 
rights F  and  F'.    Turn- 
ing the  horizontal  shaft 
G   by    means    of     the 
hand-wheel      H,      the 
bevel  wheels  /,  A!"  and 
y,  K'  are  turned  equal 
distances  at   the  same 
time.     As  both  screws 
have  the  same  pitch,  a 
rotation  of   the  hand- 
wheel    //    will    cause 
each   of    the    nuts   M 
and    M'    rigidly    con- 
nected with  A  Bxo  rise 
or   fall   the   same    dis- 
tance, thus   producing 
a  parallel  moven»cnt  of 
the  cross-head  A  B.    If 
/( is  the  pitch  of  the  screws,  «,  the  number  of  teeth  in  each  of 
the  wheels  /,/',  and  z,  the  number  in  K  and  K',  we  shall 
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have  for  the  vertical  movement  J  of  the  cross-head  when  the 
hand-wheel  H  turns  through  the  angle  a : 

We  see  from  this  that  when,  as  is  usually  the  case,  the 
pitch  h  of  the  screws  is  slight  {say  10  to  20  millimeters  [0.4 
to  0.8  in.])  and  the  hand-wheel  H  lai^e,  this  arrangement 
will  permit  a  very-  accurate  adjustment  of  the  cross-head 
A  A'.  When  the  wheels  /and  /'  are  arranged  as  in  the 
figure,  the  screws  have  opposite  directions  of  rotation,  and 
one  of  them  must  have  a  right-handed  and  the  other  a  iefl- 
handed  thread.  On  the  contrary  when  the  wheels  are  placed 
as  aty  and/",  the  screws  will  be  turned  in  the  same  direc- 
tion and  their  threads  will  be  alike. 

Screws  have  also  been  used  by  Cadiat  for  producing  a 
parallel  movement  of  the  cylindrical  gate  of  a  turbine.  For 
this  purpose  the  ring-shaped  gate  E,  Fig.  444,  is  connected 
at  three  or  four  points   of  its  y\q.  444. 

circumference   with   as    many 
vertical   screws    A  B    oi    the 
same  pitch,  whose  upper  bear- 
ings are  fastened  to  the  pipe 
of  the  turbine  by  means  of  the 
ring  /,  and  whose  long,  sleeve- 
shaped  nuts  C  are  connected 
with  the  gate  E.    To  give  the 
latter  a  parallel  movement  it 
is  only  necessary  to  impart  an 
equal  rotation  to  all  the  spin- 
dles of   the  screws  simultane- 
ously.    This  is  accomplished,  without  the  help  of  wheels,  by 
providing  the  screw  spindles  at  their  upper  ends  with  cranks 
or  levers  A  i^  which  are  of  exactly  the  same  length  and  par- 
allel to  each  other.     The  ends  of  these  cranks  are  provided 
with  projecting  pins  F  connected  by  a  ring  G,     It  is  clear 
that  with  this  arrangement  the  rotation  of  one  of  the  cranks, 
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say  by  means  of  the  handle  H^  will  cause  an  equal  rotation 
of  all  the  other  cranks  and  their  screw  spindles,  for  the  action 
of  the  ring  G  is  equivalent  to  that  of  the  parallel  ruler  de- 
scribed in  §  no.  The  cranks  A  /^consequently  retain  the 
parallelism  originally  given  them  in  all  positions.  For  further 
information  concerning  this  mode  of  coupling  cranks  by  a 
common  link  G^  see  chapter  on  "  Crank  Trains." 

§  113.  Platform  Scales. — We  may  also  class  among  par- 
allel movements  the  devices  employed  for  platform  scales. 
These  scales  are  used  for  quickly  weighing  large  loads,  and 
are,  without  exception,  constructed  so  as  to  weigh  by  means 
of  a  smaller  weight  than  the  load.  Instead  of  employing 
scales  with  equal  arms,  a  large  platform  is  used  for  tTie  load, 
while  the  weights  are  generally  placed  in  a  suspended  scale 
pan.  In  order  that  the  position  of  the  load  on  the  platform 
may  have  no  influence  on  the  result,  it  is  necessary  that  the 
motion  of  the  platform  be  as  nearly  parallel  as  possible,  and 
that  each  point  be  guided  vertically.  The  necessity  for  this 
condition  is  easily  seen  from  the  following  discussion.  If  we 
suppose  the  scales  while  the  load  and  weights  are  in  equilib- 
rium, to  receive  a  slight  motion,  the  weight  P  moving  through 
the  vertical  distance  5  and  the  centre  of  gravity  of  the  load 
Q  through  the  vertical  distance  j,  we  shall  have,  because  of 
the  equilibrium, 

PS^Qs  or  Q==P^. 

s 

Consequently  if  s  were  not  the  same  for  all  points  of  the 
platform,  different  positions  of  the  load  on  the  platform  would 
give  different  results  for  Q,  However,  as  the  motions  of 
platforms  are  always  very  small  quantities,  an  approximately 
correct  parallel  movement  is  usually  considered  as  giving 
sufficient  accuracy  for  practical  purposes. 

In  all  known  platform  scales  the  movement  of  the  plat- 
form is  effected  by  two  levers,  which  support  the  platform  in 
at  least  three  points,  the  levers  being  so  connected  with  each 
other  that  for  a  slight  play  of  the  latter,  the  points  of  sup- 
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port  will  describe  vertical  paths  which  are  as  nearly  equal  as 
possible.  The  simplest  arrangement  of  this  kind  is  shown  in 
Fig.  445.  Here  the  steel  bearings  of  the  platform  K  rest  on 
the  steel  knUe-edges  S  and  £,  which  are  attached  to  the 
shorter  arms  of  the  two  levers  B  C  and  E  F  whose  fixed  fuU 
crums  are  at  A  and  D.  Here  these  two  levers  are  exactly 
equal  and  have  the  same  direction,  so  that  the  connecting 
lines  BA  Cand  E D F ^x&  horizontal  when  the  platform  is  in 
a  position  of  equilibrium.  Now  if  both  levers  have  a  slight 
equal  motion,  the  rise  or  fall  at  y  will  equal  that  at  L,  and 
will  therefore  be  the  same  for  all  points  of  the  platform.  To 
prevent  a  lateral  oscillation  of  the  platform  about  the  straight 
XmeJL,  the  knife-edges  B  and  E  are  either  made  very  long, 
or  better  still  and  more  commonly  they  are  made  in  two 
parts  and  placed  at  a  considerable  distance  iTOfp.  each  other, 
the  levers  being  then  forked-shaped,  as  shown  in  the  plan  at 

Fio.  44S. 


S' A'  C  and  £'  D'  F'.  That  the  angle  of  oscillation  of  the 
two  levers  may  always  be  the  same,  the  scale  pan  //'holding 
the  weights  can  be  suspended  from  the  levers  by  equal  links, 
and  we  see  that  the  weight  P  to  be  placed  on  the  scale  pan  //" 
when  the  load  Q  is  on  the  platform,  is  given  by 
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P.AC=Q.AB,     or     ^=C^^=G^, 


[§  "3- 


where  /,  is  the  lever  arm  A  B  and  4  the  lever  arm  A  C.  The 
symmetry  of  the  arrangement  just  described  causes  an  exact 
parallel  movement  to  be  given  to  the  platform. 

For  large  platform  scales,  such  as  are  used  for  weighing 
carts,  etc.,  another  arrangement,  shown  in  Fig.  446,  and  due 

Fig.  446. 


to  Schwilguey  is  employed.  Here  the  short  arm  of  the  lever 
H  GJ  acts  on  the  forks  B  C  and  E  /%  its  other  end  /  being 
suspended  by  the  tie  rod /A^  from  the  scale-beam  KLM. 
Since  in  this  arrangement  the  point  G  moves  through  a  small 
circular  arc,  we  cannot,  strictly  speaking,  consider  this  arrange- 
ment as  an  exact  parallel  movement,  but  we  may  regard  the 
resulting  inaccuracies  as  unimportant.  If  the  lever  arms 
AB  =  DE=a,,  AC=DF=a„  HG=b,,  H/=b^  and 
L  K  and  L  M  equal  c^  and  c^  respectively,  we  shall  have  for 
the  ratio  of  P  and  Q  the  equation : 


or 


Q  ^x  K  ^i  -  P^2  K  ^a» 


a^  o^  C2 


If  the  scale-beam  A!'J/ has  equal  arms,  ue.^  r,  =  r^,  and  the 
ratio  -  =  -'  =  —  ,  we  get  the  weight  P  =  —  j2>  consequently 
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each  pound  on,  the  scale-pan  N  corresponds  to  a  load  of  one 
hundred  pounds  on  the  platform. 

It  is  not  necessary  to  make  the  lever  arms  A  B  and  D  E, 
which  support  the  platform  at  B  and  £,  of  equal  length  pro- 
vided they  are  connected  so  that  the  vertical  movement  of 
the  points  of  support  B  and  £  are  the  same.  Thus  in  Qain- 
tenz's  scale,  Fig.  447,  the  platform  K  is  supported  by  the 
lever  D  E  at  E, 

while      at     the  F'"- 447- 

point  H  it  is 
suspended  by 
the  tie  rod  HE 
from  a  second 
lever  A  B  whose 
other  arm  A  C 
carries  the  scale- 
pan  N  for  the 
weights.        The 

two  levers  are  here  connected  by  the  coupling  rod  G  F,  which 
is  so  arranged  that  motion  of  the  levers  causes  equal  vertical 
movements  in  the  two  points  5  and  £.  If  s  represents  a 
slight  motion  of  the  platform,  that  is  of  the  points  B  and  E, 
the  points  G  and  /"will  respectively  move  through  the  dis- 
tances 

AG  ,       DF 

'ab    ^""^  'de- 

Since  G  and  F  ■axi  rigidly  connected,  these  two  distances 
must  be  equal,  which  gives  us  for  the  equation  of  condition 
of  the  scale : 

AG  :  AB=  DF  :  D  E, 

i.e.,  the  ratio  of  the  arms  of  the  two  levers  must  be  equal. 

There  are  a  great  number  of  different  constructions  of 
platform  scales,  but  they  all  depend  on  the  principles  just 
discussed,  and  differ  from  each  other  principally  in  the  arrange- 
ment of  the  parts.     There  will  consequently  be  little  diffi- 
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culty  in  understanding  these  constructions,  and  we  will  there- 
fore only  describe  one  construction  by  Millward*  Fig.  448, 
distinguished  for  its  simplicity.    The  platform  K  is  supported 
by   the   two  equal    levers  A  B  and 
Fig.  448.  D  £^  which  are  horizontal  when  there 

is  equilibrium  and  which  permit  per- 
fect parallel  movement.  For  the 
ratio  of  the  weight  P  to  the  load  Q 
we  evidently  have 


or 

^|  =  s£. 

If  from  considerations  of  construction  we  have  assumed 
D  E=-  a^  D  F  =  a^  and  LG  =  b„  this  equation  will  give  for 

If  we  here  make  ^  equal,  a  constant,  b„  will  give  the  dis- 
tance of  the  point  of  suspension  of  the  scale-pan  N  from  i. 
On  the  other  hand,  if  we  assume  a  constant  running  weight 
M,  the  formula  will  enable  us  to  determine  the  divisions  on 
the  lever  O L  corresponding  to  the  different  toads  Q. 

*  See  Articte  by  Jiuehlmaitti,  MittheilungeD  des  Gewerbveieina  fuer  Hanover, 
1853.  p.  344- 
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